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near the surface while the ferrofluid flowing leads to the development of
phenomenology called magnetohydrodynamic. The magnetite (Fes0;) acts as
nanoparticles dispersant and suspended in the water contained in ferrofluid are
assumed as Newtonian fluid and behave as single-phase fluid flow is studied. These
assumptions give physical insight into the behaviour of ferrofluid flow to be analysed
and discussed. The Keller-box method is applied to solve the transformed partial
differential equations numerically. The numerical results found the viscosity measured
from magnetite (Fe304) volume fraction is the main element provided to the trend of

Keywords: the ferrofluid velocity flow. Besides, the ferrofluid temperature at lower stagnation
Ferrofluid; solid sphere; point on sphere is proven influence the ferrofluid viscosity and change the velocity of
magnetohydrodynamic; magnetite ferrofluid flow.

1. Introduction

Nowadays, the research of nanofluids is growing faster along with thriving technology. The good
outcome of nanofluid as liquids for the cooling system and thermal transport mechanism
significantly enhance the thermal conductivity provides compatibility of the heat transfer in wide
applications. The study of nanofluid flow and heat transfer requirement as a coolant for forward-
looking applications and devices is a vital aspect to contributed the nanofluid in common criteria
such as high thermal conductivity, low viscosity, low corrosivity, low toxicity and have thermal
stability. The implementation of the experiment study is needed the much time and costly.
Therefore, researchers had alternatively using theoretical study with consideration the
mathematical approach. The Navier-Stokes equation is a mathematical description of the
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incompressible fluid movement. Nevertheless, it is very complex to solve as it is an elliptical form
and have a drawback in applied the viscous flow effect [1]. In 1904, Ludwig Prandtl introduced the
concept of boundary layer theory were to highlight the importance of viscosity at the boundary
layer region and give a breakthrough in reducing the mathematical difficulty. In the mathematical
approach, some problems can be solved using analytical or numerical methods. The mathematical
study in fluid flow and heat transfer problems for bluff body geometries is difficult to solve using
the analytical method. Consequently, the numerical method is applied to solve the simplification of
boundary layer equations.

Further, the nanofluid with magnetic nanoparticles such as magnetite, Fe304 suspended in a
base fluid is known as ferrofluid with the presence of an external magnetic field have been found
most sufficient in practice and widely investigated. Ferrofluid is not found in nature but must be
synthesized using ball mailing, co-precipitation, decomposition of metal carbonyl and several other
methods [2] and exhibits superparamagnetism when exposed to the magnetic field [3]. The
benefits of ferrofluid as thermal transfer, voice coil centering, reduction of power compression and
damping are indispensable tools for the improvement of loudspeakers audio [4,5]. Meanwhile,
ferrofluid is also used in many areas, for example in bio-medical, domain detection and education
art [6]. The various applications and advantages of ferrofluid attracted researchers to study the
flow and heat transfer of ferrofluid using experiments [7-10] or theoretical methods [11-15].
According to Darus [16], the fluid and heat transfer behaviour shows different outcomes when
flows at different geometries. Moreover, the fluid movement over a bluff body such as cylinder and
sphere because the boundary layer separation could occur at a certain angle of geometry.

There are two fluid flow and convective heat transfer models of nanofluid which have been
frequently used by the researchers namely the Buongiorno model [17] and Tiwari and Das model
[18]. Buongiorno model or namely the two-phase model studies the slip mechanism that can
produce a relative (slip) velocity between nanoparticles and base fluid. The major findings in his
model are based on two velocity slip effect namely Brownion diffusion and thermophoresis. In
contrast to Buongiorno model, Tiwari and Das model which is also known as single-phase model
stated that the base fluid and nanoparticles are in thermal equilibrium with the same velocity of
flow. It also needs to take the solid volume fraction of nanoparticles into account in order to
analyse the behaviour of nanofluid using the thermophysical properties values of both base fluid
and nanoparticles. The studies related to the used Tiwari and Das model have been conducted by
[13,19,20] and other researchers to investigate the ferrofluid flow and heat transfer on the various
geometry surface. Unfortunately, most of the studies considered the flat plate and a few
researchers explored the fluid flow over the bluff body. It is worthy of note that this study interest
is fluid flow at a lower stagnation point on a solid sphere using Tiwari and das model.

2. Mathematical Formulation

Consider the incompressible ferrofluid flow with magnetohydrodynamic effect are steady, two-
dimensional and laminar mixed convection boundary layer flow at the lower stagnation point on a
solid sphere where uniform transverse magnetic strength, B, applied perpendicular to the surface.

It is assumed the magnetic Reynolds number to be small, thus the induced magnetic field can be
neglected compared to the applied magnetic field. Figure 1 illustrated the orthogonal coordinates
of X is measured along a solid sphere surface and ¥ measures the distance normal to the sphere

surface with radius, a. Besides, the sphere surface heated to a constant temperature, T, and
exposed to thermal radiation with ambient temperature, T, .
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Fig. 1. Physical model and coordinate system

Under the Boussinesq approximation and the assumption of boundary layer approximation,
the dimensional governing equations as adopted by [21] as follows
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subject to the boundary conditions

u(x,0)=0, v(x,0)=0, T(x,0)=T, aty =0,
u(X,0) >0, (X), T(X,0)>T, asy — o,

(4)

where U and V denotes the velocity components along the X and Yy axes, respectively. The radial
distance from the symmetrical axis and external velocity defined as T (X)=asin(X/a)and
0, (X)=U, sin(X/a), respectively. Suppose 3 is to thermal expansion, g is the gravity acceleration

and T is ferrofluid temperature. Further, the effective thermophysical properties of ferrofluid
(subscript ff ) can be defined as
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where subscripts and subscript f are ferroparticles and base fluid. Here, the thermophysical
properties u, v, a, p, pB, pC,,c andk represents the dynamic viscosity, kinematic viscosity,

thermal diffusivity, effective density, buoyancy coefficient, effective heat capacity, electrical
conductivity and thermal conductivity as presented in Table 1.

Iﬁzl:niphysical properties of base fluid and ferroparticles [22,23]
Physical Properties Water Magnetite( Fez0a)
p(kg-m?) 997.1 5200

C, (J kg™t K‘l) 4179 670

k(W-m™*-K™) 0.613 6

o(Q- m)_1 0.05 25000

,B(K)_1 21x10° 1.18x10°

The Eq. (3) simplified as follows by the Rosseland approximation

_or _aoT o°T 1 160T>oT
Ui—+V—=« + = . (6)

x o "y (eC,), 3K &F

where the radiative heat flux Q, is defined as

4" OT*
qr=—3§«51 (7)

whereo* and k* are the Stefan-Boltzmann constant and the mean absorption coefficient,
respectively. Introducing the following dimensionless variables as follows to transformed Eq. (1),
(2), (4) and (6):

r=r/a, x=X/a, y:Rezz(y/a), u=a/J,_,

V= Rei2 (V/U,),u, (x)=0, ()., 80)=(T-T,)/(T,~T.), (8)

where @ is the rescaled dimensionless temperature of the ferrofluid and Re, =U_a/v, is the local
Reynolds number. Then, the Eq. (1), (2), (4) and (6) becomes
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subject to the boundary conditions

u(x,0)=0, v(x,0)=0, 6(x,0)=1,

u(x,o) >u,, 0(x,00)—0, (12)

where the mixed convection parameter, the Grashof number, the magnetic parameter, the Prandtl
number and radiation parameter are expressed as

4U*T£
k*kf '

T -T)a® a’B,’(x vi(PC
ﬂ:GrXZ' GlrX:(gﬁ’f(wz ») ), M:"f—o(), pr:M, Nr =
Re Vi /JfRe kf

X

(13)

In order to solve the Eqg. (9) — (11) subjected to the boundary conditions (12) the functions
below is introduced

w=xr(x)f(xy), 6=0(xy), (14)

where y is the stream function defined as u=(1/r)(dy/dy)and v=—(1r)(Oy/ox) which
satisfies Eq. (9) and the Eq. (10) and Eq. (11) are obtained

1 (anj [ X j( azf] (asz
oE 5 |t 1+——cosx || f—|-| —| +
L-g)**[1-4+ () (o) |\ Oy sin x oy* ) \oy

(gcosx+(1—¢)pf+¢(pﬂ)s/ﬁf /MJ(sinxj_ oo, M(@ _§Siﬂ} s
4 @-p)p; +dp, X ) (1-¢)+d(p/p) &y 2 x
o o' o ot
oy oxdy  ox oy* )’
C 2
iM[k—ﬁ+fNr]¥+(l+_Lcosxjf%:x(i%—i%j, (16)
Pr(pCp)ff k., 3 oy sin x oy dy ox  Ox oy

subject to the boundary conditions
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F(x0)=0, I (x0)=0, O(x,0)=1,
» (17)

T (x,0) > 25X g(x,0) 0.
oy 2 X

It should be emphasized that the position of ferrofluid flow at the lower stagnation point of a
solid sphere occur when X~ 0. Thus, the Eq. (15) and Eq. (16) subjected to the boundary conditions
(17) will be reduced to the following ordinary differential equations that the f’ and @' denotes the
differentiation with respect to the variable y

1

(1-¢)p; +¢(pﬂ)s ! B; 2 9

— f7e2ff"— 2+ 0+~
1-¢)**[1-g+(d0,) | (p)) ] (L-@)p; +dp, 8)
_ O-ff/o-f M[f’—§j=0,

(1-¢)+8(p./p)) 2
pC k
i—( p)f (—“+ﬂNrj«9"+2ft9’:0, (19)
Pr (,on)ff ke 3
and the boundary conditions
f(0)=0, f'(0)=0, 6(0)=1,
, 3 (20)
f'(e0) _)E’ 6(x) — 0.
The local Nusselt number of the ferrofluid can be expressed as
aq oT
NU, = ———— where  qg,=-k (—J +q,, (21)
kf (TW _Too) " y=0
then transform into the dimensionless form using the variable in Eq. (8) become
k
Nu Gr* =— —ﬁ+ﬂNr %(X,O). (22)
ki 3 oy

The velocity profiles and temperature distributions at the lower stagnation point of a solid
sphere can be obtained from the following relations

u=f'(y) and @=46(y). (23)
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3. Keller-box Method

Keller-box methods start with transform the Eq. (15) and Eq. (16) subjected to the boundary

conditions (17) into the first-order system using the following dependent variables

’ !

f'=u,u' =v, s =t.

Then the equations becomes

(aa)V'+(1+ﬁcos xj fv—(u)’ +(%cos x+(ab)/13j(5iﬂ)—(ac) M (u _E“ﬂj _

X

i(ad)((ae)+ﬂ Nrjt’+(1+_icos xj ft = x(uﬁ—tﬁj,
Pr 3 OX

sin X OX

with boundary conditions
f(x,0)=0, u(x,0)=0, s(x,0)=1,

u(x,0) »g%, s(x,00) — 0.
X

where f = f (y),0=s(y) and (') is derivative respect to y with let

B 1 _(A=-)p +e(pB) 1B, oy/o

aa= ,ab= ,ac = ,
@-4)*[1-¢+(gp.)  (p)) ] (L-4)p; +dp, (1-9)+4(p./p;)
(pCp)f kff

ad=——,ae=—.
(pcp)ﬁ Ky

(24)

(25)

(26)

(27)

The Eq. (24) — (26) are written in finite difference by using central differences with considering

rectangle mesh points as [24]. Thus we get

n n n n n n n n n n o, 4n
fj B fj—l — uj +uj—l n uj _uj—1 Vi +Vj 1 S; —S; t+t.
h. 2

_ _ -1 \n ] 17 j=1 _ ¢n
_uj—1/2’ - = V; - =1
i i i

h, 2 e g 2 e

_V.7 n N n 9 .
(aa)- - 2 (E+a) £V, —(1+ a)(uz)jim +ZA+(ab)/IBS"*1’2 _

i

n 3 n n-: n-: n
(ac)M (uj_m > B)+a flyaViD, —af vy, = [—Ll ta fv—auz}

n-1

j-u2’

(28)

(29)
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n n

1 4 j -1 n n n n n-1 n
ﬁ(ad)((ae)+§ Nrj—J " = (E+a) )t —aul 8], —aul s, + 0)

n -1
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with boundary conditions

f, =0,u; =0, sp =1, ug‘:gB, sy =0, (31)
where
X" Y2 _sinx"¥?

o Bl () (et ™), A=(cosx*)(B)

n-1
e V. —V._ 2 9
(Li)j—ilz :{(aa) L2 By Vi, — () JrZAJr(ab)/lst_l,2 —(ac)M (uj,, -B)|

n-1

n- 1 4 t _t'_
(Lz)ji/2 :{ﬁ(ad)((aethrj ! - 2y Efi o t1o

]

Next, the equations are linearized by Newton’s method. The following iterates are introduced:

fO = 04510 Ul =ul +6uP, Vi =v + 6V, sT =0 4 55O 0D =t 4 6510, (32)

then substitute in the Eq. (28) — (30) and eliminated the superscript along with the higher order of
d as follows:

1
5fj —§fj_1—§hj (§Uj +5uj_1):(r1)j—1/21

1
ou; —5Uj_l—§hj (5Vj +5Vj_1):(r2)j—1/21 (33)

1
5Sj —5Sj_1—§hj (51:] +6tj_1): (rs)j—1/2’

(al) oV, +(a) oV, +(a ) 5fj+(a4)j5fj_1+(a5)j5uj+(a6)j5uj_l+{a7)jésj+

(34)
(a3)j§Sj r)-1/2’

(bl) ot. +(b2)J st +(b ) of. +(b) 5fj71+(b5)j53j+(b6)j53171+(b7)j5uj+

(Bu); U2 = (1)

where

(35)

207



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 94, Issue 2 (2022) 200-214

(@), =(aa)e HET D g D,
(2), (), ~2(z2).

(as), =@Vj_m +mTQV?j,2,
(a);=(a);

(@), =1, (L@ -

(3), ~(a2),

(o), - hj(az)w'

(2), =(a0),

(), = )Gz e o P P g,
(), =), -2 a0 () e ),
o) :hj(E2+a) j1/2+h12 o
(5),-(0),

() - hjza . hJZa .
(5),-(0),

) =_h1.2a Jﬂﬁhjza .

(5), (),

208



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 94, Issue 2 (2022) 200-214
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n-1 n-1 n-1
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n-1

with (R1)J = [ L +afv—au ]_]1]2

n-1
j-12

and (R,). . =h, [-L, —aus+aft]"

j-u2”

The linear equations system (33) — (35) satisfied exactly with no iteration and the correct values
maintain in all iterates when let

5f,=0, 5u, =0, 55, =0, , 5u, =0 and 55, =0 (36)

The linear equations system (33) — (35) solved by using the block elimination technique in matrix-
vector form when j=1,...,J as follow

Ad=r,
(37)
with
'[A] [C] | 1] [ el
[B.] [A] I[C,] [5,] [r.]
A= , 0= ,r=
[BJ—l] [AJ—l] [CJ—l] [§J—1] [r.]—l]
i [B,] [A]] L [61]  [In])
where
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[A]=

1.
~Zh
;i

[CJ]: 0

[51] =

(as),
i (b7);

oV,
ot,
of, |,
oV,

ot

0
(b2),

0

0

1
(a7);
(bs),

[51']:

(8.3)1
(b3),

1

O O o o o

0 0
—lhl 0
2
0 —lh1 '
2
(ay), 0
0 (bl)l_
0 0
—=hj 0
0 —lhj’ 2<)<d
2
@); 0
0 (bl)j
0
0
—ihj’ 2< <
2
0
(b2,
0
0 -
ot 1<j<d
0
0_
, 2<)<J

(38)

(39)

(40)

(41)

(42)
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_(rl)j-l/z |
(rz)j—1/2
[rj] = (r3)j-1/2 , 1<j<J. (43)
(rA)j—lIZ
_(rS)j—1/2_

with the matrix A solve by LU method.
4. Results

The numerical computation is started in Matlab with an appropriate initial profile that satisfied
the boundary conditions. The validation of the numerical method and Matlab programme codes is
conducted by comparing the numerical results with the previous study. Table 2 shows a good
agreement with previously reported results where the relative error ((Present result — Previous
result) / Previous result) measured the precision of the present result demonstrated very small.
Hence, the numerical method in this study is practically accurate and acceptable. It is worth
mentioning that the comparison result is to prove the numerical method and Matlab programme
codes can solve the governing equations that are considered in this study where the x is the angle
of the flow position at the sphere surface. The results of the ferrofluid flow at the lower stagnation
point (X~ 0) are shown in graphical below.

Table 2
Comparison values of Nu, Re™? when ¢=M =Nr =0 and Pr=1
Mohamed et al., [21] Present
X/ A
-1.0 0 1.0 -1.0 0 1.0
0° 0.7858 0.8150 0.8406 0.7858 0.8149 0.8406
(0.0000) (0.0001) (0.0000)
10° 0.7809 0.8103 0.8362 0.7808 0.8103 0.8362
(0.0001) (0.0000) (0.0000)
30° 0.7419 0.7741 0.8018 0.7421 0.7744 0.8021
(0.0003)  (0.0004)  (0.0004)
50° 0.6624 0.7032 0.7354 0.6644 0.7040 0.7361
(0.0030)  (0.0011)  (0.0010)
70° 0.5356 0.5946 0.6346 0.5347 0.5943 0.6360
(0.0017) (0.0005) (0.0022)
90° 0.4413 0.5071 0.4412 0.5071
(0.0002)  (0.0000)
100° 0.3284 0.4313 0.3238 0.4314

(0.0140)  (0.0002)

The crucial point out here, the velocity and temperature profile of ferrofluid flow at the lower
stagnation point on sphere surface will discuss when the Pr=6.2 (water) [13,25] in order to
understand the effect of parameters that influences the ferrofluid flow on the boundary layer
thickness and profiles gradient. The ferrofluid is one of the nanofluid groups, thus the ferroparticles
volume fraction ¢ gives a more significant impact on the boundary layer thickness of ferrofluid
flow. It is noteworthy, the zero value of parameters represent that parameter is absent from the
equations. Therefore, the pure water fluid without the ferroparticles denoted by ¢=0. Figure 2

shows the increment of the ferroparticles volume fraction elevates the velocity of ferrofluid flow
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but decrement the momentum boundary layer for both flows (assisting and opposing). According to
Toghraie et al.[7], the ferroparticles volume fraction contributed to the viscosity of ferrofluid when
it added to water. Their experiment result discovered viscosity of ferrofluid increase when
enhancing the magnetite volume fraction but decrease with an increasing temperature. These
correlations were seen in Figure 2 and 3 where the velocity of ferrofluid rise concurrently with an
increase in ferrofluid temperature although an increase of magnetite volume fraction elevates the
viscosity of ferrofluid as well the existence of Lorentz force and buoyancy force. As the
ferroparticles volume fraction enlarging, the thermal boundary layer of both flows (assisting and
opposing) are augment. The same result is also reported obtained in an experiments study by [8,9].
Theoretically, the high temperature of fluid causes the kinetic energy to increase and reduce the
cohesive force simultaneously accelerate the fluid molecules. Hence, the attractive binding energy
between the molecules is reduced then diminishing the viscosity of the fluid. Even though the
Lorentz force tends to suppress the fluid flow and leads to a decline of ferrofluid flow velocity, but
the ferrofluid behaviour change when it is heated because the magnetism of ferrofluid will lose at a
high enough temperature.

16 1 T T T T
—assisting flow
141 4 — assisting flow | | — — opposing flow
2 — — opposing flow 0.8 1
ok 7 $=0001,0050.1 1
Ui
U
oy 0.6 - 1
= A 1.455 v N
Sos e S 0.02
d 145
06l I e 041 0.015 1
N ;s
1.445 /s 0.01
U /7 s
04t - // // /// R ¢=0,0.01,0.05, 0.1 0.005
/ Va4 s 02F 1
0.27) 118 1.2 122 124 126 128
0 ! ! ! . ! 0 . ! L ) .
0 1 2 3 4 5 6 0 1 2 3 4 5 6

y y
Fig. 2. Velocity profile, f'(y) for different value ~Fig. 3. Temperature profile, §(y) for different value
of ¢ when M =0.01 and Nr =1 of ¢ when M =0.01 and Nr =1

5. Conclusions

The ferrofluid flow at lower stagnation on a sphere was scrutinized where the mixed convection
heat transfer with the presence of magnetic field and thermal radiation is considered. The
implementation of Keller-box method to solve partial differential equations give an impressive view
of the ferrofluid flow. The random molecular motion of the ferrofluid due to the differential
temperature between the fluid and sphere surface contributed to the heat transfer and change the
ferrofluid flow behaviour. The numerical results revealed that the change in ferroparticles volume
fraction in water considerably alter the thermophysical properties and enhance the thermal
conductivity of ferrofluid. Consequently, the rate of heat transfer will improve. The increasing of
the ferroparticles volume fraction leads to elevates the ferrofluid velocity and leads to a decline in
the momentum boundary layer. This phenomenon is affected by the viscosity of ferrofluid that
exposed to the heated surface.
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