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constant wall temperature. The mathematical model which is in non-linear partial
differential equations is solved numerically by similarity transformation approach with
the Keller-box method. The characteristics and effects of pertinent parameters
considered which are Prandtl number, Lewis number, Eckert number, Brownian
motion parameter, thermophoresis parameter, mixed convection parameter,
concentration mixed convection parameter and plate velocity parameter are analyzed
and discussed. In conclusion, there exist dual solutions in opposing flow for moving

parameter range 0.18 < ¢ <0.48. Further, the increase of mixed convection parameter in
assisting flow results to the increase in the Nusselt number and skin friction coefficient.
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1. Introduction

A study on the boundary layer flow regarding the constant speed moving plate was first studied
by Sakiadis [1]. Known as Sakiadis flow, this boundary layer flow is quite different from Blasius flow
past a flat plate. Erickson et al., [2] expanded the research scope by considering the effect of suction
and injection on the flow. Further, the study regarding this topic has been extended with the
presence of other physical effects including magnetic field, thermal radiation, porous effect, variable
wall temperature, Ohmic heating, slip and convective boundary conditions by Damseh et al., [3],
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Ishak et al., [4], Jahan et al., [5], Mutlag et al., [6], Chamkha et al., [7] and recently by the works of
Jamaludin and Nazar [8], Anuar et al., [9] and Shamshuddin et al., [10].

Growth in nanotechnology has encouraged the researchers to investigate the boundary layer
flow in a nanofluid. Latest study consider the boundary layer flow in a nanofluid include the
investigations by Zeeshan et al., [11], Hayat et al., [12] and Jusoh et al., [13] who considered the
magnetohydrodynamic flow, activation energy in Couette-Poiseuille flow and melting heat transfer
of nanofluids past a bidirectional exponential permeable stretching/shrinking sheet with viscous
dissipation, chemical reaction and convective boundary conditions. It is concluded that the velocity
distributions show an increasing behavior for larger nanomaterial volume fraction. Further, it is
perceived that the velocity of nanofluid decelerate by increasing the values of the modified magnetic
parameter, whereas the temperature and concentration profile is increased by increasing the said
parameters. Other related study on nanofluid included the works by Muhammad et al., [14,15],
Barnoon et al., [16], Toghraie et al., [17], Ishak et al., [18] and Alkasasbeh et al., [19]

The combinations of boundary layer flow on a flat plate and a nanofluid has been applied widely
in order to solve the thermal management problems. For example, it is applied in most water cooler
automotive engine system and central processing unit (CPU) in performance computer devices. The
nanosize of particles in nanofluid gives minimum kinetic energy in collisions onto a component
surface such as the water pump, pipelines and bearings. Thus, nanofluid is expected to gives little
friction or no damage on component surfaces and hence enhanced the component lifetime [20,21].
Hu and Dong [22] suggested that nanoparticles like titanium oxide in oil reduced the skin friction
coefficient, which improved the lubricating properties.

According to Wang and O. D. Leon [23], the enhancement in nanofluid thermal conductivity has
allowed the aerodynamic vehicle’s design which contributed to energy efficiency. By employing the
nanofluid as coolant, the small size of radiator is sufficient to cooling down the engine. The small size
radiator design in front of the vehicle may reduce the drag coefficient thus minimize the air resistant
towards vehicles, which results in the improvement in fuel consumption.

Usually, in modelling boundary layer flow and heat transfer, the viscous dissipation effect is
neglected in the energy equation [24]. This is due to the assumption that the viscous dissipation
effect is small in fluid flow. This assumption might be true for some cases but it is unproven to valid
in any problems. Further, there is a little study has been done to support this assumption.

Therefore, the present study considered the mixed convection boundary layer flow on a moving
vertical plate in a nanofluid with a viscous dissipation effect. Viscous dissipation or internal friction is
the rate of the work done against viscous forces that are irreversibly converted into internal energy.
Viscous dissipation effect usually is appreciated on convection with large decelerations from high
rotating speeds, high-velocity flow and also in highly viscous flow with moderate velocity [25]. The
study of the viscous dissipation effect gained the attention of many researchers recently by Ashraf et
al., [26], Zokri et al., [27], Mohamed et al., [28] and Sharada and Shankar [29]. To the best of our
knowledge, the present problem is never been considered before, so the results obtained in this
study are new.

2. Mathematical Formulations

It is assumed a steady two-dimensional boundary layer flow over a vertical moving plate
embedded in a nanofluid of ambient temperature, T_ as shown in Figure 1. Let T as the temperature

inside the boundary layer, T,, is the wall temperature, U is the free stream velocity and U, (X) =&U

is the plate velocity where ¢ is the plate velocity parameter. Furthermore, C_ and C,, is the ambient
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and surface nanoparticles volume fraction C. The governing boundary layer equations that can be
formed are:
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subjected to the boundary conditions

u=u,(x)=eu_, v=0, T=T, C=C,aty=0,
u=U_, T->T,C—>C_asy—>ox, (5)
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Fig. 1. Physical model and the coordinate system

Eqg. (3) is a differential form of Fourier’s law of heat conduction which states that rate of heat
transfer through a material is proportional to the negative gradient in the temperature per area.
From Eq. (1)-(3), u and v are the velocity components along the x and y -directions, respectively. i is
the dynamic viscosity, v is the kinematic viscosity, fand S, are the thermal and concentration
expansion coefficient, respectively. p is the fluid density, k is the thermal conductivity and C,is the

specific heat capacity at constant pressure. Next, D; is the Brownian diffusion coefficient, D; is the
thermophoresis diffusion coefficient, 7 is the ratio of the effective heat capacity of the nanoparticles
material and the heat capacity of the ordinary fluid.

The similarity transformation for Eq. (1)-(4) subjected to the boundary conditions (5) can be
written as follows [30]:

¢(n) = - (6)

1=(5 ) v v =)t o) -
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where ¢ and @are the non-dimensional nanoparticles volume fraction and temperature of the fluid,

respectively. i is the stream function defined as u = 6_1// andv = _8_1// which identically satisfy Eq.
X

(1). Then, u and v can be derived as

u=U, F), v =2 )+ 1), 7)

By substituting the Eq. (6) and Eq. (7) into Eq. (2)-(4), then we have

f"+ ff"+210+2w¢p =0 (8)
1 " f ' 't 12 f02
ﬁe +f0'+N,0'¢ +N,O” +Ecf" =0, (9)
" Nt " ’
¢ +—L0"+Lefg =0 (10)
Nb
voC, r, . . . Gr,
where Pr = B is the Prandtl number, 4 = —=- is the mixed convection parameter and @ = Re’
X X
gA(T,-T.)X
is the concentration mixed convection parameter with Gr, = 5 is the Grashof number,
14
c,-C,)x°
Gr, = g'BC( - °°) is the mass transfer Grashof numberand Re, = Y,
1% 1%
D - _
N, =M is the Brownian motion parameter, N, =M is the thermophoresis

14 Tv

o0

U 2
% is an Eckert number and Le = Y is the Lewis number. In order that
Cp (Tw _Too) DB

the similarity solution for Eq. (8)-(10) exist, it is assumed [31]:

parameters, EC =

Lf=mx"and f.= nx* (11)

where m and n are constants. Note that the assumption in Eq. (11) is necessary for the Eq. (8) to be
independent of x. The boundary conditions (5) become

f(0)=0, f'(0)=¢, 6(0)=1, ¢(0)=1,
f'(n) >1 6(n)—>0, ¢(n) >0,asy > (12)

Note that £ >0 and & <0corresponds to a downstream and upstream movement of the plate from
the origin, respectively. When 4 =N, =N, =Le =Ec=0,then Eq. (8) and Eq. (9) becomes

f"+ ff"=0, (13)
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i0”+ fo' =0 (14)
Pr

The above equations can be solve analytically with considering the boundary conditions (12) by taking
the exact solution as

3
-1
f(n)=en-TED (15)
31,
Then the solution of —6'(0) is compute analytically as
_g0)=— 1 (16)

—Pr]?f(n)dt]

Te dn
0

The physical quantities of interest are the skin friction coefficient C,, the local Nusselt number Nu,

and Sherwood number Sh, which are given by

Cp=— Nu=—h gy o M (17)
pue k(Tw _Too) DB(CW_COO)

The surface shear stress t,,, the surface heat flux g, and the surface mass flux j, are given by

ou oT . oC
= —_— ) W = —k B —— ) w = —DB —_— y 18
TW u(ayjy_o q (ayjy_o J (ay]y_o ( )

with 4 = PV and k being the dynamic viscosity and the thermal conductivity, respectively. Using the
similarity variables in (6) gives

-1/2

Cf(ZReX)M: £7(0), Nu,(Re,/2) " =-6'(0), Sh,(Re,/2)"" =—4(0) (19)

3. Results and Discussion

The Matlab software is employed to run the Keller-box algorithm in order to solve the Eq. (8)-(10)
numerically. Pertinent parameters namely as the Prandtl number Pr, the mixed convection

parameter A, the concentration mixed convection parameter @, the plate velocity parameter &,
the Brownian motion parameter N,, the thermophoresis parameter N,, the Eckert number Ec,
and Lewis number Le are considered. The step size A7 =0.02and boundary layer thickness from 4

to 12 is used to ensure the existence of dual solution especially case related to moving and stretching
parameters. As expected, the dual solution is obtained for various values of moving parameters.
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Table 1
Comparison values of —6"(0)/\/5 with previous

published results for various values of Pr when
e=A=N,=N,=Ec=Le=0

Pr Rosca and Pop [32] Present
0.7 0.29268 0.292680
0.8 0.30691 0.306917
1 0.33205 0.332057
5 057668 0.576689
10 0.72814 0.728141
Table 2

Comparison values of —8'(0) with exact solution
for various values of Pr when A =N, =N, =Ec

=Le=0and ¢=1
Pr Exact solution Keller-box method
0.1 0.25231 0.25231
0.7 0.66756 0.66756
1 0.79788 0.79788
7 2.11100 2.11100
10 2.52313 2.52313

In order to validate the efficiency of the Keller-box method, comparisons have been made. Tables
1 and 2 show the comparison values of —6?'(0)/x/§ with previous results in Rosca and Pop [32] and
the exact solution for —6'(0) from Eqg. (13) and Eq. (14) with respect to various values of Pr,

respectively. It has been found that both tables provided a very good agreement. Hence, it is
confident that the results presented in this study are accurate.

-1/2
Next, Table 3 presents the values of the reduced Nusselt number Nu, (ReX/ 2) and the reduced
-1/2
Sherwood number ShX(ReX/Z) for various values of N, and N,. From this table, it is conclude
-1/2
that the increase of both parameters N, and N, results to a decrease of NuX(ReX/Z) while

-1/2
Sh, (Rex/ 2) increases with the increase of N,. Physically, it is suggested that the small values of

N,and N, enhance convective heat transfer capabilities while the large values of N, and N,
enhance the convective mass transfer capabilities.
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Table 3
Values of NuX(ReX/Z)ill2 and ShX(ReX/Z)fﬂ2 for

various values of N, and N, when Ec=0.
Pr=7,Le=10and A=¢=05

No N N, (Re,/2) ™

sh,(Re,/2)

0.1 0.1 0.7847 1.9846
0.2 0.1 0.4767 2.1092
0.3 0.1 0.2711 2.1252
0.4 0.1 0.1406 2.1201
0.5 0.1 0.0616 2.1106
0.1 0.2 0.5917 2.2458
0.1 0.3 0.4486 2.6287
0.1 0.4 0.3416 3.0562
0.1 0.5 0.2606 3.4864
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Fig. 2. Effects of A and Pr on 6(7) when
Le=10, N, =N, =Ec=0.1 and £=@=0.5

Figures 2 to 6 illustrate the temperature profiles 6’(77), velocity profiles f'(7)and concentration
profiles ¢(77)for parameters discussed. From Figure 2, it is found that as Pr increases, the thermal

boundary layer thickness decreases. It is not surprisingly due to a decreasing in thermal diffusivity
which leads to a reducing in spreading energy ability in the thermal boundary layer. Further, the
presence of mixed convection parameter A in assisting flow (/1>0) results to a reducing in thermal
boundary layer thickness. The situation is contrary to the opposing flow (i <0) where the boundary

layer thickness is increased. From Figure 3, the increase of plate velocity parameter &£ which denoted
the ratio of the plate velocity over the free stream velocity reduced the thermal boundary layer
thickness. Next, it is suggested that the effects of o is similar with 4 in Figure 2.

Figure 4 shows the f'() for various values ofEc and , respectively. From Figure 4, the presence
of concentration mixed convection parameter as opposing flow plays a role in reducing the boundary
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layer thickness while the opposing flow does oppositely. Further, it is seen that Ec gives a small effect
on flow where the increase of Ec results to a decreasing in a boundary layer thicknesses.

l T T T T
N\ mm=—— £=0,w=-05
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09 ¢=0,0=0
B £=0,w=05
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0.7 - e=1,w=05 -
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0.1 -
0 :
0 2 25 3 35 4

Fig. 3. Effects of ¢ and ® on 6(7) when
Pr=7,4=05N, =N, =Ec=01and Le=10

Fig. 4. Effects of Ec and @ on f'(n) when
Pr=7,A=¢=05N,=N =01 and Le=10

Next, the concentration profiles ¢(#) for various values of Ny, 4, Leé and @ are shown in Figures

5 and 6, respectively. Similar trend as in Figure 2, the presence of A and @ as the assisting flow
gives a reducing in boundary layer thickness as well as reducing in concentration while opposing flow
does the contrary. This may explain as follows; in assisting buoyant flow, as the flow in free stream
velocity moves upwards against the gravity acceleration, the nanoparticles in nanofluid will slowly
left behind which leads to a reduction of nanoparticles concentration in nanofluid and boundary layer
thickness. In considering the N, effects, itis found thatas N, increases, the concentration decreases.
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Further, it is suggested that the effect of @wis negligible with small values of Le. From Figure 6, it is
found that the increase in Le results to the increase in concentration and the thickness of the
boundary layer.

1 T T T T T T T
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Fig. 5. Effects of A and Nyon ¢(7) when
Pr=7,Le=10,N,=Ec=0.1and e=w=0.5
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Fig. 6. Effects of Le and @ on qﬁ(n) when

iZSZO.S,Nh:NQZO.l and Pr=7

In order to investigate the behaviour of Nusselt number, Sherwood number as well the skin
friction coefficient, Figures 7 to 15 were plotted. Figure 7 shows the variation of reduced Nusselt

-1

number NuX(ReXIZ) ? with & for various values of 1. From the figure, it is suggested that the
-1/

presence of A in assisting flow has increase the values of Nu, (ReX/ 2) thile for opposing flow, the

-1/2
value of Nux(ReX/Z) is decreasing. When 1=-0.5, It is worth mentioning the existence of dual
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solution for 0.18<¢<0.48. Further, it is concluded that for £ <2, the increase of ¢ has increase the

-1/2 -1/2
value of Nu,(Re,/2) "while for £>2, it is found that the value of Nu,(Re,/2) tends to

Nu, (Rexlz)fﬂ2 =0, which denoted as pure heat conduction process.

T T T T T T t t t
1st solution
— 2nd solution
12 i
L i
Q
< 08 i
I~
\X
jo)
x
= 06 21=-05,0,05 ]
=2
041 i
02} i

-1/2
Fig. 7. Variation of NuX(ReX/Z) with ¢€and A when
Pr=7,Le=10,0=0 andN, =N, =Ec=0.1

-1/2
The variation of NuX(ReX/Z) with Pr for various values of @ is illustrated in Figure 8. It was
found that small values of Pr such as liquid metals (Pr<1)produce a very small value of
-1/2
NuX(ReXIZ) which implies that no convection which occurs or the heat transfer is in pure

conduction situation. It is realistic since liquid metals have high thermal conductivity but low in

viscosity. For the fixed value of Pr, the assisting flow of ®,(®>0) increases the values of

Nu, (ReX/2)_U2whiIe for the opposing flow (@<0), the value of Nu, (ReX/2)_1I2 is decreasing.

-1/2
The variation of NuX(ReXIZ) with Le for various values of ¢ and Ec is shown in Figure 9. It is

suggested that the increase of Ec has reduced the value of NuX(ReX/Z)_M. The effect of Ec on

-2, . . -vz
NuX(ReX/2) is more pronounced as ¢ getting small. Next, it is seen that NuX(ReX/Z) is a

decreasing function against Le. It is due to the increase of thermal diffusivity as Le increases which
lead to the pronounced of thermal conductivity effects as well as the conductive heat transfer
process and reduced the convective heat transfer rate.

10
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Nu,(Re /2) 2

Fig. 8. Variation of Nu, (Rexl Z)MWith gandw when
Pr=7,1Le=10,A=05 andN, =N, =Ec=0.1

T T T T T T T
¢=05Ec=0.1
£=05Ec=03
"¢=15Ec=0.1
T Te=15/Ec=03

15

Nu,(Re /2) 12

-1/2
Fig. 9. Variation of Nux(ReXIZ) with Le, s and EC when
Pr=7,A=05w=0and N, =N, =0.1

Figure 10 to 12 illustrate the variation of the reduced Sherwood number ShX(ReXIZ)fllzwith
various values of 4, &, @, Pr and Le. From Figure 10, generally it is found that the increase of ¢ results
to the increase in ShX(ReX/Z)_M. When 4 =-0.5, there exist dual solution for 0.18<¢<0.48 while no
solution is obtained for £ <0.18. In discussing the effects of A, for 0<& <0.17, it is observed that for

-1/2
assisting flow, the presence of mixed convection parameter has increased the value of Sh, (Rexl 2)

while in opposing flow, the Sh, (Re,/ 2)_1/2 decreases. The effects of & on Sh, (Re,/ 2)_1/2 are too small

11
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at 0.17<¢<1.9while for £>1.9, it is found that the opposite trends occur where the presence of 1

in assisting flow has reduced the Sh, (ReX/Z)fll2 while opposing flow does the contrary.

-1/2
In Figure 11 and 12, it is clear to state that the increase of Prand Le enhanced the ShX(ReXIZ)
values. It is because, when Le increases, the mass diffusivity effects decreases which in turn

-1/2
enhanced the effects of mass transfer rate and lead to the increase of Sh, (ReX/Z) “n considering

the ¢ effects, it is found that the presence of & generally increase the value of ShX(ReXIZ)flIZ. It is

worth mentioning that, when velocity parameter is absent (¢ =0), the boundary conditions agree
with Blasius flow and when & =1, the plate and fluid flow are in the same velocity. Further, the

presence of assisting flow of ®,(®>0)enhanced the values of ShX(ReX/Z)fll2 which denoted to the
increase in convective mass transfer capability. Meanwhile, for the opposing flow (@ <0), the values
of ShX(ReXIZ)_U2 is decreasing.

6 3 3 3 3 3 3 3

-1/2
Sh(Re,/ 2)

10 ~ A=-05 |
— A1=0

0 r r r r r r r

0 05 1 15 2 25 3 35 4
€

-1/2
Fig. 10. Variation of ShX(ReXIZ) with ¢and A when
Pr=7, Le=10,0=0 and N, =N, =Ec=0.1

12
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Fig. 11. Variation of Sh (ReX/ 2)71/2 with Pr and@ when
e=4=05 N, =N, =Ec=0.1and Le =10.
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Fig. 12. Variation of C, (2 Re, )1/2 with Le ande& when
Pr=7,4=05w®w=0 andN, =N, =Ec=0.1

1/2
Lastly, Figures 13 to 15 present the variation of the reduced skin friction coefficient C; (2 Rex)

for various values of 4, &, o, Pr, Ecand Le, respectively. As in Figures 7 and 10, dual solutions obtained
in Figure 13 for 4=-05. It is shown that the presence of A in assisting flow has increased the value

of C, (2 Rex)l/zwhile C, (2 Rex)l/2 decreasing in opposing flow. This is because in assisting flow, the

kinetic energy produced by A has assisted the boundary layer flow becomes constant close to the
plate which in turn shortened the boundary layer thickness and lead to an increase in the velocity

1/
gradient or skin friction coefficient. Besides, it is seen that for 4 =0, >1, the values of C; (2 Rex) ?

is negative due to the plate move faster in the same direction than the stream velocity. Meanwhile,

13
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as the plate moves slower than the stream velocity fluid, the C; (2 Rex)l/2 is positives. It is noticed
that for 1=0,£=1, the C, (2 Rex)ll2 =0 due to plate moves equally with stream velocity.

Next, the increase of Pr in Figure 14 leads to a decrease of C; (ZReX)l/Z. The reduction of
C; (2 Rex)ﬂ2 is significant for small values of Pr. For large values of Pr, the changes of these parameter
gives a very small and negligible effects on C; (2 Rex)m. In considering the effects of o, it is found

1/2
that the presence of assisting flow (@ >0)enhanced the values of C, (ZReX) while the opposing
flow (w<0) reduced the quantity.
In Figure 15, it is clearly shown that the presence of viscous dissipation effects Ec has increased
1/2
the C; (ZReX) . From a definition of Ec, the increase of Ec is directly proportional to the increase

of stream velocity which in turn enhanced the ¢ effects on velocity profiles and increase the

temperature gradient. In considering the curve individually, it is seen that for Le <10, the increase

/2 12
of Le results to the increase drastically in C; (ZReX)l while for Le>10, the value of C; (ZReX)

decreasing with Le.

A=-05,0,05

12
C((2Re,)

1st solution
2nd solution

5 r r r r r r r r

0 05 1 15 2 25 3 35 4

1/2
Fig. 13. Variation of C, (ZReX) with ¢andA when
Pr=7, Le=10,0=0 and N, =N, =Ec=0.1

14
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Fig. 14. Variation of C, (ZReX)U2 with Pr and @ when
e§=A4=05 N, =N =Ec=0.1and Le=10

4. Conclusions

The present study has solved the mathematical model of boundary layer flow over a vertical
moving plate in a nanofluid with a viscous dissipation effect. The effects of Prandtl number Pr, the
mixed convection parameter A, the concentration mixed convection parameter o, the plate
velocity parameter &, the Brownian motion parameter N,, the thermophoresis parameter N,, the
Eckert number Ec, and Lewis number Le on the reduced Nusselt number, reduced Sherwood numbers
and the skin friction coefficient are discussed in details.

As conclusion, the presence of viscous dissipation decreased the Nusselt number while Sherwood
number and skin friction increased. Next, the Nusselt number decreases with the increase of N, and

N, while the parameter ¢, N;, ® and Le enhances the Sherwood number which is physically known

as convective mass transfer capability.

Next, there exist dual solutions in opposing flow for some values of ¢. In considering the A4
effects, it is found that the increase of 4 in assisting flow results to the increase in Nusselt number
and the skin friction coefficient, these trends are contrary to the opposing flow.
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