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1. Introduction

The nonlinear Burgers' equation has been widely used to model several physical flow phenomena
in fluid dynamic teaching and in engineering. In this paper, we consider the following time-dependent
Burgers' problem in two dimensions
up — eV.Vu +uu, +uu, = f QA x[0,T], (1)
with the initial-boundary conditions

u(x,y,t) =00ndQ x [0,T],

u(x,v,0) = u°(x,y) on Q x {0},
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whereu = u(x, y, t), € > 0 is a viscosity constant, & ¢ R? with boundary 0Q, 0 = QU 9Q, and f =
f(x,y,t) € L*(©). The grouped form of Burgers' equation is represented as follows, here the uu,
and uu,, terms are replaced by %(uz)x and %(uz)y, respectively. Burgers' problem is then written as:
u — eV.Vu+ J(u?), +i(u?), = fonQx[0,T], (2)
u(x,y,t) = 0,0n0Q x [0,T], u(x,y,0) = u°(x,y), on Q x {0}

The weak variational forms to Eq. (1) and Eq. (2) respectively with fully formulation utilizing
backward difference quotient for the time discretization such as the following:

Let0 = t° < t! <...< tM = T be a partition for time interval [0, T], where t™ = n A t, At is the
time step and M is a positive integer, find u™ € H(0,T; H3 (Q)), (n = 1,2,..., M), such that,

(0.u™v) + e(Vu™, V) + (W™ Vu™,v) = (f%,v), A% [0,T],V v € H}(Q) (3)
u™(x,y,t) = 0,0n9Q X [0,T], u(x,y,0) = u°(x,y),on Q x {0}
(étu”, v) +e(Vu™, W) — ((W™?,Vv) = (f*,v), Ax[0,T],VvE HY(Q) (4)

u™(x,y,t) = 0,0n 90 X [0,T], u(x,y,0) =u’(x,y),on Q x {0}

n-1

where, 0,u™ = =——— u™. Vu" = (u®,u™)t. Vun .

The GrFEM or otherwise called product approximation is a finite element (FE) technique for
definite sorts of nonlinear PDEs. Experiments with the GrFEM have shown an increase in economy
and in the nodal accuracy compared to FE solutions of the Burgers' equations [3,5,6] and for other
problems [8,4,9,27,32]. Recently, the weak Galerkin finite element method has catched much
consideration in the field of humericaln PDEs , The idea of the weak Galerkin method was first
introduced by Wang and Ye [14], the method was applied to the second order elliptic equations
[1,15,16,19,20,22,24,28], the Stokes equations[17,21], Parabolic equations [10,11,25], biharmonic
equations [23,26], Navier-Stokes equations [7,18,30] and 1-D Burgers' equation [31], etc. In this
paper we present (WGFEM) and (WGrFEM) for 2-D Burgers' problem with a fully-discrete
approximation for the time variable, the backward-difference formula for the time variable is
examined and the stability and error estimate are proved for these methods. The numerical solutions
of WGFEM and WGrFEM are compared with the exact solutions and with other available solutions to
measure the numerical errors and the efficiency of our methods, the results obtained of WGFEM and
WGTrFEM are quite satisfactory and competent more than the results available in the other literature,
moreover, (WGrFEM) is demonstrated to be better than (WGFEM).

2. Preliminaries and Notations
We use standard definitions for the Sobolev spaces H™ (1), and their associated inner products

(> )ma » norms || ||, o and semi-norms |. |, o for m = 0 any integers s > 0 the semi-norm |[. |5 g is
given by,
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1
z
lvlsa = (Z f If)"vlzdﬂ> ,
|lo|=s Q
where, 0 = (0y,0,) , lo| =0, +0,,0% = 0;10;2.

The Sobolev norm ||. ||, o is given by,

m 2

1¥llna = ) 1vfa |,

j=0

The space H(div, Q) is defined as the set of vector-valued functions on Q which together with
their divergence are square integrable,

H(div,Q) = {v:v € [L2(Q)]?, V.v € L?(Q)},

the norm in H(div, Q) is defined by,

1
Ivllsaiva) = AVI? + V. v]1?)z.
3. WGFEM And WGRFEM for 2-D Burgers' Problem

Let T;, be a shape-regular mesh of the domain Q , with mesh size h, for each element T € T, , we
will indicate by 7°%nd 72 for the interior and the boundary of T respectively. A weak function on 7 is

a pair of scalar-valued functions v = {v,, v}, }such that v, € L?(z°) and v}, € H%(Ta). Let P'(z°) be
the space of polynomials 7° with degree at most [ > 0 and P™(t?) be the space of polynomials on
79 with degree at most m > 0. A discrete weak function is a weak function v = {v,, v, } such that v,
€ PY(z°%) and v, € P™(79). A discrete weak function space on T is defined as,

W(t,Lm) = {v ={vy,vp} vy € PL(z%,v, € P™(z9)}.

Let P"(t) € H(div, ) the space of polynomials with degree < r, wherer > 0. Let V(7,7) C
[P"(7)]?, for any v € W(z,1,m) its discrete weak gradient Vyy, v € V (7, 7) is defined as,

f VW,rv.wdrzf vbw.nds—f voV.wdr ,Yw € V(7).
d

T T T

By taking W (z, [, m), VT € 7}, , we obtain weak finite element spaces,
Sp(,m) ={v ={vo,vp}:v|; € W(z,Lm), VT € T3},

SPLm) ={v = {vo, vy} € S, M)yl 0090 = 0, VT € T3}
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To design a WGFEM and WGrFEM, we must follow two basic principles.
i.  Replace H}(Q) by a space of discrete weak functions defined on the finite element partition
J5, and the boundary of triangular elements.
ii. replace the classical gradient operator by a discrete weak gradient operator V, ,. for weak
functions on each element 7 .

Now, we describe a WGFEM for 2-D Burgers' problem with the fully discrete formulation utilizing
backward difference form for the time variable for Eq. (1), seek u, = {up o, up,} € Sp (I, m) such that
satisfying
(atuﬁ' UO) + Al(u;"l.l’ v) = (fn’ UO) on ) X [O! T] !v v = {UOI vb} € Sf?(l! m)! (5)
up(x,y,t) =00ndQ x [0,T],
u,(x,y,0) = Qu’(x,y) on Q x {0}.

The WGrFEM for 2-D Burgers' problem with the fully discrete formulation utilizing backward
difference form for the time variable is described as: for Eq. (2), seek u, = {up o, upp} € S, m)
such that satisfying
(atuﬁ, vo) + Ay,(ul,v) = (F%v9) on QX [0,T],V v = {v,,vp} € SP(I,m), (6)
up(x,y,t) =00ndQ x [0,T],
uh(xf Y, 0) = Qhuo(x' }’) on '(_1 X {0}1
where
Al(ulrllr U) = E(VW,ruﬁ' VW,rV) + (uirll VW,ru'z ’ Vo)'

Ay (up,v) = E(ijruﬁ, VW,rV) - %((ug,h)z ) vW,rU)'

And Q u = {Qh,ou, Qh,bu} is the L2-projection onto W (t, [, m).

Lemma 1. Let SP (I, m) be the weak finite element space and 4,(.,.) and 4,(.,.) be the bilinear
forms given in Eq. (5) and Eq. (6), respectively. There exists a positive constant C satisfying

410, 0) = C{[|VuvI[” + o 12},

2 2 0
A,(v,v) = C{”VW',«V” + vl }, VYveS,)(,m).
Proof. Note that
A (v,v) = e||VW,TV||2 + (0. Vi, v, V),

4, (0,v) = €|V, || = 2((@)2, V),
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applying Cauchy-Schwartz and Young's inequalities for second term in the right-hand sides in above
equations, respectively, we have

(v.Vw,v,v0) < 10I[[Vw, v || lvoll < ZIWI? [V v ]| + 2Hlwoll2

= L1 + Ao} )

(0, Vi) < Hlvo? |V, vl < 2o % + 29,0 = Hillvg? 12 + 4|90}, (8)

it follows from Eq. (7) and Eq. (8) respectively,
A,0,0) 2 €9y, vl|* = {012Vl + Alvoli2} = C{[9wv]l” + Ilvoli2),

A3 0,0) 2 €|V ]| = L2112 + 2|V ]|} 2 C {1V v ]l + HHol1?},

Theorem 1. The methods given in Eqg. (5) and Eq. (6) respectively are stable over finite time,
specifically, forany N > 0 and a time step At, as follows,

N
il < a¢ > Fm o+ ]
n=1

luf Il < Aeh_; f™ + [|uf]l.

Proof. By choosing v = u}! in Eq. (5) and Eq. (6) respectively,

(@cup up) + Ar ity up) = (F™ uf),

(@cup upt) + A Wity up) = (F™ i),

by Cauchy Schwarz inequality we have,

sl ? + Ay Quy, up) < IFMHugll + Elluy = HHTug L

sl 11? + A it up) < I il + Sllug =gl

from Lemma 1, 4; (up, up) and A4, (uj, up) are non-negative terms, we have,
sl I < ™M+ Sl

sllun 1 < F™E+ gl
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Summing both sides fromn = 1ton = N, for above equations give,

luf 11> < At TR+ (]

lup 1?2 < At XNl 1+ [|up]]
4. Error Analysis

In this section we will derive a priori error estimate for the WGFEM and WGrFEM, where uj, is
arising from Eq. (5) and Eq. (6) with assuming that the exact solutions of Eq. (1) and Eq. (2) are given
by u. To discuss the approximation properties of the discrete weak space S, (I, m), we define the
following projection operators, let Ry, be the local L2- projection onto V (7, 7) . The last projection

operatoris IT;, such thatI1,qg € H(div,Q),andoneachT € 7}, ,11,q € V (t,7).

Lemma 2. [16] For any g € H(div, (1), we have,

Z (=V.q,v9)r = z (Mg, Vwyv), . Vv ={v, v} € SRULm).

TET, TET,

From the definitions of local L?- projection R,u and L?- projection Q,u , we note,

(u—Ryu,w); =0, Vw € V(1,7).

By the Bramble-Hilbert lemma, it is easy to prove that, [26,29]

llu — Rpull 2oy < CR[lullgse), 0 < s <7+ 1. 9)
It follows from Eq. (10) that, for k = 0,

llu— Qnulliz) < CR%|lullgs), 0 < s <k + 1 (10)
Moreover, the following identity is hold [14]

Vi r(Qnu) = Ry(Vu), Vu € H'(T). (11)
Lemma 3. [25] For u € H**(Q) with k > 0, we have,

1T, (eVu™) — eRyp (VU™ < Ch*||ufle4s -

Lemma 4. [29] For u € H*¥(Q) with k > 0, we have,

lu — Myull < CA*|lullgyq -

Theorem 2. Let u and uj, be the solutions of problems Eq. (1) and Eq. (5) respectively, then there
exist a positive constant C such that,
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max |[u™ — u?|| < Ch* max ||u™ .
15ns1v” rll < max 2™ |l 41

Proof. Let

u —up =pt+en,

where,

pt =u" — Qpu”, e™ = Quu" —uy,

by the triangle inequality we have,

max Jlu" —upll < max llp" [l + max [le™]|.

The error bound for p™ is determined by Eq. (10)

max ||p"|| < Ch¥ max ||[u™ ) 12
15nSN”P | < 15nSN” Il ie+1 (12)

Now, to estimate e™, let v = {v,, v, } € SP(I,m) be any test function. By testing Eq. (1) against
v, with using the fully formulation using backward difference quotient for the time variable, we have,

(F™ vo)= (0,u™, vy) — €(V.Vu™, 1) + (W™ Vu™, vy),
by Lemma 2 we get,
(f™, vo)= (étu", vo) + e(l'lh(Vu"), VW,rv) — %(l'lh(u”)2 , VW’rv).

Adding and subtracting the term A,(Q,u", v) = E(VW,rQhu",VW,rv) —%(Qh,o(u”)z, VW'TU) for
the above equation with using the fact, (3,Q,u", vy) = (9,u™ v,), we get,

(f™, vo)= (atQhun' 170) + e(l'[h(Vu”) — Vw rQnu™, VW,rV) - %(Hh(un)z — Vw+CQno (un)z )
Vi, 0)+ €(Viy r Qnu™, Vi, v) — H(Qpo(W™?, Yy, v),

from Eq. (6) and using Eq. (11)

(0ruft, vo) + Ay (uf, v)= (0,Qnu™ vo) + €(T(Vu™) — Ry (Vu™), Yy ,v) — %(Hh(un)z -
QnoU™?, Vi, v)+ A, (Quu™,v),

which rewrites as,

(atQhu” - 5tuﬁ, Uo) + Az (Qru"—up, v)= e(Rh(Vu") — I, (Vu™), VW,rV) + %(Hh(un)z -
Qh0 w™?, VW,rv)r

48



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 69, Issue 2 (2020) 42-59

so,
(9:e™ vo) + Az(e™, )= (R (Vu™) — I (Vu™), Vi v) + 3T (W™)? = Quo(w™?, Vw,rv), (13)
Substituting v in Eq. (13) by e™ = {ef}, e}'} = {Qnou™ — Uty , Qnpu™ — ul ,} we have,

(0ce™ e™) + Ay(e™ e™)= (R (Vu™) — M, (Vu™), Vi re™) + (I, (™) = Qro(u™?, Vi re™),
from Lemma 1, Cauchy-Schwarz and Young's inequalities,

le™iZ _ lem | _ e

L L L g (Ve + lem 17} < S IR (VU™ — M (Tum)I1? + 2|V e +

%”Hh(un)z - Qh,o(un)znz + %”VW,renHZ,

this implies,

lle™ |12 + 28t C, | Vi e[| < L IR (V™) — 1, (VuI1? + ALCy ||V ™ || + 25| T (w2 —
Qno@™2|” + ALC, ||V e + llem 212

Summing both sides fromn = 1ton = N, noting thate® = 0,
2

lleM]|* < %t ﬁ=1||Rh(Vu") - Hh(vun)”z +2A7t2 ﬁﬂ”Hh(u")z - Qh,o(un)zll ,
then,

n2 < {g ny _ ny||2 4 At mn2 _ nzz}
max [le™||? < N{Z max [|Ry (Vu™) — I, (Vu™) || + 7 max [T, (u™)? = Qno™?[|"§,
from Lemma 3 and Lemma 4 we have,
max ||e™]|? < Ch?* max [|[u™||%,,,
max [le"] max [,
thus, we have,

max ||e™|| < Ch* max ||u® . 14
15ns1v” | < 15nszv” | P (14)

Combining the bounds Eq. (14) and Eq. (12) the proof is completed.

Theorem 3. Let u and uj, be the solutions of problems Eq. (2) and Eq. (6) respectively, then there
exist a positive constant C such that,

max ||[u™ — u?|| < Ch¥ max ||[u®
15nSN” rll < max 2™ |l 41

Proof. In the similar way as the proof of Theorem 1, we can prove this theorem.
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5. The Numerical Results

In this section, we consider test examples to illustrate a WGFEM Eq. (5) and a WGrFEM Eq. (6) for
2-D Burgers' problem, respectively. We determine f (x, y, t) according to the corresponding the exact
solution of each example, where the boundary conditions equal to zero in all numerical examples.
The domain Q where the problems are to be solved is the unit square domain Q = [0,1] X [0,1] and
the time step At = h where h is the mesh size parameter.

Example 1. In this example, we construct a WGFEM Eq. (5) and a WGrFEM Eq. (6) with the following
initial conditions

u(x,y,O) = xZ (x - 1)y (y_ 1)1
and boundary condition
u(0,y,t) =u(l,y,t) =u(x,0,t) =u(x,1,t) =0.

llu-upll4
[lull1

both our methods WGFEM and WGrFEM with those obtained in [13] for different grid of size, for T =
1 and € = 1. From tabular illustrations, we see that our result for both methods performed well and
results agree with the exact solutions than that suggested by [13], for which the exact solution is
given as

This problem has been considered in [13]. In Table 1, we compare the relative error

uG,y,t) = + Dx?(x — Dy (y — 1.

Moreover, a WGrFEM vyields more accurate and convergent to the exact solutions than WGFEM,
solution profiles for grid of size 33 X 33 have been depicted in Figure 1, Figure 2 and Figure 3. From
tabular illustrations and solution profiles, we see that our methods give better efficiency, accuracy
and consistency numerical solutions with the exact solutions than those suggested in [13]. Moreover,
we see that a WGrFEM is more likely to capture the actual evolution of the solution than a WGFEM.

Table 1
[lu—upll _ _
Theerror————atT =1ande =1
llully
h [13]
S.S. N.S. 0.S. WGFEM WGrFEM
% 0.465 0.465 0.465 1.086¢ 92 1.088¢ 792
% 0.241 0.241 0.241 4151703 4.151e793
116 0.122 0.122 0.122 1.508¢793 1.499¢703
% 0.061 0.061 0.061 5.506e %4 5.330e %4
5 0.030 0.030 0.030 2.239¢ 04 1.886¢ %4
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Example 2. In this example, we construct a WGFEM Eq. (5) and a WGrFEM Eg. (6) with the following
initial conditions

u(x,y,0) = x(x - Dy(y —1),
and boundary conditions
u(0,y,t) =u(Ly,t) =u(x0,t) =u(x,1,t) = 0.

This problem has been consideredin [12]. In Table 2, Table 3 and Table 4, we compare the relative
llu—uplly

error ———— of both our methods WGFEM and WGrFEM with those obtained in [12] for different

llully

grid of size for T =1 and € = 1,0.1,0.01. The tabulated results show that the proposed methods
produce better results than [12], for which the exact solution is given as

ulx,y,t) = cos®)x(x— DDy —1).

Moreover, a WGrFEM vyields more accurate and convergent to the exact solutions than WGFEM,
solution profiles for grid of size 37 X 37 have been depicted in Figure 4, Figure 5 and Figure 6. From
tabular illustrations and solution profiles, we see that our methods give better efficiency and
accuracy, consistency numerical solutions with the exact solutions than those suggested in [12].
Moreover, we see that a WGrFEM is more likely to capture the actual evolution of the solution than
a WGFEM.

Table 2
[lu—upll, _ _
The error—”u|| atT =1lande=1
1

h [12]

1-G.M. 2-G.M. WGFEM WGrFEM
11 0.102 0.104 4.694¢704 4.681e704
31_6 0.045 0.046 1.465¢ %4 1.44¢704
% 0.026 0.026 7.594¢705 7.24e¢705
Flo 0.016 0.016 5.709¢ 705 5.302¢705
% 0.011 0.011 5.159¢70° 4.740e70°
Table 3

[lu—uplly _ _
The errorWat T=1ande =0.1
1

h [12]

1-G.M. 2-G.M. WGFEM WGrFEM
11 0.102 0.105 7.474e7%4 5.619¢~ 04
% 0.046 0.047 4132704 1.174e7%
% 0.026 0.027 3.721e7% 1.058e 7%
Wlo 0.017 0.017 3.712e 7% 1.554e7%4
1 0.011 0.0122 3.053e %4 1.458e7%4
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Table 4
The error
h [12]

1-G.M. 2-G.M. WGFEM WGIFEM
L 0105 0.228 2.306e7%3 1.168e73

% 0.048 0.118 2.015e7% 3.281e7%
1 0.029 0.070 1.986¢ 793 1.420e~
1 0.019 0.046 1.956¢ 793 1.334e~
— 0.014 0.033 1.850e 793 1.023e~

lu=unlly 7 — 1 and e = 0.01
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Fig. 4. Numerical solutions for (a) WGFEM (b) WGrFEM for 2-D Burgers' problem and
(c) exact solutions of u, and u,, respectively at e = 0.01,h = % ,N=37andT =1
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Fig. 6. Error estimate |[u — uy]l,,; of (a) WGFEM, (b) WGrFEM for 2-D Burgers'
problemate = 0.01, h = %, N=37andT =1

Example 3. In this example, we construct a WGFEM Eq. (5) and a WGrFEM Eq. (6) with the following
initial conditions

u(x,y,0) = sin(2nx)sin(2ry),
and boundary conditions
u(0,y,t) =u(l,y,t) =u(x,0,t) =u(x,1,t) =0.

lu=uplly
Tutnls o
lully

both our methods WGFEM and WGrFEM with those obtained in [12] for different grid of size for T =
1and e = 1, From tabular illustrations, we see that our result for both methods performed a better
agreement than that obtained in [12], for which the exact solution is given as

This problem has been considered in [12]. In Table 5 we compare the relative error

u(x,y,t) = (t2 + 1)sin(2m x)sin(2my).

Moreover, the accuracy of a WGrFEM is better than a WGFEM, solution profiles for grid of size
145 X 145 have been depicted in Figure 7, Figure 8 and Figure 9. From tabular illustrations and
solution profiles, we see that our methods give better results and consistent numerical solutions with
the exact solutions than those suggested in [12]. Moreover, we see that a WGrFEM is more accurate
than a WGFEM.

Table 5
The error%atT =1lande=1
h[12] ’
1-G.M. 2-G.M. WGFEM WGrFEM
11 0.163 0.218 8.061e 702 5.150e 02
% 0.073 0.093 5.194¢702 1.458e702
é 0.041 0.054 3.804¢ 702 6.068¢ 703
1_10 0.026 0.035 1.847¢702 1.752e7%4
0.018 0.025 1.653e702 8.495¢ 705
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Example 4. In this example, we construct a WGFEM Eq. (5) and a WGrFEM Eg. (6) with the following
initial conditions

u(x,y,0)=10xy (x-1)(y—-1),
and boundary conditions
u(0,y,t) =u(l,y,t) =u(x,0,t) =u(x,1,t) =0.

llu=uplly
Lutnllo o
lullg

WGFEM and a WGrFEM for different grid of size for T = 10 and € = 0.01, from tabular illustrations,
we see that our result for both methods achieve satisfactory results. Moreover, a WGrFEM yields
more accurate than a WGFEM, for which the exact solution is given as

This problem has been considered in [3]. In Table 6 we compare the relative error

uxy,t) = 10xy (x — 1)(y — 1)[sin(2xt) €7 + cos(yt) €7 + sin(xyt) e~t].

Solution profiles for grid of size 65 X 65 have been depicted in Figure 10 and Figure 11, which
illustrate a better agreement of a WGFEM and a WGrFEM. In Figure 12, for T € (0,10], we note the
WGrFEM yields more accurate and a better agreement than the WGFEM and that obtained in Figure
2 and Figure 3 [3]. From tabular illustrations and solution profiles, we see that our methods give
better results and consistent numerical solutions with the exact solutions than those suggested in
[3]. Moreover, we see that a WGrFEM is more accurate than a WGFEM.

Table 6

The error—”u”_ul?lh||1 atT =10and e = 0.01
1

h _ WGFEM WGIFEM

% 1.020e 792 1.301e792

% 6.840e793 5.828e¢ 793

% 6.163e793 2.481e703

31_2 6.108¢ 793 1.034e793

% 6.109¢793 4.540e704
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6. Conclusions

In this work, we have applied the WGFEM and the WGrFEM for 2-D Burgers' problem in the fully
discrete case utilizing the backward-difference form for the time variable. From the theoretical
analysis and the numerical results, we can conclude that the stability condition of a WGFEM and a
WGTrFEM are satisfied. The theoretical study is shown that the error estimate of a WGFEM and a
WGFFEM are O(h*). we have compared the relative error with other available literature and the
numerical solution has been compared with the exact solution and has been illustrate graphically.
We conclude that the WGFEM and the WGrFEM provide convergent and consistency approximations
in different cases and successfully provide accurate solutions. The results obtained are more
satisfactory than the results available in the other literature. The WGrFEM is found to give generally
more accurate approximation for 2-D Burgers’ problem in comparison with the WGFEM. Finally, the
WGFEM and the WGrFEM are appropriate to deal with other nonlinear PDEs which is appeared in
various applications of science and engineering.
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