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The unsteady stagnation-point boundary layer flow of carbon nanotubes is studied. 
Single-wall and multi-wall of carbon nanotubes are considered with 𝐻2𝑂 as a carrier 
fluid. The compatible transformations are utilized to change the governing equations 
of mathematical model which is in the form of partial differential equations (𝑃𝐷𝐸𝑠) 
into a set of a non-linear ordinary differential equations (𝑂𝐷𝐸𝑠). Solution of the 
problem obtained numerically through a powerful function (𝑏𝑣𝑝4𝑐) in MATLAB 
software. The impact of solid volume fraction and unsteadiness parameters on 
dimensionless velocity and temperature flow fields along with the magnitude of skin 
friction coefficient and local Nusselt number are discussed graphically and interpreted 
physically. The outcome indicates that the dual solutions observed when unsteadiness 
parameter is negative. Further, single-wall carbon nanotube has higher skin friction, as 
well as heat transfer rate, compare with multi-wall carbon nanotube at the surface. 
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1. Introduction 
 

In the present world of science and technology, the research on nanofluid has gained a 
remarkable growth due to their extensive applications in all field of science. Choi [1] presented a 
fascinated concept known as nanofluid which is a homogenous mixture of solid nanoparticles such 
as alumina, titania, iron, copper and carbon nanotube with carrier fluid such as water, gasoline oil, 
kerosene oil, ethanol and ethylene. The reason for utilizing solid nanoparticles in carrier fluid is to 
enhance thermal properties of carrier fluid. Thus, nanofluid has unlimited thermal management 
characteristic. The new characteristic of nanofluid stimulated a number of researchers to expand the 
application of nanofluid in differs scope such as automotive industries, nuclear reactors, heat 
exchangers and biomedicine.    
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Later, Buongirno [2] developed a new modal by taking into account seven slip mechanism, two 
of them are vital in nanofluid namely, Brownian diffusion and thermophoresis. The author found that 
the properties of nanofluid are different in boundary layer due to temperature gradient and 
thermophoresis. Tiwari and Das [3] presented fundamental model that examined thermal properties 
that are affected by nanoparticle volume fraction. The two models have been used by large number 
of researchers over different geometry. Bachok et al., [4] reported the influence of solid volume 
fraction on stagnation-point flow over stretching/shrinking permeable surface. Das et al., [5] 
explored numerically the effect of non-linear radiation, homogenous-heterogeneous reaction and 
mixed convection parameters on stagnation point nanofluid flow towards a linearly stretching 
surface. Uddin et al., [6] found out the heat and mass transfer analysis past a moving vertical surface.  

The non-Newtonian fluid namely Jeffery fluid debated by Ahmad and Ishak [7] the authors 
examined the effects of mixed convection and MHD parameters through a stretching vertical surface 
immersed in porous medium. Stability analysis with regression in the presence of viscous dissipation 
was accounted by Jahan et al., [8] to re-examined a modal of boundary layer flow in a preamble 
stretching/shrinking sheet over a moving surface. In the existence of viscous dissipation, Lund et al., 
[9] analyzed a Casson fluid past an exponentially vertical shrinking surface together with stability 
analysis. The hybrid nanofluid over exponentially shrinking sheet addressed by Anuar et al., [10] 
considered 𝐴𝑔 nanoparticle into 𝐶𝑢𝑜/𝑤𝑎𝑡𝑒𝑟 nanoparticle with stability analysis. 

The majority of the literature discussed earlier took into consideration the steady state situation. 
However, in almost all engineering application devices involve unsteadiness in their aerodynamic 
environments such as the rotor helicopter and the cascades of blades of turbomachinery. In unsteady 
flow, the fluid characteristic varies with respect to time, which affect the fluid motion and also the 
separation of the boundary layer. Choudhury and Drake [11] explored the features of time-
dependent stagnation point flow 2-D.  Sandeep and Sulochana [12] worked on the mixed convection 
boundary layer for the time-dependent flow of magnetic micropolar fluid through a permeable 
stretching surface. The features of unsteady non-Newtonian nanofluid flow over a permeable 
stretching wall along with the combined effects of magnetic field and heat source/sink addressed by 
Eid and Mahny [13]. 

Recently, Poulomi [14] carried out an analysis of the effect of soret and Dufour with heat and 
mass transmission on an unsteady flow over a semi-infinite vertical plate. El-Kabeir et al., [15] 
examined time-dependent Ferrofluid slip flow over an impulsively stretchable sheet with mixed 
convection. The unsteady hybrid nanofluid addressed by Waini et al., [16] by considered Al2O3 and 
CU as a nanoparticle in water past a stretching/shrinking surface with mass suction. 

A carbon nanotube 𝐶𝑁𝑇𝑠 are tupical shape material in nano-size, made up of carbon, have 
exceptional thermal conductivity, tensile strength and optical properties. Carbon nanotubes are 
mainly classified into two categories i.e., single-wall carbon nanotube known as 𝑆𝑊𝐶𝑁𝑇𝑠 has only 
one layer and multi-wall carbon nanotube known as 𝑀𝑊𝐶𝑁𝑇𝑠, is a collection of nested tubes of 
continuously increasing diameter. 𝐶𝑁𝑇𝑠 has a wide range of various useful application include 
sensors, solar cell, smart textiles, transparent conductors, semiconductors, batteries, oscillator and 
microelectronic devices. Due to all these various applications, Researchers are actively working on 
the industry evolution of 𝐶𝑁𝑇𝑠. Iijima [17] provided new type of finite carbon structure or scrutinize 
carbon nanotube 𝐶𝑁𝑇𝑠 in diameter size 4-30 nm. The concept of 𝑆𝑊𝐶𝑁𝑇𝑠 introduced by lijima [18]. 
Hayat et al., [19] numerically scrutinized the characteristics of melting heat transfer in carbon 
nanotube via a stretched sheet with a variable thickness. The impact of stretching/ shrinking sheet 
and suction/injection in  𝐶𝑁𝑇𝑠 was accounted by Norzawary et al., [20]. Anuar et al., [21] carried out 
the consideration of the boundary layer flow through a continuous moving sheet in carbon nanotube 
with stability analysis. The unsteady hybrid nanofluid addressed by Gohar et al., [22] considered 
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𝑀𝑊𝐶𝑁𝑇𝑠 and Al2O3 as nanoparticle in cementitious. Recently, Hussanan et al., [23] highlighted the 
influence of carbon nanotube past a linearly stretching plate with the impact of thermal radiation 
and Newtonian heating. Based in the above discussed literacy, most of the studies examined different 
characteristics and properties of steady of 𝐶𝑁𝑇𝑠 over various geometry. To fill the gap, the behaviors 
of unsteady flow and heat transfer of 𝐶𝑁𝑇𝑠 accounted through flat surface.  
 
2. Methodology Modeling 
 

Initially, a two-dimensional unsteady stagnation point with two types of nanoparticles 𝑆𝑊𝐶𝑁𝑇𝑠 
and 𝑀𝑊𝐶𝑁𝑇𝑠 are considered. The flow is laminar and incompressible. The free stream velocity (outer 
layer) is 𝑈∞(𝑥, 𝑡) = 𝑎𝑥 (1 − 𝑐𝑡)−1 where 𝑎 and 𝑐 are positives constants it is assumed the plate 
temperature 𝑇𝑤 and also ambient fluid temperature 𝑇∞ are constants. The 𝑥-axis parallel to the flow 
direction and 𝑦-axis perpendicular to it. Based on the above assumption the basic governing 
equations in unsteady state are respectively as below: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0               (1) 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
=

𝜕𝑈∞

𝜕𝑡
+ 𝑈∞

𝜕𝑈∞

𝜕𝑥
+

𝜇𝑛𝑓

𝜌𝑛𝑓

𝜕2𝑢

𝜕𝑦2          (2) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦2            (3) 

 
Note that (𝑢, 𝑣) represents the velocity components along the Cartesian coordinates axis. While 

the corresponding boundary conditions are:  
 

𝑡 < 0 ∶ 𝑢 = 𝑣 = 0,                            𝑇 = 𝑇∞     for any 𝑥, 𝑦 
𝑡 ≥ 0: 𝑢 = 0, 𝑣 = 0,                         𝑇 = 𝑇𝑤      at 𝑦 = 0           (4) 
𝑢 → 𝑈∞(𝑥, 𝑡)                                     𝑇 → 𝑇∞      as 𝑦 → ∞     
 

Here, 𝑇 represents the temperature, 𝜇𝑛𝑓 the effective viscosity of nanoparticle, 𝛼𝑛𝑓 the effective 

thermal diffusivity of nanoparticle and 𝜌𝑛𝑓 is the density of the nanoparticle. Based on the Maxwell 

theory a theoretical model proposed by Xue [24]. To determine the distribution of 𝐶𝑁𝑇𝑠. 
 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

(𝜌𝐶𝑝)
𝑛𝑓

,     𝜇𝑛𝑓 =
𝜇𝑓

(1−𝜙)2.5
,     𝜌𝑛𝑓 = (1 − 𝜙)𝜙𝜌𝐶𝑁𝑇,  

 

(𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝜙)(𝜌𝐶𝑝)
𝑓

+ 𝜙(𝜌𝐶𝑝)
𝐶𝑁𝑇

     

 

𝑘𝑛𝑓

𝑘𝑓
=

1−𝜙+2𝜙
𝑘𝐶𝑁𝑇

𝑘𝐶𝑁𝑇−𝑘𝑓
𝑙𝑛

𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓

1−𝜙+2𝜙
𝑘𝑓

𝐾𝐶𝑁𝑇−𝑘𝑓
𝑙𝑛

𝑘𝐶𝑁𝑇+𝑘𝑓

2𝑘𝑓

            (5) 

 
Note that, 𝜙 refers to nanoparticle volume fraction, 𝜇𝑓 stands for the effective viscosity for the 

carrier fluid. The effective dynamic viscosity of nanoparticle is 𝜇𝑛𝑓 given by Brinkman [25]. The 

parameter of heat capacitance of nanoparticle is denoted via (𝜌𝐶𝑝)𝑛𝑓 the thermal conductivity for 

both of (carrier fluid) and (carbon nanotubes) denoted via 𝑘𝑓 and 𝑘𝐶𝑁𝑇 respectively. The thermal 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 75, Issue 1 (2020) 12-20 

15 
 

conductivity if the nanofluid is denoted via 𝑘𝑛𝑓 . While 𝜌𝑓 and  𝜌𝐶𝑁𝑇 are the density of a carrier fluid 

and carbon nanotubes, respectively. The similarity solution is expressed as 
 

𝜂 =  (
𝑎

𝑣𝑓(1−𝑐𝑡)
)

1 2⁄

 𝑦,       𝜓 = (
𝑣𝑓 𝑎

1−𝑐𝑡
)

1 2⁄

 𝑥𝑓(𝜂),     𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
        (6)                                                         

 

Here, the stream function 𝜓 illustrates as usual form 𝑢 =
𝜕𝜓

𝜕𝑦
 and 𝑣 = −

𝜕𝜓

𝜕𝑥
 which satisfied 

conservation of mass equation in Eq. (1). Further, using Eq. (6) to transform Eq. (2) and (3) with the 
initial and boundary condition from Eq. (4) to the following 
 

1

(1−𝜙)2.5(1−𝜙+𝜙𝜌𝐶𝑁𝑇 𝜌𝑓⁄
+ 𝑓′′′ + 𝑓𝑓′ − 𝑓′2 + 1 − 𝐴 (𝑓1 +

1

2
𝜂𝑓′′ − 1) = 0      (7) 

 
1

𝑝𝑟
  

𝑘𝑛𝑓 𝑘𝑓⁄

[1−𝜙+𝜙(𝜌𝐶𝑝)
𝑠

(𝜌𝐶𝑝)
𝑓

⁄ ]
𝜃′′ + (𝑓 −

𝐴

2
𝜂) 𝜃′ = 0         (8) 

 
The transformed boundary conditions are 

 
𝑓(0) = 0,     𝑓′(0) = 0,     𝜃(0) = 1 
𝑓′(𝜂) → 1,    𝜃(𝜂) → 0      as 𝜂 → ∞            (9) 
 
In the above equations, primes represent differentiation with respect to 𝜂, prandtl number defined 

as 𝑝𝑟 =
𝑣𝑓

𝛼𝑓
 and the unsteady parameter 𝐴 is defined as 𝐴 = 𝑐 𝑎⁄ , where both of 𝑎 > 0 and 𝑐 are 

constants. It is valuable to mention that in the absence of 𝐶𝑁𝑇𝑠 (𝜙 = 0) and 𝐴 = 0 (i.e. steady state) 
Eq. (7) reduces to a steady 2-D stagnation point flow.  The expression of real amount of main interest, 
such as skin friction coefficient 𝐶𝑓along with Nusselt number 𝑁𝑢𝑥, are respectively represented as 

 

𝐶𝑓 =  
𝑇𝑤

𝜌𝑓 𝑈∞
2 ,                                     𝑁𝑢𝑥 =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
                   (10) 

 
where  𝑇𝑤 represent shear stress at the surface, and 𝑞𝑤 represent heat flux from the surface can be 
expressed as below 
 

𝑇𝑤 =  𝜇𝑛𝑓 (
𝜕𝑢

𝜕𝑦
)

𝑦=0
,                           𝑞𝑤 =  −𝑘𝑛𝑓 (

𝜕𝑇

𝜕𝑦
)

𝑦=0
                  (11) 

  
With 𝜇𝑛𝑓 represent dynamic viscosity and 𝑘𝑛𝑓 represent thermal conductivity. Using Eq. (6) we obtain 

 

𝐶𝑓𝑅𝑒𝑥
1 2⁄

=  
1

(1−𝜙)2.5 𝑓′′(0)                      (12) 

 

𝑁𝑢𝑥 𝑅𝑒𝑥
1 2⁄⁄ =  −

𝑘𝑛𝑓

𝑘𝑓
 𝜃′(0)                      (13) 

 
where 𝑅𝑒𝑥 = 𝑈∞𝑥 𝑣𝑓⁄   refers to confined Reynold number. 
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3. Numerical Method 
 
     In the current model, the scheme of non-linear ordinary differential equations, in Eq. (7) and (8) 
together with the initial and boundary condition are numerically attained through utilized 𝑏𝑣𝑝4𝑐 
package in Matlab. Dual solution is observable by utilizing various initial guess equipped at an initial 
mesh point and to obtain precise accuracy we change the step size. The detailed of this method is 
given by Shampine et al., [26]. It is essential in this method to reduce the scheme of ordinary 
differential equations to first order. The finding process for both skin friction 𝑓′′(0) and heat transfer 
coefficient −𝜃′(0) is keep repeated until no more solution is can be obtained beyond the critical 
point 𝐴𝑐.   
 
4. Results and Discussions 
 

The outcome of nanoparticle volume fraction 𝜙 and the unsteadiness parameter (𝐴) are 
investigated and presented graphically in this section. Nanoparticle volume fraction is varying 
(0 < 𝜙 < 0.2) where water was considered as carrier fluid with Prandtl number 6.2 (pr = 6.2), in 
which (𝜙 = 0) is corresponding to regular fluid. The thermos-physical properties of water and 𝐶𝑁𝑇𝑠 
are given in Table 1 provided by Khan [27]. 
 

Table 1 
Thermos-physical properties of carrier fluid and 𝐶𝑁𝑇𝑠 

Physical properties (carrier fluid) (nanoparticle) 
 Water (pr = 6.2) 𝑆𝑊𝐶𝑁𝑇𝑠 𝑀𝑊𝐶𝑁𝑇𝑠 

𝜌(𝑘𝑔/𝑚3) 997 2600 1600 
𝐶𝑝(𝐽 𝑘𝑔𝐾⁄ ) 4179 425 796 

𝑘(𝑊 𝑚𝐾⁄ ) 0.613 6600 3000 

 
Validation of numerical procedure achieved by direct comparison between the numerical 

outcome of the presents work with the numerical outcome communicated previously by Backok et 
al., [28]. When the steady state (𝐴 = 0) and 𝜙 = 0 it is found that 𝑓′′(0) = 1.232587654, while 
Backok et al., [28] reported that the value 𝑓′′(0) = 1.232587669  which deemed fascinatingly 
agreed. Meanwhile, Table 2 shows the value of 𝑓′′(0) and −𝜃′(0) for some specific values of 𝐴, 
where (𝑆𝑊𝐶𝑁𝑇𝑠, 𝑀𝑊𝐶𝑁𝑇𝑠) with water (𝜙 = 0.1). 
 

Table 2 
The values of 𝑓′′(0) and −𝜃′(0) for selected value of 𝐴 
𝐴 𝑆𝑊𝐶𝑁𝑇𝑠 𝑀𝑊𝐶𝑁𝑇𝑠 

  𝑓′′(0) −𝜃′(0)  𝑓′′(0) −𝜃′(0) 

 1 1.415274 0.363052 1.352752 0.354178 
-1 0.871909 [-0.930403] 1.043711 [0.338652] 0.833391 [-0.889301] 1.070315 [0.338954] 
-2 0.522469 [-1.598671] 1.281834 [0.902111] 0.499388 [-1.528047] 1.320192 [0.938233] 
-3 0.083985 [-1.869305] 1.483234 [1.254121] 0.080275 [-1.786726] 1.531364 [1.302621] 
-4 -0.543212 [-1.820662] 1.652009 [1.540325] -0.519215 [ -1.740233] 1.708671 [1.597553] 

[ ] represent second solution. 

 
It is noted from the Table 2 the value of 𝑓′′(0) for 𝑆𝑊𝐶𝑁𝑇𝑠 is higher than 𝑀𝑊𝐶𝑁𝑇𝑠, while the value 

of −𝜃′(0) for 𝑀𝑊𝐶𝑁𝑇𝑠 is higher. This is due to 𝑆𝑊𝐶𝑁𝑇𝑠 has higher viscosity. To obtain a perspective of 
the flow regime, the impact of the unsteadiness parameter 𝐴 and nanoparticle volume fraction 𝜙 on 
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velocity and temperature distributions are present through figures and also the physical nature 
scrutinized in details. 

Figure 1 - 4 visualize the variation with 𝐴 of the reduced skin friction 𝑓′′(0) and the reduced heat 
flux −𝜃′(0) for some values of 𝐴 and  𝜙. It is noted that only one solution found for (𝐴 > 0) ∪
(𝐴 = 𝐴𝑐), here 𝐴𝑐 is the value where the upper branch solution encounters the lower branch 
solution. Pair solutions, an upper and lower branch solutions for 𝐴 < 𝐴𝑐 < 0. No dual solution occurs 
beyond the critical value which is 𝐴𝑐 =  −4.5066, due to the boundary layer separation from the 
plate. Decreasing 𝐴 will decrease the value of 𝑓′′(0) for the upper and lower branch from positive to 
negative values. The first solution upper branch turns out at this point goes on to the second solution 
lower branch. At certain value of 𝐴, the lower branch solutions end up. 
      

  
Fig. 1. impact of 𝐴 on 𝑓′′(0) for some 
values of 𝜙(0 < 𝜙 < 0.2) for 𝑆𝑊𝐶𝑁𝑇𝑠                                                  

Fig. 2. Impact of 𝐴 on – 𝜃′(0) for some 
values of 𝜙(0 < 𝜙 < 0.2) for 𝑆𝑊𝐶𝑁𝑇𝑠  

      

  
Fig. 3. Impact of 𝐴 on 𝑓′′(0) for some 
values of  for 𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 
when 𝜙 = 0.1   

Fig. 4. Impact of 𝐴 on – 𝜃′(0)  for some 
values of   for 𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 when 
𝜙 = 0.1 

Figure 2 and 4 visualise the domain of solution of the temperate distribution at the surface 
– 𝜃′(0), which is proportional to the local Nusselt number. The first solution (upper branch) and the 
second solution (lower branch) indicate the curves displayed in Figure 1- 4. It is noticed the value of 
the first solution for 𝑓′′(0) and – 𝜃′(0) larger than second solution. It is noted that  the values of an 
unsteadiness parameter 𝐴 get increases through decreases – 𝜃′(0). Figure 5 and 6 are plotted for the 

coefficient of the skin friction 𝐶𝑓𝑅𝑒𝑥
1 2⁄

 and local Nusselt number 𝑁𝑢𝑥 𝑅𝑒𝑥
1 2⁄⁄  with control volume 

fraction 𝜙for both 𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 when 𝐴 = −0.4. It is seen from the figures, both of heat 
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transfer heat and skin friction increasing linearly. Besides this, the heat transfer rate  and the skin 
friction for 𝑆𝑊𝐶𝑁𝑇𝑠 is higher than 𝑀𝑊𝐶𝑁𝑇𝑠  as 𝑆𝑊𝐶𝑁𝑇𝑠 has higher thermal conductivity compare 
with  𝑀𝑊𝐶𝑁𝑇𝑠.
 

  
Fig. 5. Impact of 𝜙 on skin friction 
coefficient for  𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 
when 𝐴 = −0.4 

Fig. 6. Impact of 𝜙 on Nusselt number for  
𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 when 𝐴 = −0.4 

 
The velocity profile along with temperature profile are presented in Figure 7-10. These profiles 

are satisfied with the boundary condition in Eq. (9) asymptotically fulfilled. Which gives support the 
validation of the numerical outcomes and also the existence of the pair solutions. Besides this, the 
boundary layer thickness for the first solution is found thinner than the second solution in all cases. 
Figure 7 and 9 showed the converged solution when the plot of velocity profile 𝑓′(𝜂) approach to 1 
while the thickness of the boundary layer is less than 5. Figure 8, signifies the impact of 𝜙 on 𝑆𝑊𝐶𝑁𝑇𝑠  

while Figure 10, signifies the variation of temperature profile in both nanotubes. 
 

  
Fig. 7. Impact of 𝜙 on velocity profile for 
𝑆𝑊𝐶𝑁𝑇𝑠   

Fig. 8. Impact of 𝜙 on temperature profile for 
𝑆𝑊𝐶𝑁𝑇𝑠                            
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Fig. 9. Velocity profile for 𝑆𝑊𝐶𝑁𝑇𝑠 and 
𝑀𝑊𝐶𝑁𝑇𝑠 

Fig. 10. Temperature profile for 𝑆𝑊𝐶𝑁𝑇𝑠 and 
𝑀𝑊𝐶𝑁𝑇𝑠 

 
5. Conclusions 
 

Here, unsteady 2-D stagnation point flow of nanofluid compromising both nanotubes are 
explored. The mathematical model of nonlinear partial differential equation is converted to scheme 
of ordinary differential equation through using similarity method. Then, attained numerically for 
𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠. The key points of our analysis can be stated as 

i. Dual solution obtained for time-dependent flow when unsteadiness parameter 𝐴 is a negative 
value (decelerated flow). 

ii. Implement of 𝑆𝑊𝐶𝑁𝑇𝑠 and 𝑀𝑊𝐶𝑁𝑇𝑠 into carrier fluid will increase the skin friction and heat 
transfer coefficient. 

iii. Both of heat transfer rate as well as skin friction are higher for 𝑆𝑊𝐶𝑁𝑇𝑠 than  𝑀𝑊𝐶𝑁𝑇𝑠 at 
the surface. 
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