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The present paper analyses numerically the flow fields in an annular cylindrical cavity 
provided with two isothermal blocks of different heights for Rayleigh numbers ranging 
from 103 to 104. The steady-state solutions have been obtained using the discretization 
of the governing equations with the Centered Finite Difference method based on the 
Alternating Direction Implicit (ADI) scheme. The two blocks are arranged in the upper 

part of the annular cavity at φm = 0.82π. The radii ratio and the thickness of the blocks 

are kept fixed at the respective values of R = 2 and w = 0.203. For low block heights 
between 0.015 and 0.078, only the unicellular flow regime (UCR) is observed regardless 
of the Rayleigh number. The heights ranging from 0.093 to 0.953 give rise to flows that 
are more complex. The results are illustrated in the form of streamlines, isotherms, 
average Nusselt number and the size of the secondary cell located in the upper part of 
the cavity. For given Rayleigh numbers, the critical heights hc,app, which characterize 
the appearance of the bicellular flow regime (BCR) and those describing the 
development of this regime, hc,inc, are determined. Similarly, for given heights, the 
critical Rayleigh numbers, Rac,app and Rac,inc, which respectively determine the 
appearance of the BCR regime and the increase of the size and intensity of the 
secondary cell, are specified. The influence of these parameters on the heat transfer is 
studied. 
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1. Introduction 
 

The study of natural convection in a cylindrical annular cavity with fins has been the subject of a 
large number of research projects. The interest of such studies lies in the involvement of this topic in 
many industrial applications such as cooling of electronic components, processors, solar technology 
and heat sinks [1-6]. The technique of placing heating blocks within cylindrical cavities is an effective 
way to optimize and control the heat transfer. 
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Numerous studies have been carried out in cylindrical annular cavities equipped with fins of 
variable number, different heights and thicknesses and various configurations, to analyze their 
effects on flow structure, temperature field distribution and heat transfer. Chai and Patankar [7] have 
carried out an analysis of the laminar natural convection between two horizontal cylinders with 
internal fine fins. The effects of Rayleigh number and fin height on Nusselt numbers are presented 
for two fin orientations. In the cases studied, the internal fin orientation has negligible effects on the 
average Nusselt number. Similarly, numerical investigations were carried out on the laminar and 
turbulent natural convection heat transfer between two horizontal concentric cylinders with radial 
fins of very small thickness equal to one cell of the grid in the tangential direction, and of height equal 
to 0.2, 0.4, 0.6 and 0.8, with respect to the gap width of the annular space [8,9]. The authors 
concluded that the fin arrangement has no significant effect on the Nusselt number although its 
effect on the flow structure and the temperature field is remarkable. A higher fin height has a 
blocking effect on the fluid flow. The analysis of heat transfer rates show that the height of the fin 
has an optimum value for which the rate of heat transfer increases. In some cases, in order to reduce 
this rate, higher fin height is recommended. The increase in the number of fins significantly reduces 
the rate of heat transfer. Other results presented by Rustum and Soliman [10] as well as Mirza and 
Soliman [11] in a cylindrical cavity with 2, 4 and 16 fins of negligible thickness, have shown that by 
varying the Grashof number, the more the height and the number of fins increase the more the 
Nusselt number decreases. Ha and Kim [12] have shown that because of the multicellular regime, 
which appears in the cylindrical cavity where the arrangement of the fins (of negligible thickness) has 

a ‘’ shape, the Nusselt number is slightly higher than that obtained with ‘+’ shaped fins. This number 
decreases slightly when the radii ratio and the number of the fins increase, as a result of increasing 
the resistance to the flow. The distribution of the local Nusselt number on the inner wall indicates 
that it reaches its maximum at the top of the fins and has values close to zero around their bases. 
Ishaq et al., [13] recommend the use of triangular fins with unequal heights to reduce cost, weight 
and loss of pressure, to obtain a better thermal performance or otherwise comparable to that of fins 
of equal heights. Moreover, other studies have focused on the geometry of the fins. Farinas et al.,  
[14] determined the effect of different fin geometries (thin, rounded and divergent) of different 
lengths (0.25, 0.5, 0.75) for two configurations 1 and 2 (configuration 1 has fins on the vertical center 
line of the geometry, configuration 2 represents the same half geometry but rotated by 30°), on the 
flow structure, the temperature field distribution and heat transfer. The investigation showed that 
the heat transfer is almost the same for the three fin geometries, but the rounded fin has the best 
efficiency. On the other hand, configuration 2, which generates a 10% higher heat transfer compared 
to configuration 1 for Ra = 106, gives rise to flows in which more convective cells are depicted. Iqbal 
et al., [15] carried out an investigation on the optimal geometrical configuration of fins arranged in a 
cylindrical cavity. A comparison of the optimal configurations of the parabolic fins with those of the 
trapezoidal and triangular fins indicates that no fin shape is the best in all situations and for all criteria. 
The performance of the exponential-shaped fin has been studied numerically by Ahmad et al., [16] 
in a laminar flow in a cylindrical cavity. The exponential fin exceeds in effectiveness the triangular fin 
from 0.02% to 15.09% depending on the height, number of fins and conductivity ratio. Nagarani et 
al., [17] presented a review on the use of extended surfaces by adding fins of different shapes that 
have been applied over the past 15 years in heat exchangers. The authors clearly demonstrated that 
the fins provide a convenient way of obtaining additional surface area, which further improves the 
rate of heat transfer, without going through an excessive primary surface. The same findings are 
noticed in experimental studies [18,19]. 

Depending on the application considered, natural convection is also studied in a square cavity 
with a fin placed on the hot wall and different characteristics of the flow and heat transfer occur. Nag 
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et al., [20] indicated that the development of small cells above the fin could inhibit or increase heat 
transfer depending on their strength. Shi and Khodadadi [21] revealed that the formation of 
secondary cells observed above the fin when it is placed in the upper part of the cavity and the 
variation of the local Nusselt number on the hot wall, are directly related to the flow structure with 
a significant reduction in heat transfer over the fin. Bilgen [22] showed that the vortex below the fin 
placed in a central position is relatively more intense compared to other positions with maximum 
decrease in the Nusselt number. Fluid flow characteristics, particularly the number of convective cells 
that appear, were taken into account during the numerical study of natural convection led by Arquis 
and Rady [23] for a fluid layer between two horizontal walls with or without fins placed on the hot 
wall of the bottom. The height of the fins and the space between them are variable. The results 
indicate that the increase of heat transfer dependent upon the competition between the effects of 
the reduction or increase of the number of convection cells, the increase of heat transfer area, and 
the variation of flow intensity. A numerical analysis of laminar natural convection in enclosures with 
fins attached to an active wall conducted by Yucel and Turkoglu [24] indicated that the flow field 
changes from one circulating cell observed in the unfinned cavity to a multicellular circulating pattern 
with a primary circulation outside in the finned cavity. These circulating inner cells provide additional 
shorter paths for heat to flow from one wall to the other. The mean Nusselt number in the cases 
where there are secondary cells in the primary cell is greater than that of the cases with only a 
primary circulating cell. 

The effects on heat transfer of two heating blocks of thickness 0.109, arranged symmetrically in 
three angular positions on the inner cylindrical wall of an annular cavity for various heights have been 
studied numerically by Taher et al., [25]. When the blocks are placed in the lower position, the heat 
transfer is improved in the range of low Rayleigh numbers (pseudo-convection for 1000 ≤ Ra ≤ 3000), 
while in the range of larger Rayleigh numbers (developed convection for Ra > 3000), it is the upper 
position accompanied by the appearance of the multicellular regime which is the most favorable. 
Subsequently, in the same geometry, Idrissi et al., [26] conducted a study on moderate values of the 
height of two blocks with a thickness equal to 0.109, placed in a higher position, 𝜑𝑚 = 0.82𝜋, for a 
range of Rayleigh numbers varying from 103 to 104. A critical Rayleigh number has been determined, 
characterizing the appearance of multicellular regime, where the overall heat transfer rate is greater 
than that of the unicellular one obtained without blocks. The influence of initial conditions on the 
flow structure and the overall heat transfer rate has been investigated by the same authors Idrissi et 
al., [27]. The study shows the existence of a bifurcation point separating two flows regimes: uni-and 
bi-cellular. The bicellular flow leads to important increases in the heat transfer rate up to roughly 
18% for Ra = 104, compared to the unicellular flow. The study of thermosolutal convection in a 
cylindrical annular cavity without fins conducted by Moustaine and Cheddadi [28] has also revealed 
that the multicellular regime contributes to the improvement of the heat transfer. 

The results of studies show that the multicellular regime has in general the effect of increasing 
the heat transfer rate [12-13,24-27]. However, the results obtained by [20-23] dealing with natural 
convection in a square cavity show that the formation of the multicellular flow is not necessarily 
equivalent to an increase in heat transfer. In this context, the present study is an extension of the 
latest investigations and the main objective is to determine the critical heights of the blocks 
maintained in a fixed upper position as well as the critical Rayleigh numbers corresponding to a 
change of flow regime and to verify whether these critical values correspond always to a significant 
heat transfer gain [25,26]. 
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2. Problem and Mathematical Model  
2.1 Problem Definition 

 
Figure 1 shows a diagram of the geometrical configuration studied. The annular space filled with 

air (Pr = 0.7), is confined between two very long isothermal cylinders, coaxial and horizontal. We 
consider that the problem is two-dimensional. Two isothermal blocks are arranged on the inner 
cylinder of radius ri (hot wall of temperature Ti) in a symmetrical way with respect to the vertical 
plane containing the axis of the cylinders. The outer cylinder (cold wall) of radius ro is maintained at 
a temperature To (To < Ti). The radius ratio is R = ro/ri. The blocks have a dimensionless thickness: w = 
(𝜑𝑚𝑎𝑥 − 𝜑𝑚𝑖𝑛)/ 𝜋 and a dimensionless height h, defined according to ri. The two blocks are held in 
an upper position counted from the bottom of the space, 𝜑𝑚 = 0.82𝜋. This choice is justified by the 
results of Taher et al., [25] which indicate that in the case of blocks with height 0.14 and thickness 
0.109, this position 𝜑𝑚 = 0.82𝜋 increases the average Nusselt number relatively to other positions. 
 

 
Fig. 1. Schematization of the problem 

 
2.2 Mathematical Model  

 
The fluid occupying the annular space is considered to be incompressible and viscous, obeying 

the Boussinesq approximation. The mathematical model of the problem is based on the principles of 
conservation of mass, momentum and energy. 
 
𝑑𝑖𝑣𝑣⃗∗ = 0              (1) 
 

𝜌 (
𝜕𝑣∗⃗⃗⃗⃗⃗

𝜕𝑡∗
+ (𝑣∗⃗⃗⃗⃗⃗. 𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗)𝑣∗⃗⃗⃗⃗⃗) = −𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗𝑃∗ + 𝜌𝑔⃗ + 𝜇∆𝑣⃗∗         (2) 

 
𝜕𝑇∗

𝜕𝑡∗ + (𝑣∗⃗⃗⃗⃗⃗. 𝑔𝑟𝑎𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗)𝑇∗ = 𝛼∆𝑇∗            (3) 

 

where   is the density of the fluid, *P  the pressure,   the dynamic viscosity,   the thermal 

diffusivity, and g the gravity field. The asterisk (*) is used to designate the dimensional variables. *v  

is the velocity field written in polar coordinates as: 𝑣⃗∗ = 𝑈∗𝑒𝑟⃗⃗ ⃗⃗ + 𝑉∗𝑒𝜑⃗⃗ ⃗⃗⃗ 
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The Eq. (1)-(3) are written in vorticity - stream function formulation (𝜔, 𝜓). For this, the stream 
function is related to the radial and angular components of the velocity by 
 

𝑈∗ =
1

𝑟∗

𝜕𝜓∗

𝜕𝜑
, 𝑉∗ = −

𝜕𝜓∗

𝜕𝑟∗             (4) 

 

and the vorticity is defined by: =* *rot v . The Eq. (1), Eq. (2), and Eq. (3) write 

 
∆𝜓∗ = −𝜔∗              (5) 
 
𝜕𝜔∗

𝜕𝑡∗
+ 𝑈∗ 𝜕𝜔∗

𝜕𝑟∗
+

𝑉∗

𝑟∗

𝜕𝜔∗

𝜕𝜑
= (𝑔𝛽 sin 𝜑

𝜕𝑇∗

𝜕𝑟∗
+

𝛽𝑔

𝑟∗
cos 𝜑

𝜕𝑇∗

𝜕𝜑
) + 𝑣∆𝜔∗       (6) 

 
𝜕𝑇∗

𝜕𝑡∗ + 𝑈∗ 𝜕𝑇∗

𝜕𝑟∗ +
𝑉∗

𝑟∗

𝜕𝑇∗

𝜕𝜑
= 𝛼∆𝑇∗            (7) 

 
where 𝛽 is the thermal expansion coefficient and 𝜈 the kinematic viscosity. 

 
In order to obtain the dimensionless model, the following transformation formula are introduced: 

 

𝑟 =
𝑟∗

𝑟𝑖
, 𝑈 =

𝑟𝑖

𝛼
𝑈∗, 𝑉 =

𝑟𝑖

𝛼
𝑉∗, 𝑡 =

𝛼

𝑟𝑖
2 𝑡∗, 𝑇 =

𝑇∗−𝑇𝑜

𝑇𝑖−𝑇𝑜
, 𝜓 =

𝜓∗

𝛼
 and 𝜔 =

𝑟𝑖
2

𝛼
𝜔∗ 

 
The non-dimensional equations governing vorticity-stream function formulation are given by 

 
∆𝜓 + 𝜔 = 0              (8) 
 
𝜕𝜔

𝜕𝑡
+ 𝑈

𝜕𝜔

𝜕𝑟
+

𝑉

𝑟

𝜕𝜔

𝜕𝜑
= 𝑅𝑎𝑃𝑟 (𝑠𝑖𝑛 𝜑

𝜕𝑇

𝜕𝑟
+

𝑐𝑜𝑠 𝜑

𝑟

𝜕𝑇

𝜕𝜑
) + 𝑃𝑟Δ𝜔        (9) 

 
𝜕𝑇

𝜕𝑡
+ 𝑈

𝜕𝑇

𝜕𝑟
+

𝑉

𝑟

𝜕𝑇

𝜕𝜑
= Δ𝑇                      (10) 

 
where Ra and Pr are respectively the Rayleigh and Prandtl numbers, defined by 
 

𝑅𝑎 =
𝑔𝛽(𝑇𝑖−𝑇𝑜)𝑟𝑖

3

𝜈𝛼
, 𝑃𝑟 =

𝜈

𝛼
                      (11) 

 
The non-dimensional boundary conditions write 
 
On the inner wall 
 

𝑟 = 1:   𝜓 = 0,  
𝜕𝜓

𝜕𝑟
= 0,  

𝜕2𝜓

𝜕𝑟2 + 𝜔 = 0  and  𝑇 = 1 ∀𝜑                  (12) 

 
On the outer wall 
 

𝑟 = 𝑅:   𝜓 = 0,  
𝜕𝜓

𝜕𝑟
= 0,  

𝜕2𝜓

𝜕𝑟2 + 𝜔 = 0  and  𝑇 = 0 ∀𝜑                 (13) 
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On the border of isothermal blocks 
 
1 ≤ 𝑟 ≤ 1 + ℎ , 𝜑 = 𝜑𝑚𝑖𝑛 and 𝜑 = 𝜑𝑚𝑎𝑥  
 

𝜓 = 0,  
𝜕𝜓

𝜕𝜑
= 0,  

1

𝑟2
 

𝜕2𝜓

𝜕𝜑2
+ 𝜔 = 0  and  𝑇 = 1                   (14) 

 
𝑟 = 1 + ℎ , 𝜑𝑚𝑖𝑛 ≤ 𝜑 ≤ 𝜑𝑚𝑎𝑥  
 

𝜓 = 0,  
𝜕𝜓

𝜕𝑟
= 0,  

𝜕2𝜓

𝜕𝑟2
+ 𝜔 = 0  and  𝑇 = 1                   (15) 

 
It is furthermore considered that the problem is symmetrical with respect to the vertical plane 

containing the axis of the cylinders. The symmetry conditions write 
 

𝜑 = 0 𝑎𝑛𝑑 𝜑 = 𝜋:   𝜓 = 0,   𝜔 = 0  and  
𝜕𝑇

𝜕𝜑
= 0 ∀𝑟                   (16) 

 
2.3 Computational Methodology 
 

Various numerical techniques are used to find out approximate solutions for the governing 
equations of mass, momentum and energy considered above. Among these techniques is the finite 
volume method described by Patankar [29]. The finite element method can also be used [30]. This 
method subdivides the calculation domain into elements, such as the triangular elements, its power 
lies in its ability to use an irregular grid. Spectral methods presented by Canuto et al., [31] are also a 
class of techniques used for solving the governing equations considered. Other methods of resolution 
have also been used in computational fluid mechanics and heat transfer [32]. 

For the problem of natural convection in an annular space filled with air (Pr = 0.7), and confined 
between two very long isothermal coaxial and horizontal cylinders, the resolution was carried out by 
different methods. A finite-difference method of relaxation type was applied by Kuehn and Goldstein 
[33] and the results show a good agreement with an experimental study using Mach-Zehnder 
interferometer. Cheddadi et al., [34] have used the Artificial Compressibility Method to study the 
natural convection bifurcation in a horizontal annulus. The experimental results with the laser-
Doppler anemometry are also in good agreement with the numerical predictions. After that a spectral 
method has been applied by El Guarmah et al., [35] to solve a problem governed by Navier-Stokes 
and heat equations for a viscous and incompressible fluid (Pr = 0.7), confined in an annular space. 

Among the various numerical methods which exist to solve the conservation Eq. (8)-(10), a finite 
difference method with the Alternating Direction Implicit (ADI) scheme has been applied in the 
present research. This method is known for its unconditional stability [36,37]. The Eq. (8)-(10) are 
processed iteratively. This leads to solve tridiagonal matrix systems, using Thomas algorithm. The 
initialization of the calculations is carried out by the introduction of zero fields of the stream function 
and vorticity, and a pure conduction temperature field (𝑇 = 1 − ln 𝑟 / ln 𝑅). The heat transfer rate is 
characterized by the average Nusselt number defined by: 
 

𝑁𝑢 = −
𝑅

𝜋
𝑙𝑛 𝑅 ∫

𝜕𝑇

𝜕𝑟
|

𝜋

0 𝑟=𝑅
𝑑𝜑                      (17) 
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The fluid flows considered in this study are steady-state and laminar. The radius ratio of the 
cylinders is R=2. The blocks have a dimensionless thickness, w, equal to 0.203 and a dimensionless 
height, h, ranging from 0.015 to 0.953. 

The iteration process is terminated when the following criterion is satisfied in each node of the 

grid: max|
𝜒𝑖,𝑗

𝑛+1−𝜒𝑖,𝑗
𝑛

𝜒𝑖,𝑗
𝑛 | ≤ 10−10, where 𝜒 refers to T, 𝜔 or 𝜓, the subscripts i and j indicate the grid node 

in the (𝑟, 𝜑) plane and n designates the iteration number. The convergence of our built home 
computer program has been assessed by a mesh testing procedure. In order to study the 
independence of the solution through the mesh used, seven grids 9×65, 17×65, 33×65, 65×65, 
33×129, 65×129, and 65×193 have been investigated for the Rayleigh number Ra = 103 for the block 
height h = 0.025. The maximum value of the stream function of the primary cell (𝜓𝑚𝑎𝑥) as well as the 
Nusselt number (Nu̅̅̅̅ ) are commonly used as a sensitivity measure of the accuracy of the solution. 
Figure 2 shows the dependence of 𝜓𝑚𝑎𝑥  and Nu̅̅̅̅  on the average inverse mesh size which is defined 

as 𝑑𝑠−1 =
2(𝐼−1)(𝐽−1)

𝜋(𝑅−1)(𝑅+1)
 where I and J are the number of nodes in the radial and tangential directions, 

respectively. Comparison of 𝜓𝑚𝑎𝑥  and Nu̅̅̅̅  values between the seven different grids considered 
indicates that the grid nodes 65×65, 33×129, 65×129, and 65×193 give nearly identical results with a 
relative difference in Nu̅̅̅̅  of 0.95% at maximum, and 0.53% at maximum for 𝜓𝑚𝑎𝑥. Considering both 
the accuracy and the computational time issue, the following calculations were all performed with 
the selected grid size 65×65. 
 

  
(a) (b) 

Fig. 2. Variation of (a) the absolute value of the stream function at the center of primary cell 𝜓𝑚𝑎𝑥  and 

(b) the Nusselt number Nu̅̅̅̅ , as a function of the average mesh size 
 

The validation of the calculation code was carried out by comparing the results of the heat 
transfer rate in the case with a very low block height (h = 0.015) with those for the cavity without 
blocks (h = 0) obtained by Cheddadi et al., [34] as well as with those found by Idrissi et al., [27] in the 
case of h = 0.015. The results are in good agreement as seen in Table 1. The relative difference does 
not exceed 0.26%. 
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Table 1 

Comparison of overall heat transfer 𝑁𝑢  
Present work Cheddadi et al., [34] Idrissi et al., [27] 

Ra 𝑁𝑢 𝑁𝑢 𝑁𝑢 
103 1.0437 1.0423 1.0456 
2×103 1.1514 1.1484 1.1513 
104 1.7767 1.7711 1.7771 

 
3. Results  
 

In order to understand the evolution of the bicellular flow regimes and their effect on the heat 
transfer, 1220 computation cases were carried out by varying the parameters h and Ra. The effect of 
61 fin height values was analyzed for Rayleigh numbers ranging from 103 to 104 with a step of 500, 
refined to 10 in cases near the transition thresholds. Taking into account the symmetry, the 
streamlines and the isotherms are represented in a half space only (0 ≤ 𝜑 ≤ 𝜋). The time step used 
is usually Δ𝑡 = 10−2, except during the transitions between the different flow regimes where it is 
Δ𝑡 = 10−3. 

 
3.1 Effect of Block Height 
 

The bicellular regime is characterized by the existence of two cells of different sizes, a main cell 
rotating in the counter clockwise direction (CCW) in the left half-space, which occupies a large part 
of the space and a secondary cell rotating in the clockwise direction (CW) located near the upper 
radial face of the isothermal block. The size of the secondary cell, S, is defined as a percentage relative 
to the upper part of the annulus between the vertical symmetry plane and the upper radial face of 
the isothermal block. 

The study in the first stage focuses on the Rayleigh numbers: 1000 ≤ Ra ≤ 3040. The evolution of 
the flow structure as a function of h, indicates that the appearance of the bicellular regime is 
observed at a critical height of appearance, hc,app, which depends on Ra with a secondary cell of very 
small size (Figure 3). The evolution as a function of h of the size of this cell for Ra = 1000 and Ra = 
2000 is relatively progressive whereas it is faster for Ra = 3000, Ra = 3020 and Ra = 3040 (Figure 4).  

The height of increase, hc,inc, for which the size of the secondary cell increases quickly for a slight 
rise in h is determined especially at the last three Rayleigh numbers. Obviously, one has: hc,inc ˃ hc,app. 
For Ra = 3040, this size goes from 0.970% for hc,app = 0.093 to 58.63% for hc,inc = 0.125 (Table 2). For 
all Ra investigated, the size of the secondary cell is practically identical for h greater than about 0.5, 
remains almost constant with a slight increase up to the approximate value of 90% at h = 0.953. The 
counter-rotating secondary cell fails to fill the entire upper space. It reaches 90.94% at maximum at 
h = 0.953 for Ra = 3040. This is mainly due to the appearance of a third cell (CCW) below the 
secondary one (CW) whose size does not exceed 9.84% and persists until h = 0.953. 
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Fig. 3. Streamlines and isotherms at the appearance 
(hc,app ) and at the increase of the size (hc,inc ) of the 
secondary cell, for Ra = 3040 

 

 
Fig. 4. Size of the secondary cell relative to the upper part 
of the annulus as a function of the height of the blocks h, 
for 1000 ≤ Ra ≤ 3040 

 
Table 2 
Critical heights of appearance, increase and maximum BCR regime and corresponding sizes for 1000 ≤ 
Ra ≤ 3040 
 Appearance of BCR regime Increase of BCR regime Maximum of BCR regime 
Ra hc,app S (%) hc,inc S (%) hmax S (%) 

1000 0.125 0.977 0.375 60.82 0.953 89.37 
3040 0.093 0.970 0.125 58.63 0.953 90.94 
3050 0.093 0.97 0.109 70.45 0.953 90.94 
3100 0.093 1.61 0.109 111.18 0.109 111.18 
3110 0.093 119.09 0.093 119.09 0.093 119.09 
10000 0.109 156.23 0.109 156.23 0.109 156.23 
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The curve of variation of the maximum absolute value of the stream function, 𝜓𝑚𝑎𝑥, which 
quantifies the intensity of the main cell as a function of the height of the blocks (Figure 5(a)), indicates 
that 𝜓𝑚𝑎𝑥  begins to decrease before the transition to the bicellular regime at hc,app. This transition 
does not show a visible influence on the decrease of 𝜓𝑚𝑎𝑥  as a function of h. The secondary cell size 
increase has no effect on 𝜓𝑚𝑎𝑥  either. The decrease of 𝜓𝑚𝑎𝑥, for 0.015 ≤ h ≤ 0.953, can be explained 
by the resistant effect of the blocks to the flow which becomes more and more important during the 
increase of h. 

Likewise, the absolute value, 𝜓𝑚𝑖𝑛, quantifies the intensity of the secondary cell that locates in 
the top part of the cylindrical cavity. 𝜓𝑚𝑖𝑛  is zero for heights strictly below hc,app, and increases with 
the appearance of the BCR regime (Figure 5(b)). The variation of 𝜓𝑚𝑖𝑛 as a function of h follows an 
evolution similar to that of the size of the secondary cell. For Rayleigh numbers Ra = 3000, Ra = 3020 
and Ra = 3040, 𝜓𝑚𝑖𝑛 undergoes a rapid increase corresponding to small rises in h. For Ra = 3040, 
when h goes to hc,inc = 0.125, 𝜓𝑚𝑖𝑛 increases to 6.37×10-2, value significantly greater than 2.46×10-4 
found at the appearance of the BCR regime at hc,app = 0.093. 
 

  
(a) (b) 

Fig. 5. Variation of (a) 𝜓𝑚𝑎𝑥 and (b) 𝜓𝑚𝑖𝑛 as a function of the height of the blocks h, for 1000 ≤ Ra ≤ 3040 

 
The average Nusselt number Nu̅̅̅̅ , reflecting the importance of the heat transfer rate, increases as 

the height of the blocks rises (Figure 6) and reaches its maximum at h = 0.953. The shape of Nu̅̅̅̅  
variation curve as a function of h does not indicate any significant change during the transition from 
the UCR to the BCR regime, and the increase of Nu̅̅̅̅  remains progressive despite the increasing in the 
size of the secondary cell at hc,inc. At Ra = 3040, Nu̅̅̅̅  grows only by 0.44% at the appearance of the 
bicellular regime at hc,app = 0.093 and by 0.39% when the height is hc,inc = 0.125. This increase is 
negligible compared to that of the size of the secondary cell, which is of the order of 58.63% at this 
height. When approaching larger heights, Nu̅̅̅̅  increases rapidly. 

This shows that for 1000 ≤ Ra ≤ 3040, neither the appearance of the BCR regime nor the increase 
in the size of the secondary cell induces a significant jump in heat transfer; the increase of the latter 
remains progressive and can be related only to the increase of h. The results mentioned by some 
authors in different configurations [20-23] indicate that the multicellular regime may not necessarily 
enhance the heat transfer.  
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(c) 

 
Fig. 6. Variation of the average Nusselt 
number Nu̅̅̅̅  as a function of the height of the 
blocks h, for 1000 ≤ Ra ≤ 3040 

 
Consider now the effect of h for Rayleigh numbers: 3050 ≤ Ra ≤ 10000. For Ra between 3050 and 

3100, the size of the secondary cell remains very small at the appearance of the BCR regime at hc,app 

= 0.093 (Figure 7(a)). For Ra = 3050 it is about 0.97%, while the abrupt increase in the size of the 
secondary cell, found at the critical height of increase hc,inc = 0.109 reaches 70.45%. For Ra = 3100 the 
size of the secondary cell does not exceed 1.61% at hc,app = 0.093 and increases abruptly to 111.18% 
at hc,inc = 0.109 (Table 2). On the other hand, for Rayleigh numbers ranging from 3110 to 10000, the 
increase of secondary cell size to its maximum is observed at the critical height of appearance: hc,inc 

= hc,app (Figure 7(b), Figure 7(c) and Table 2). Note that the size of the secondary cell is greater than 
100%, for the reason that the separation line of the main and secondary cells goes beyond the upper 
radial face of the blocks. The secondary cell then follows a relatively different evolution from that 
observed for Ra ≤ 3040 (Figure 8). Indeed, the size of this cell begins to decrease when h increases 
and then expands slightly until h = 0.953. As in the previous cases for 1000 ≤ Ra ≤ 3040, the size of 
the secondary cell does not reach 100% at h = 0.953. A tertiary cell (CW) of small size, of the order of 
8.53% at the maximum for this range of Rayleigh, is noticed. 
 

 
Fig. 7. Streamlines and isotherms for (a) Ra = 3050 at the appearance (hc,app) of the secondary cell, 
(b) Ra = 3110 at the increase of the size (hc,inc) of the secondary cell, (c) Ra = 10000 at the appearance 
(hc,app) coinciding with the maximum of the size of the secondary cell 

(a) 

Ra = 3050 

(b) 

Ra = 3110 Ra = 10000 
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Fig. 8. Size of the secondary cell relative to the 
upper part of the annulus as a function of the height 
of the blocks h, for 3050 ≤ Ra ≤ 10000 

 
With regard to the flow intensity of the main cell, 𝜓𝑚𝑎𝑥  decreases globally as h increases (Figure 

9(a)). Indeed, during the existence of the unicellular regime a slight decrease of 𝜓𝑚𝑎𝑥  when h grows 
is noticed. At the appearance of BCR regime, a notable fall of 𝜓𝑚𝑎𝑥  is observed. This decrease is more 
pronounced for the large Rayleigh numbers. For Rayleigh numbers ranging from 3050 to 3100, the 
drop of 𝜓𝑚𝑎𝑥  is not found at the critical height of appearance of BCR regime, hc,app, but at the height 
of its increase, hc,inc, which corresponds to the upsurge of the size of the secondary cell. Whereas for 
3110 ≤ Ra ≤ 10000, the size decrease coincides with the drop of 𝜓𝑚𝑎𝑥  at hc,app. 

For the range of Rayleigh numbers from 3050 to 3100, the intensity of the secondary cell, 𝜓𝑚𝑖𝑛, 
is very low at the appearance of this cell (Figure 9(b)). The intensification of 𝜓𝑚𝑖𝑛 is found at hc,inc = 
0.109 slightly different from hc,app = 0.093. For Rayleigh numbers 3110 ≤ Ra ≤ 10000, the intensity 
𝜓𝑚𝑖𝑛 undergoes a jump at hc,inc = hc,app. The intensification of 𝜓𝑚𝑖𝑛 at hc,inc corresponds to the increase 
in the size of the secondary cell at this height. Continuing to increase the height of the blocks, 𝜓𝑚𝑖𝑛 
decreases and then tends to grow slightly for larger heights. This can be related mainly to the 
variation in the size of the secondary cell, which also decreases first and then increases. The block 
can hinder the fluid flow, which weakens 𝜓𝑚𝑖𝑛, but at the same time, a high enough hot block can 
heat the fluid and accelerate its movement, resulting in an improvement in the intensity of the 
secondary cell. 
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(a) (b) 

Fig. 9. Variation of (a) ѱmax and (b) ѱmin as a function of the height of the blocks h, for 3050 ≤ Ra ≤ 
10000 

 
For 3050 ≤ Ra ≤ 10000, Nu̅̅̅̅  decreases slightly when the regime is unicellular at low values of h 

(Figure 10). When the BCR regime appears for the range of Rayleigh numbers 3050 ≤ Ra ≤ 3100, the 
heat transfer gain remains very low and the increase in Nu̅̅̅̅  does not exceed 0.78% at hc,app = 0.093, 
for Ra = 3100. A jump of Nu̅̅̅̅  of the order of 3.12% is found at the critical height of increase, hc,inc = 
0.109 different from the height of appearance of the bicellular regime. The occurrence of this jump 
at the height of increase and not at the height of appearance of the BCR regime, may be related to 
an intensity and a size of the secondary cell that are low at the height of appearance, hc,app and 
become important at the height of increase, hc,inc. 
 

 
Fig. 10. Variation of the average Nusselt number Nu̅̅̅̅  as 
a function of the height of the blocks h, for 3050 ≤ Ra ≤ 
10000 
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When 3110 ≤ Ra ≤ 10000, the jump of the Nusselt number, Nu̅̅̅̅ , is found at hc,app. The size of the 
secondary cell reaches its maximum at this value of h. Table 3 shows the gain percentage of Nu̅̅̅̅  at 
the appearance and increase of BCR regime compared to its UCR value. While continuing to increase 
the height of the blocks, Nu̅̅̅̅  experiences a slight diminution, except for Ra = 3050 where it grows 
continuously. This diminution is related to the attenuation in the intensity and the size of the 
secondary cell. Nu̅̅̅̅  then rises to reach its maximum at h = 0.953. For large heights, the convective 
effect of the BCR regime and the heating effect of the blocks are complementary. 
 

Table 3 
Nu̅̅̅̅  gain (%) at the appearance and increase of BCR regime and the corresponding heights for 3050 ≤ Ra ≤ 
10000 
 
Ra 

UCR regime Appearance of BCR regime Increase of BCR regime 

h Nu̅̅̅̅  hc,app Nu̅̅̅̅  Nu̅̅̅̅  gain (%) hc,inc Nu̅̅̅̅  Nu̅̅̅̅  gain (%) 

3050 0.078 1.27 0.093 1.28 0.78 0.109 1.29 1.57 
3100 0.078 1.28 0.093 1.29 0.78 0.109 1.32 3.12 
3110 0.078 1.28 0.093 1.34 4.68 0.093 1.34 4.95 
10000 0.093 1.76 0.109 2.06 17.04 0.109 2.06 17.04 

 
In their studies, Ha and Kim [12], Farinas et al., [14], Yucel and Turkoglu [24], Taher et al., [25] and 

Idrissi et al., [26] related in a general way Nu̅̅̅̅  growth to the appearance of BCR regime. The present 
investigation nuances this assertion. Indeed, for 3050 ≤ Ra ≤ 10000, the appearance or the increase 
of the intensity and the size of the secondary cell have an effect on the heat transfer gain. Specifically, 
for 3050 ≤ Ra ≤ 3100, the increase of Nu̅̅̅̅  is found at hc,inc different from hc,app. Indeed, the size and 
intensity of the secondary cell remain small at hc,app as well as at relatively greater heights, it is at hc,inc 
that a considerable expansion is remarked and subsequently an increase in Nu̅̅̅̅  ensues. However for 
3110 ≤ Ra ≤ 10000 the increase of Nu̅̅̅̅  is noted at hc,app = hc,inc. 
 
3.2 Effect of Rayleigh Number 
 

For the low heights, h = 0.093 and h = 0.109, the size of the secondary cell is very small at the 
critical Rayleigh number of appearance, Rac,app (Figure 11). A critical Rayleigh number of increasing, 
Rac,inc, is defined and corresponds to an increase in the size of the secondary cell for a relatively 
limited growth in Ra. Indeed, for h = 0.093, the secondary cell appears with a size of low value equal 
to 0.32% for Rac,app = 2730. This size remains almost constant and rises abruptly from 1.61% for Ra = 
3100 to 119% for Rac,inc = 3110 with a vertical jump in the curve of variation of the size as a function 
of Ra (Figure 12). At h = 0.109, the size has also a low value 0.32% at Rac,app = 1240 and changes from 
11.03% for Ra = 2990 to 114.82% for Rac,inc = 3130. For heights 0.125 ≤ h ≤ 0.203, the appearance of 
the bicellular regime occurs at Rac,app = 1000, the jump of the size of the secondary cell as a function 
of Ra becomes more progressive but perceptible. The curve of variation of the size of the secondary 
cell as a function of Ra flatten out more especially above h = 0.203. It is almost horizontal at h = 0.953. 
The size of the secondary cell reaches a maximum value at Ra = 10000 regardless the value of h ˃ 
0.093. For h = 0.093, its maximum value 150.54% is found at Ra = 6490 before the returning to the 
UCR regime observed for strictly greater Rayleigh numbers. 
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Fig. 11. Streamlines and isotherms at the appearance (Rac,app), before 
the increase (Ra = 3100) and at the increase (Rac,inc ) of the size of the 
secondary cell for h = 0.093 

 
 

 
Fig. 12. Size of the secondary cell relative to the upper 
part of the annulus as a function of Rayleigh number 
Ra, for different heights 

 
The increasing in Ra leads to a progression of 𝜓𝑚𝑎𝑥  whatever the height of the blocks (Figure 

13(a)). No significant changes are noticed at the appearance and the increase of the BCR regime. It 
should be noted that for h = 0.093 a slight diminution of 𝜓𝑚𝑎𝑥  of about 0.79%, is found when the 
Rayleigh number is augmented from Ra = 3100 to Rac,inc = 3110 and an increase of 7.55% is found 
together with the return to the unicellular regime at Ra = 6500. 

The intensity 𝜓𝑚𝑖𝑛 is zero for the values of Ra, characterizing the UCR regime (Figure 13(b)). At 
low heights, the secondary cell appears with a very low intensity at Rac,app. The appearance of the 
BCR regime does not then have a significant effect on the intensity of the secondary cell. For h = 

0.093, 𝜓𝑚𝑖𝑛 equals an extremely low value of 4.5710-9, at Rac,app = 2730 and it is 4.0110-7, for h = 
0.109 at Rac,app = 1240. When the Rayleigh number of increasing Rac,inc is reached, a net intensification 

of 𝜓𝑚𝑖𝑛 is found with a jump to the value of 9.1110-1 at Rac,inc= 3110 for h = 0.093 and to 7.0610-1 
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at Rac,inc = 3130 for h = 0.109. For larger and larger heights, the raise of 𝜓𝑚𝑖𝑛 takes place over a wide 
range of Ra and is no longer defined beyond h = 0.203. 

As a consequence, like for the variation of the size of the secondary cell at low heights, 0.093 ≤ h 
≤ 0.203, the intensity of the secondary cell, 𝜓𝑚𝑖𝑛, appears with a very small value at the critical 
Rayleigh number of appearance, Rac,app, remains almost constant and increases quickly when Rac,inc 
is reached, especially for h = 0.093 and h = 0.109. For larger heights, the increase in 𝜓𝑚𝑖𝑛 becomes 
less and less visible. 
 

 
Fig. 13. Variation of (a) ѱmax and (b) ѱmin as a function of Rayleigh number Ra, for 0.093 ≤ h ≤ 0.953 

 

The effect of Rayleigh number variation on heat transfer for heights ranging from 0.093 to 0.953 
is analyzed. The average Nusselt number Nu̅̅̅̅ , augments as the Rayleigh number augments (Figure 
14). At low heights, Nu̅̅̅̅  initially varies almost linearly with Ra, despite the appearance of the BCR 
regime. A visible increase in Nu̅̅̅̅  is then observed approximately to the Rayleigh number of increase 
Rac,inc. For h = 0.093 the appearance of the BCR regime when Ra grows from Ra = 2720 to Rac,app = 
2730, i.e. a raise of 10 units, results in a negligible rise in Nu̅̅̅̅  of about 0.08%. A jump of Nu̅̅̅̅  of 4.69% 
is found when the Rayleigh number also varies by 10 units, from Ra = 3100 to Rac,inc = 3110, and the 
size of the secondary cell goes directly from 1.61% to 119%. At h = 0.109, the same finding can be 
drawn for a relatively larger Rayleigh number range (a raise of 140 units). At the appearance of the 
BCR regime, Nu̅̅̅̅  varies by only 1.10%. The increase in Nu̅̅̅̅  of 4.69% is observed when Ra grows from 
Ra = 2990 to Rac,inc = 3130 with a notable increase in the size of the counter-rotating cell from 11.03% 
to 114.82%. For heights ranging from 0.125 to 0.203, the increase of Nu̅̅̅̅  to approximately 4.6% is 
achieved over a larger and larger Rayleigh number range and the gain of Nu̅̅̅̅  no longer corresponds 
to the increase of the size of the secondary cell in the same range of Ra. Indeed, at h = 0.125, this 
gain can be obtained when the Rayleigh number varies from Ra = 3000 to Rac,inc = 3200, equivalent 
to a raise of 200 units. This range, which corresponds to a growth in the size of the secondary cell 
from 32.57% to 113.13%, is greater than that obtained for the two previous heights 0.093 and 0.109 
for the same increase of Nu̅̅̅̅  (around 4.69%). 

For the larger heights, h ˃ 0.203, the variation of Nu̅̅̅̅  as a function of Ra takes the more usual 
form, a polynomial of order 2, hence an attenuation of the substantial increase of Nu̅̅̅̅  which becomes 
less net than that remarked for the smaller height curves; which makes the importance of Rac,inc for 
the heat transfer insignificant. It is noticed that for h = 0.093, Nu̅̅̅̅  reaches its maximum at Ra = 6490 

(b) (a) 
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and undergoes a relative fall during the return to the UCR regime at Ra = 6500. For h ˃ 0.093, the 
maximum of Nu̅̅̅̅  is reached at Ra = 10000. 
 

 
Fig. 14. Variation of the average Nusselt number Nu̅̅̅̅  
as a function of Rayleigh number  
Ra, for 0.093 ≤ h ≤ 0.953 

 
Hence, it can be said that the appearance of the BCR regime is without influence on the variation 

of Nu ̅̅ ̅̅ as a function of Ra. At low heights, 0.093 ≤ h ≤ 0.125, the increase in the secondary cell size 
observed at values of Ra close to 3100 shows a significant effect on the gain of Nu̅̅̅̅  relative to that 
obtained at Rac,app. 
 
4. Conclusions 
 

Laminar natural convection inside a cylindrical annular space fitted with two blocks attached to 
the hot wall at the position 𝜑𝑚 = 0.82𝜋 has been studied numerically. The block heights, h, vary 
from 0.015 to 0.953 and the Rayleigh numbers, Ra, range from 103 to 104. The steady-state solutions 
have been obtained using the discretization of the governing equations with the Centered Finite 
Difference method based on the Alternating Direction Implicit (ADI) scheme. The height of the blocks 
and the Rayleigh number that distinguish the appearance of the secondary cell that characterizes the 
bicellular regime (BCR) and the increase of its size, are noted, and their influence on the flow intensity 
and the heat transfer is studied. The present study leads to the following conclusions. The conclusions 
i-iii correspond to effects of variation of the block heights and the conclusion iv summarizes the 
effects of varying the Rayleigh number. 

i. For 1000 ≤ Ra ≤ 3040, neither the appearance of the BCR regime observed during the h rise, 
nor the increase in the size and the intensity of the secondary cell have a significant effect on 
the average heat transfer rate Nu̅̅̅̅ .  

ii. For 3050 ≤ Ra ≤ 3100, the BCR regime appears at the critical heights of appearance, hc,app, 
with very low intensities and secondary cell sizes that have no effect on Nu̅̅̅̅ . At critical heights 
of increase of the size and intensity of the secondary cell, hc,inc, a noticeable increase in the 
heat transfer rate is observed.  
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iii. For 3110 ≤ Ra ≤ 10000, both the size and intensity of the secondary cell increase with the 
appearance of the BCR regime, resulting in a significant increase in Nu̅̅̅̅ . 

iv. For low heights, 0.093 ≤ h ≤ 0.125, the size and the flow intensity at the appearance of the 
secondary cell, remain very low. This appearance has virtually no significant effect on heat 
transfer. A significant growth in Nu̅̅̅̅  as a function of Ra is highlighted at Rac,inc˃ Rac,app and 
results in an increase in the size of the secondary cell and its intensity and a gain in heat 
transfer approaching 4.7% compared to that found at the appearance of the BCR regime, of 
the order of 1.10% at most. Under these conditions, it can be concluded that it is the increase 
in the size of the secondary cell at Rac,inc that has a significant influence on Nu̅̅̅̅  and not its 
appearance at Rac,app. 
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