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Internal heating effect with stability convection in a couple stress fluid saturated in an 
anisotropic porous medium has been studied numerically using linear stability analysis. 
The presence of internal heating on couple stress fluid in an anisotropic porous 
medium heated from below has been verified. The momentum equation and 
Boussinesq approximation is used for the density variation in the porous medium. By 
using Chebyshev Tau method numerically, the eigenvalue problems of the perturbed 
state were obtained from a normal mode analysis. The effect of the Rayleigh number, 
internal heat source and anisotropy parameter has been shown graphically. The critical 
Rayleigh number also has been obtained and plotted on the system. From the result, 
it is found that the mechanical anisotropy parameter and internal heating effect 
destabilized the system while couple stress fluid and thermal anisotropy parameter 
help in stabilizing the system. 
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1. Introduction 
 

Problem of fluid with couple stress in a porous medium attracted researcher widely. Many 
researchers also interested in doing research on internal heating relates to their field of studies but 
only several researchers considered it with couple stress fluid. Numerous applications include system 
of electro-chemistry, geophysical system and fossil fuels for the studies. Internal heating is from the 
heat source or heat energy for outer space bodies which can caused by radioactive or decay materials 
and nuclear atoms to keep it warm and active described by Bhadauria [1]. Couple stress fluid is the 
kinematic level that leads to velocity field with the presence of the isolation of the fluid Stokes [2].  

Previous researcher concerned one of the studies related to fluid of the couple stress with double 
convection of diffusive analytically and linear stability analysis is used in a horizontal saturated 
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anisotropic of porous Gaikwad and Kouser [3]. Effects of Soret with Dufour are considerable 
importance for their studies. Furthermore, Malashetty and Kollur [4] has been investigating the same 
method but the difference is double diffusive convection in which has been included in the studies, 
which is heated and salted from below. Sharma et al., [5] had done their study on fluid related to 
couple stress when the rotation and magnetic field that considered stable vertical for both effects. 
Pranesh and Bawa [6] has considered the Rayleigh-Benard which is related to convection with the 
effects of internal heat generation and magnetic field in nanofluid while Nield and Kuznetsov [7] also 
using internal heating with the presence of nanofluid related to the convection. Linear stability was 
applied in the studies. New study from Storesletten and Rees [8] investigated the combination of 
both effects which is internal heat generation and inclination anisotropy for instability linear.  

Anisotropic porous medium has become one of famous research area. Srivastava et al., [9] has 
been using anisotropic porous medium in their research add together internal heating effects and 
viscosity liquid variable under G-jitter during the process of heat transport. In addition, the source of 
internal heating and the existence of forced time with gravity field has been studied narrowly in the 
research. The beginning of double diffusive convection has been studied by Malashetty and Heera 
[10] with the effect of rotation and anisotropic porous layer by using linear and weak nonlinear 
theory. With the same theory, Bhadauria et al., [11] have carried out rotating anisotropic porous 
layer with internal heat source in linear, nonlinear in the thermal instability.  

The aim of this paper to study the internal heating effect and couple stress fluid in an anisotropic 
porous medium. Our intend in order to find the critical Rayleigh number in a horizontal porous 
medium with upper free conducting boundary conditions, respectively. Further, the eigenvalue 
problem will be calculated in QZ algorithms by using Chebyshev Tau method. 

 
2. Methodology  
 

A fluid of couple stress with horizontal anisotropic porous medium restricted to two horizontal 
planes which is parallel to one another at 𝑧 = 0, 𝑧 = 𝑑, the depth, 𝑑 which heated with internal heat 
source from below, were considered as shown in Figure 1. In addition, the gravity of the system is 
moving downward, 𝑔 =  (0, 0, −𝑔) and stable adverse difference of temperature, 𝛥𝑇 =  𝑇𝑠 −
𝑇𝑣 where 𝑇𝑠 and 𝑇𝑣 is the constant value of lower and upper temperature. The porous medium in 
mechanical properties and thermal properties are expected to be anisotropic in the horizontal 
direction. However, the density porous will consider an effect which can depend linearly on 
temperature. All these assumptions, which given by  
 

 
Fig. 1. Geometry of the Problem 
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From Figure 1, Boussinesq approximation from the perturbation quantities are given by 
 
▽⋅ �⃗⃗� = 0,              (1) 
 
𝜌0

𝜙

𝜕�⃗⃗� 

𝜕𝑡
+

𝜇

�⃗⃗� 
∙ �⃗⃗� +▽ 𝑝 − 𝜌𝑔 + (𝜇 − 𝜇𝑐 ▽)�⃗⃗� = 0,         (2) 

 

𝛾
𝜕𝑇

𝜕𝑡
+ (�⃗⃗� ∙▽)𝑇 − 𝑄(𝑇 − 𝑇0) − 𝜅𝑇𝑧 ▽2 𝑇.          (3) 

 
𝜌 = 𝜌0[1 − α(𝑇 − 𝑇0)]            (4) 
 

The thermal of boundary conditions is given as 
 
𝑇 = 𝑇0 + ∆𝑇, 𝑧 = 0,             (5) 
 
𝑇 = 𝑇0, 𝑧 = 𝑑              (6) 
 

where �⃗⃗� = (𝑢 ∗, 𝑣 ∗, 𝑤 ∗) is the velocity vector, the pressure denoted by 𝑝, 𝜙 is the porosity, �⃗⃗� =

𝐾𝑥(𝑖 𝑖
∗ + 𝑗 𝑗∗) + 𝐾𝑧(�⃗� 𝑘

∗) is the permeability tensor with the dynamic viscosity by symbol 𝜇, 𝜇𝑐 is the 

couple stress viscosity of the fluid, 𝑄 is the source of heat, 𝛾 is the heat capacity, 𝑇 are the heat 
temperature, 𝜅𝑇𝑧 is the vertical thermal diffusivity, 𝜌0 and 𝛼 are the reference density and thermal 
expansion coefficient respectively. First, the basic state fluid is assumed not moving or at rest, 
defined by 
 
�⃗⃗� 𝑏 = (0,0,0),   𝑇 = 𝑇𝑏(𝑧),   𝑝 = 𝑝𝑏(𝑧), 𝜌 = 𝜌𝑏(𝑧)         (7) 
 
where the basic is assumed to be the subscript of 𝑏 which can also be written in the following 
equations given when we substitute Eq. (7) into Eq. (1)-(6). 
 
d𝑝𝑏

d𝑧
= −𝜌𝑔,    

d2𝑇𝑏

d𝑧
= 0,    𝜌𝑏 = 𝜌[1 − 𝛼(𝑇𝑏 − 𝑇0)],         (8) 

 

𝜅𝑇
d2(𝑇𝑏−𝑇0)

d𝑧2 + 𝑄(𝑇𝑏 − 𝑇0) = 0,           (9) 

 
The condition state of temperature in Eq. (9) as follows 

 

𝑇𝑏 = 𝑇0 + Δ𝑇

𝑠𝑖𝑛√
𝑄𝑑2

𝜅𝑇𝑧
(1−

𝑧

𝑑
)

𝑠𝑖𝑛√
𝑄𝑑2

𝜅𝑇𝑧

,                      (10) 

 
subject to boundary conditions Eq. (5) and Eq. (6). Next, the infinitesimal perturbation was 
superposed for the basic state which satisfy the equations 
 

�⃗⃗� = �⃗⃗� 𝑏 + 𝑤′, �⃗� = �⃗� 𝑏 + 𝑇′, 𝑝 = 𝑝 𝑏 + 𝑝′, 𝜌 = 𝜌 𝑏 + 𝜌′,                  (11) 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 76, Issue 2 (2020) 75-84 

78 
 

where the prime shows the perturbation quantities. Pressure term will be eliminated by using the 
infinitesimal perturbations with the curl curl formula on momentum equations from the porous 
medium. The resulting equations will be dimensionlized by transforming the following 
transformation 
 

𝑡 =
𝛾d2𝑡∗

𝜅𝑇𝑧
,    𝑇′ = (Δ𝑇)𝑇∗,    (𝑥 ∗′, 𝑦 ∗′, 𝑧 ∗′) = (𝑥 ∗∗ d, 𝑦 ∗∗ d, 𝑧 ∗∗ d), (𝑢 ∗ ′, 𝑣 ∗ ′, 𝑤 ∗ ′) =

(
𝜅𝑇𝑧𝑢∗∗

d
,
𝜅𝑇𝑧𝑣∗∗

d
,
𝜅𝑇𝑧𝑤∗∗

d
),                      (12) 

 
Hence, the dimensionless resulting equations will depict 

 

[
1

𝑉𝑎

𝜕

𝜕𝑡
▽ℎ

2+ (▽ℎ
2+

1

𝜉

𝜕2

𝜕𝑧∗2) (1 − 𝐶 ▽ℎ
2)]𝑤∗ − 𝑅𝑎𝑇 ▽ℎ

2 𝑇∗ = 0,                 (13) 

 

[𝛾
𝜕

𝜕𝑡∗ − 𝜂∇ℎ
2 −

𝜕2

𝜕𝑧∗2 + �⃗� ∗ ⋅ ∇] 𝑇∗ − [𝑄((1 − 2𝑧) − 1)]𝑤∗ = 0,                 (14) 

 

where 𝑉𝑎 = 𝜙
𝑃𝑟

𝐷𝑎
 is the Vadasz number and 𝐷𝑎 =

𝐾𝑧

𝑑2
 is the Darcy number, 𝑃𝑟 =

𝜇

𝜌0𝜅𝑇𝑧
 is the Prandtl 

number, 𝑅𝑎 =
𝛼𝑔Δ𝑇𝑑𝐾𝑧

𝜈𝜅𝑇𝑧
 is the thermal Rayleigh number, 𝜈 =

𝜇

𝑝0
 is the kinematic viscosity, 𝐶 =

𝜇𝑐

𝜇𝑑2 is 

couple stress parameter, 𝑄 is the heat source which defined as 𝑄 =
𝑞𝑑2

2𝜅Δ𝑇
, 𝜉 =

𝐾𝑥

𝐾𝑧
 and 𝜂 =

𝜅𝑇𝑥

𝜅𝑇𝑧
 are the 

mechanical and thermal anisotropy parameter respectively. 
Besides, linear stability analysis is applied from Eq. (13) and Eq. (14) in order to eliminate the 

nonlinear term on the system. Normal mode expansion has been used for the resulting equations 
which defined respectively as below 
 

(𝑤, 𝐷2𝑊,Θ) = (𝑊(𝑧), Θ(𝑧))𝑒𝑥𝑝[𝑖(𝑎𝑘 + 𝑎𝑙) + 𝜎𝑡],                  (15) 

 
to get the equation as follows 
 

[
𝜎

𝑉𝑎
(𝐷2 − 𝑎2) + (

𝐷2

𝜉
− 𝑎2) (1 − 𝐶(𝐷2 − 𝑎2))]𝑊 + 𝑎2𝑅𝑎Θ = 0,                 (16) 

 

(𝐷2 − 𝜂𝑎2 − 𝜎)Θ + (1 − 𝑄(1 − 2𝑧))𝑊 = 0,                   (17) 

 

where 𝐷 =
𝑑

𝑑𝑧
 and 𝑎2 = 𝑎𝑘

2 + 𝑎𝑙
2. and the horizontal 𝑎𝑥, 𝑎𝑦 at direction of 𝑥 and direction of 𝑦 defined 

as the horizontal wave number with 𝜎 represents the growth rate, respectively. The boundary 
conditions for this problem are given by 
 
𝑊 = 𝐷2𝑊 = Θ = 0 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 1.                                 (18) 
 

For Vadasz number, it is only valid for oscillatory state convection while stationary convection 
which remain the same during the Rayleigh number for the onset of convection occured at stable 
steady state, as verified by Srivastava et al., [12]. For this paper, stationary convection has been 
considered with couple stress fluid and internal heating effects in porous medium. By using 
Chevyshev Tau method with QZ algorithm, Eq. (16) and Eq. (17) has been solved numerically subject 
to upper free conducting boundary condition in Eq. (18). The interval form from the map has been 
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transformed from 𝑧 ∈ [0,1] map into 𝑥 ∈ [−1,1] by using the equation of 𝑥 = 2𝑥 − 1 and the 
equation depict 
 
𝜕

𝜕𝑧
= 2

𝜕

𝜕𝑥
= 𝐷,    𝑥 ∈ [−1,1].                      (19) 

 
The variables equations in the expansion of Chebyshev polynomial in the form of expansion of 

 
𝑦𝑟(𝑥) = ∑𝑀=1

𝑘=0 𝑎𝑘𝑟𝑇𝑘(𝑥),            1 ≤ 𝑟 ≤ 6,                    (20) 
 
where 𝑇𝑘(𝑥) is the Chebyshev polynomials with first order of 𝑘. The variables 𝑦𝑟 has been 
transformed as follows 
 
𝑦1 = 𝑊,      𝑦2 = 𝐷𝑊,      𝑦3 = 𝐷2𝑊      𝑦4 = 𝐷3𝑊, 𝑦5 = Θ,      𝑦6 = 𝐷Θ.                (21) 
 

Then Eq. (21) will substitute into Eq. (16) and Eq. (17) with the boundary conditions in Eq. (18). 
Ordinary differential equations obtained together with the boundary conditions and the eigenvalue 
problem arranged as given 
 
𝑑𝑌

𝑑𝑥
= 𝐿𝑌 + 𝜎𝐽𝑌                       (22) 

 
where 𝐿 and 𝐽 are real matrix with the order of 6. Eq. (21) reduced into 𝐸𝑋 = 𝜎𝐹𝑋 where 𝐸 and 𝐹 
are matrices of the block forms with boundary conditions included in the matrix. The system can be 
solved by using QZ algorithms in FORTRAN programming. 
 
3. Results 
 

In this paper, Chebyshev Tau method has been used to acquire the numerical solution of the 
ordinary differential equations in Eq. (16) and Eq. (17) with boundary conditions in Eq. (18). Linear 
stability analysis also been used and the eigenvalue results is obtained with QZ algorithms. All the 
parameters are observed along with the effects on Rayleigh number, 𝑅𝑎 and will presented 
graphically to show how the parameters react when Rayleigh number, 𝑅𝑎 opposed to the wave 
number from Figure 2 until Figure 5, respectively. From Figure 2 until Figure 5, the wave number, 𝑎 
start from 1 because we want to focus on the point of the graph. Moreover, the critical Rayleigh 
number, 𝑅𝑎𝑐 also will be plotted and displayed on Figure 6 until Figure 8. 

First, Figure 2 presented the Rayleigh number, 𝑅𝑎 against wavenumber, 𝑎 with distinct values of 
anisotropic parameter, 𝜂 for the fixed value when 𝜉 =  0.5, 𝑄 =  2 and 𝐶 =  2. From the graph, 
increasing the value of 𝜂 will lead the value of 𝑅𝑎 to increase too. Therefore, with the presence of 
anisotropic porous medium, 𝜂 <  2, the onset of convection will be delayed. Figure 3 displayed the 
neutral stability curve of Rayleigh number, 𝑅𝑎 versus wave number, 𝑎 for various values of 
mechanical anisotropic parameter, 𝜉 at a constant value of 𝜂 =  0.5, 𝑄 =  2 and 𝐶 =  2. It is shown 
on the graph, the increasing number of 𝜉 will lead to decrease in 𝑅𝑎 values. The stability convection 
in porous medium is delayed at 𝜉 =  1.2. This was due the movement of the heat upward and will 
increase the chance of 𝜉 to react on the porous medium. Thus, the effect of increasing 𝜉 will 
destablize the system. 

 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 76, Issue 2 (2020) 75-84 

80 
 

The influenced of internal heat parameter in porous medium on the value of 𝑅𝑎 at fixed value of 
𝜉 =  0.5, 𝜂 =  0.5 and 𝐶 =  2 against wave number, 𝑎 shown in Figure 4. The observation on the 
graph shows 𝑅𝑎 increasing with decreasing value of internal heat parameter, 𝑄. Therefore, the 
internal heat parameter has the effect of destablizing the system on stability convection. Figure 5 
shows the graph of 𝑅𝑎 versus 𝑎 with various values of couple stress parameter, 𝐶 with respect to 
𝜂 =  0.5, 𝑄 =  2 and 𝜉 =  0.5 as constant values. From the figure, it shows that when the Rayleigh  
number, 𝑅𝑎 increases, the couple stress paramerer, 𝐶 will increase too. Thus, it will delay the onset 
of convection in the system. As a result, couple stress parameter will also stablizing the system of 
convection in the porous medium. 
 

 
Fig. 2. The neutral stability curve, 𝑅𝑎 versus 𝑎 for different values of 𝜂 

 
 

 
Fig. 3. The neutral stability curve, 𝑅𝑎 versus 𝑎 for different values of 𝜉 
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Fig. 4. The neutral stability curve, 𝑅𝑎 versus 𝑎 for different values of 𝑄 

 

 
Fig. 5. The neutral stability curve, 𝑅𝑎 versus 𝑎 for different values of 𝐶 

 

Furthermore, the critical Rayleigh number, 𝑅𝑎𝑐 which supported minimal value of the Rayleigh 
number has been obtained and plotted in the Figure 6 until Figure 8, respectively. The relation 
between 𝑄, 𝜂, 𝜉 and 𝐶 is calculated and has been displayed in the figure. Figure 6 represented the 
point where the critical Rayleigh number, 𝑅𝑎𝑐 in porous medium with couple stress parameter, 𝐶 for 
different values of 𝜂. From Figure 6, the values of 𝑅𝑎𝑐 increases when 𝐶 increases, respectively. The 
results obtained has a good deal with Malashetty and Kollur [4] and thus verified our analysis when 
𝜂 also increases. 
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Fig. 6. The critical Rayleigh number, 𝑅𝑎𝑐 versus 𝐶 for different values of 𝜂 

 
The graph of critical Rayleigh number, 𝑅𝑎𝑐 inside the porous medium against mechanical 

anisotropic parameter, 𝜉 with dissimilar values of couple stress parameter, 𝐶 depicted in Figure 7. 
From the figure, the values of 𝑅𝑎𝑐 decreases when 𝐶 decreases, respectively. Figure 7 indicate the 
critical Rayleigh number, 𝑅𝑎𝑐 is approaching the minimum value when mechanical anisotropic 
parameter, 𝜉 is increasing. Thus, it is verified the system is stablized with the presence of couple 
stress. Next, Figure 8 also shows the critical Rayleigh number, 𝑅𝑎𝑐 in porous medium versus internal 
heating parameter, 𝑄 with various values of couple stress parameter, 𝐶 when 𝜉 =  0.5 and 𝜂 =  0.5. 
It is observed that when the internal heat parameter, 𝑄 increases, the critical Rayleigh number, 𝑅𝑎𝑐 
will decreases. This will make the effect of source of the internal heat parameter destablize the start 
of stability convection, as verified by Srivastava et al., [12]. 
 

 
Fig. 7. The critical Rayleigh number, 𝑅𝑎𝑐 versus 𝐶 for different values of 𝜉 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 76, Issue 2 (2020) 75-84 

83 
 

 
Fig. 8. The critical Rayleigh number, 𝑅𝑎𝑐 versus 𝑄 for different values of 𝐶 

 
4. Conclusions 
 

Couple stress fluid with stability convection horizontal saturated anisotropic porous medium in 
the presence of internal heating has been studied analytically by using linear stability analysis. The 
eigenvalue problem is solved by using Chebyshev Tau method with QZ algorithm. In this study, the 
combine effect of the couple stress fluid and internal heating also has been concerned. The critical 
Rayleigh number, 𝑅𝑎𝑐 increases when the effect of couple stress fluid occurred and decreases when 
the internal heating effect found in the system. Therefore, from the result obtained, thermal 
anisotropic parameter, 𝜂 and couple stress fluid, 𝐶 act as stablizer on the system while internal 
heating, 𝑄 and mechanical anisotropic parameter, 𝜉 act as destablizer on the system. 
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