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The steady, laminar, stagnation point flow of hybrid nanofluid past a nonlinearly 
stretching and shrinking sheet is studied. Hybrid nanofluid is regarded by disseminated 
two distinct nano-sized particles, silver (Ag) and copper oxide (CuO) in pure water. 
Similarity technique was used for the transformation of partial differential equations 
(PDEs) into an ordinary differential equations (ODEs). Obtained ODEs were solved using 
Matlab’s built in function (bvp4c). The results of important governing parameters 
which are nonlinear parameter, stretching/shrinking parameter and nanoparticle 
volume fraction are evaluated and discussed in graphical and tabular form for the 
velocity and temperature profiles, along with local skin friction, local Nusselt number. 
Nonunique solutions (first and second branch) are visible for some limit of shrinking 
parameter. It is noticed that nonlinear parameter hastens flow separations. Hence, a 
stability analysis is executed to identify which solutions are stable and physically 
feasible. 
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1. Introduction 
 

Nanofluids are defined as a mixture containing nanoparticles smaller than micro-sized particles 
and base fluid that could significantly increase the thermal conductivity [1]. Nanofluids are found to 
have a high level of heat transfer properties than the normal fluids and the use of nanoparticles itself 
can enhance the fluid’s thermophysical properties. However, the thermal conductivity increases 
more than ever even with the lower number of nanoparticles [2]. Suresh et al., [3] and Momin [4] 
have been conducted an experimental investigation on strengthening the base fluid’s thermal 
conductivity. They found that the principle fluid’s heat capacity enhanced when the mixture of two 
different nanoparticles disseminated in a base fluid which are known as hybrid nanofluids. For 
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example, Aluminium oxide demonstrates more chemical inertness and stability, but has lower 
thermal conductivity compared to metallic nanoparticles. Furthermore, nanoparticles like zinc, 
copper and aluminium offers elevated thermal conductivities. Hybrid nanofluid have many 
engineering applications such as micro fluidics, nuclear safety, military, manufacturing, 
pharmaceutical, transportation and many more. 

The above-mentioned facts on applications of hybrid nanofluids have attracted the interest of 
many authors to focus their studies on heat transfer characteristics through hybrid nanofluid. Devi 
and Devi [5] were the first who investigated a stretching surface using a boundary layer theory in 
hybrid nanofluid with Newtonian heating numerically. Furthermore, Hayat and Nadeem [6] 
discovered that the rate of cooling for hybrid nanofluid is greater compared to nanofluid with the 
existence of radiative heat generation and chemical reaction. Very recently, the hybrid nanofluid’s 
flow due to variable viscosity and its heat transfer enhancement on natural convection were 
numerically analysed by Manjunatha et al., [7]. Also, many researchers have shown an interest in 
hybrid nanofluids in their work [8-11]. 

Heat transfer characteristic and flow of a stretching/shrinking surface have been the subject of 
intensive study due to its applications in the industrial sector such as in the wire drawing, extraction 
of polymer sheets, glass-fibre production and paper production. The flow along a shrinking sheet in 
the stagnation region was investigated by Wang [12] and concluded that for larger shrinking rates, 
solutions do not exist. Afterward, Bachok et al., [13] extend the work of [12] to shrinking sheet along 
with the effect of melting heat transfer. Later, Bhattacharyya [14] considered the effect of chemical 
reaction on his study. The same observations are made with previous researchers where duality 
exists for the case of shrinking sheet. Some excellent reviews on flow cause by a stretching/shrinking 
surface can be found in the literature [15-17]. 

Vajravelu [18] develop the first study on the flow of nonlinear stretching sheet in viscous fluid. 
Afterward, Cortell [19] extended the problem of nonlinear shrinking sheet by considered it using two 
different types of thermal boundary conditions, i.e, prescribed and constant surface temperature. 
The nonlinear vertical stretching surface with varying fluid properties have been investigated by 
Prasad et al., [20]. Meanwhile, the case of nonlinear shrinking surface in nanofluid was studied by 
Rana and Bhargava [21]. Later, Zaimi et al., [22] analyzed the problem in stretching and shrinking 
surface respectively. The nonlinear shrinking sheet with slip impact in the stagnation region was 
studied by Fauzi et al., [23]. Rana et al., [24] explored the radiative nanofluid’s flow over a nonlinear 
surface with suction and slip. A different aspect of such problems had been conducted by different 
authors [25-29]. 

The main idea of this study is to explore a hybrid nanofluid’s flow in a nonlinearly stretching and 
shrinking surface. This study is an extended work from Bachok and Ishak by considering it in hybrid 
nanofluid. The governing equations were transformed using similarity variables into an ODEs which 
later be solved numerically using the Matlab’s built in function (bvp4c). Since nonunique solutions 
are obtained, the stability of solutions is executed to test which solution is stable. The procedure to 
validate which solutions are stable was first proposed by Merkin [30]. More studies regarding stability 
analysis on boundary layer can be found in the literature [31-37]. Here, this analysis was implemented 
in order to investigate the growth of disturbances for first and second solutions. Stable solution 
indicates by the existence of initial decay of disruption, meanwhile, the solution with initial growth 
of disruption represents the unstable solution. 
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2. Mathematical Modeling 
 

A steady hybrid nanofluid’s flow in a nonlinearly stretching and shrinking surface in the stagnation 
point region is investigated. The schematic illustration of the problem is shown in Figure 1 with x−

axis measures along the shrinking sheet in the vertical direction and y −axis is normal to it. The 

surface is assumed to stretch/shrink with the velocity ( ) n

wU x ax= , given that 0a   is a constant 

flow and ( ) nU x bx =  is the external (inviscid) fluid’s velocity with 0b   being the stagnation-point’s 

strength. The surface is remained at constant temperature wT  and the temperature of ambient is .T  

 

  
(a) Stretching (b) Shrinking 

Fig. 1. Schematic illustration of the flow 
 
The governing equations can be written as [16, 37] 
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given that the velocity components, ,u v  are in the x  and y  directions, respectively, ,hnf hnf   and 

hnf  is the hybrid nanofluid’s density, dynamic viscosity and thermal diffusivity which are given by 

[5] 
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Here, 1  is the CuO nanoparticle, 2  is the Ag nanoparticle, ( )pC  and k  is the heat capacity 

and thermal conductivity given that the subscript ' ', ' ', ' 1'f hnf s  and ' 2 's  represent ‘fluid’, ‘hybrid 

nanofluid’, ‘CuO nanoparticle’ and ‘Ag nanoparticle’, respectively. Further, we introduced the 
following similarity transformation [38] 
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where the similarity variable is denotes by  ,   is the stream function and f  is the kinematic 

viscosity. The velocity components are defined as v
x


= −


 and u

y
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. By using the defining 

parameter, Eq. (1) is fulfilled and the remaining Eq. (2)-(3) are transformed as follow 
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where prime signify the derivative with respect to  . The stretching and shrinking parameter 

denoted by b a =  where the positive value represents stretching and negative value indicates 

shrinking. Prandtl number is given by Pr  = . We notice that, in the case of 1n =  and 1 2 0, = =

Eq. (7) and (8) reduces to the boundary value problems in Bachok et al., [39]. 
The local skin friction is 
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while the local Nusselt number is 

( )
0
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x w hnf

f w y

xq T
Nu q k

k T T y =

 
= = −  

−  
                                                                                        (11) 

 
Therefore, the above physical quantities are written as 
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here, Rex  is the local Reynold number given by 
fU x 

. 

 
3. Stability of Solutions  
 

To execute the stability of the solutions on the present problem, we need to consider the 
unsteady flow of our governing model [30]. Eq. (1) remains, meanwhile Eq. (2) and (3) replaced by as 
follows 
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the new similarity variables and dimensionless time variable   are introduced, hence Eq. (7) can be 
replaced by 
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the governing Eq. (13) and (14) become 
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with conditions 
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To specify the stability of the solution ( )0f f =  and ( )0  =  satisfying Eq. (7)-(9), we write 
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subject to conditions 
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Following the previous study [33], the bounds of eigenvalues 1 2 3     can be dictated by 

relaxing ( )0 0H  →  as  →  to a new boundary condition ( )0 0 1H  = . The system of Eq. (21) and 

(22) associated with conditions (23) are solved.  
 
4. Result and Discussions  
 

The numerical results are obtained by solving the ODEs (7) and (8) governs by the conditions (9) 

using the bvp4c solver in Matlab for different governing parameters such as CuO nanoparticle 1 , Ag 

nanoparticle 2 , nonlinear parameter n  and stretching/shrinking parameter  . Initially, 0.1  volume 

fraction of CuO nanoparticle is disseminated into water to produce CuO–water nanofluid. The 
targeted ‘(Ag–CuO/water) hybrid nanofluid’ is therefore developed by dispersing silver nanoparticles 
in nanofluid (CuO–water) with different volume fractions. Pr  is fixed to 6.2 which represent water 
and the quantity of nanoparticle volume fractions ranges from 0 to 0.2 [40]. The basic properties of 

nanoparticle and base fluid are illustrated in Table 1. The present results of ( )0f   and ( )0 −  have 

been validate with the previously reported result by Bachok et al., [39] as appeared in Table 2. The 
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comparison values are in excellent accordance and we are therefore very assured that the numerical 
findings acquired are precise. 
 

 Table 1 
 Thermophysical properties of nanoparticle [8] 
Properties Ag CuO Base fluid (water) 

( )3kg m −  10500 6320 997.1 

( )1 1k W m K− −  429 76.50 0.613 

( )1 1

pC J kg K− −  235 531.80 4179 

 
  Table 2 

 ( )0f   and ( )0 −  when 
1 2 0, 1, Pr 0.7n = = = =  and 1.1 = −  

Bachok and Ishak  Current Result 

( )0f   ( )0 −   ( )0f   ( )0 −  

1.1867 0.1828  1.18668 0.18283 
[0.0492] [0.0003]  [0.04923] [0.00008] 

“[ ]” second solution 
 

Figure 2 and 3 are constructed to present the influence of Ag nanoparticle 2  on the velocity 

( )f   and temperature ( )   profiles for shrinking case. It is discovered that ( )f   increases 

considerably within the momentum boundary layer when Ag nanoparticle 2  increases from 0  to 

0.2  for first and second solutions. This indicates that the existence of nanoparticles causing the 

thinning of the boundary layer. Further, ( )   decreases with Ag nanoparticle 2  for both solutions 

and therefore, decreases the thermal boundary layer thickness. It is evident that duality exist when 

1.2 = − . The graphical results in the reduced skin friction ( )0f   and reduced heat transfer ( )0 −  

with   for different values of Ag nanoparticle are illustrated in Figure 4 and 5. It is observed that 
duality exists when 1  −  and a unique solution exist when 1  − . We noticed that there is no 

solution exist when c   because of the boundary layer separations are bound to happen and the 

boundary layer approximation are not possible beyond this critical values c . In addition, the 

magnitude of ( )0f   are enhanced with an increasing of 2 . Meanwhile, the increasing of 2  leads 

to decreasing values of ( )0 −  when 0.5  −  and opposite trait are observed when 0.5  − . This 

is due to the fact that the insertion of nanoparticles in the base fluid will accelerate the fluid motion 
because of the collision between the base fluid particle and nanoparticles. Thus, decreasing the 
momentum and thermal boundary layer thickness and consequently, increases its skin frictions and 
heat transfer at the surface. 
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Fig. 2. Velocity profile for different 

2  Fig. 3. Temperature profile for different 
2  

 

  
Fig. 4. ( )0f   with   for different 

2  Fig. 5. ( )0 −  with   for different 
2  

 

Figure 6 – 9 present the effect of nonlinear parameter n  on the dimensionless velocity ( )f   

and temperature ( )   profiles, reduced skin friction ( )0f   and heat transfer ( )0 −  when 

1 2 0.1 = = . The dual nature of velocity and temperature profiles is noted. From Figure 6, it is 

noticed that as nonlinear n  increases, ( )f   increase within the momentum boundary layer for both 

solutions. However, ( )   decrease within the thermal boundary layer in first solution while it 

increases with increasing nonlinear n  for second solution as illustrates in Figure 7. It can be clearly 
seen from Figure 8 and 9 that with the strengthen value in nonlinear parameter n , the range of 
similarity solution is expanding. The same observation is seen for the existence of duality in these 

figures and no solution when the values of   exceed its critical value, c . The critical values for 

1, 2n =  and 3  are 1.2465, 1.3498c = − −  and 1.3909− . This implies that the increase in n  

postponing the separation of boundary layer. Yet, it is found that the second solution has a lower 

magnitude of ( )0f   and ( )0 −  for a given   than the first solution. It is worth noting that the 

increasing of nonlinear parameter n  leads to enhance the value of ( )0f  and ( )0 −  for hybrid 

nanofluids. 
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Fig. 6. Velocity profile for different n  Fig. 7. Temperature profile for different n  

 

  
Fig. 8. ( )0f   with   for various n  Fig. 9. ( )0 −  with   for various n  

 

Figure 10 and 11 have been plotted to analyse the variation of local skin friction 1 2Rex fC  and 

local Nusselt number 1 2Rex xNu−  with nanoparticle volume fraction ( )1 2,   for various value of 

nonlinear parameter n  for stretching sheet. It is noted that the 1 2Rex fC  and 1 2Rex xNu−  demonstrate 

an increment as the hybrid nanoparticle ( )1 2,   and nonlinear parameter n  increase. It is observed 

that on using different values of hybrid nanofluid causes a change in 1 2Rex fC  and 1 2Rex xNu− . This 

implies that the addition of nanoparticles in the base fluid plays an important role. Meanwhile, Figure 

12 and 13 describe the behaviour of viscous flow, i.e. 1 2 0 = = , CuO/water nanofluid, i.e. 

1 20.1, 0 = =  and Ag–CuO/water hybrid nanofluid, i.e. 1 2 0.1 = = . For increasing value of 

nanoparticle  , the magnitude of ( )f   increases, whereas ( )   decreases. Consequently, the 

momentum and thermal boundary layer thickness become thinner for hybrid nanofluid compared to 
the nanofluid, which means that hybrid nanofluid offers higher skin friction and heat transfer rate 
compared to nanofluid. It is worth mentioning that the boundary conditions (9) are satisfied and met 

asymptotically for all ( )f   and ( )  , which support the effectiveness of the numerical outcomes. 

Also, the thickness of the boundary layer for the second branch found to be thicker than that of the 
first solution. 
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Fig. 10. Local skin friction coefficient for different n  Fig. 11. Local Nusselt number for different n  

 

  
Fig. 12. Velocity profile for various   Fig. 13. Temperature profile for various   

 
The duality of the solutions needs to be analysed. Therefore, in order to identify the physical 

feasibility of the solution, the linearized Eq. (21) and (22) together with the boundary conditions (23) 
are solved numerically. The stability of the flow can be identified by examining the value of 
eigenvalue  . The flow is in stable mode if the obtained eigenvalues are positive, meanwhile the flow 

is unstable if the eigenvalues are negative. Table 3 discovers the smallest eigenvalue   for selected 

range of  . From the table, it is interesting to observe that the eigenvalue   be close to zero ( )0 →  

as the designated value of   near to c . It is observed that the eigenvalue   for the first solution 

ranges within the positive values, while the range of negative value of   is obtained for the second 

solution. Therefore, it can be declared that the stable flow indicates by the first solution whereas the 
second solution is unstable. 
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Table 3 
Eigenvalues   at selected values of   when 

1 2 0.1 = =  

n    1st solution 2nd solution 

2 -1.3497 0.0259 -0.0259 
 -1.349 0.0727 -0.0722 
 -1.34 0.2559 -0.2497 
 -1.3 0.5815 -0.5497 
3 -1.3908 0.0287 -0.0287 
 -1.389 0.1120 -0.1111 
 -1.38 0.2679 -0.2627 
 -1.3 0.7765 -0.7319 

 
5. Conclusions 
 

The problem of stagnation point flow and heat transfer over a nonlinear stretching and shrinking 
sheet in hybrid nanofluid was studied numerically. Impact of several parameters such as nanoparticle 

volume fraction 1 2,  , nonlinear parameter n  and stretching/shrinking parameter   were 

presented graphically and discussed. The conclusions of present research are listed as follows 
i. Duality exists for a certain limit of shrinking parameter and unique solution are exists for 

stretching parameter. 
ii. The nonlinear parameter delays the boundary layer separation. 

iii. The velocity profile increases due to nonlinear parameter n  for both solutions. While, 
the temperature profile decreases for first solution and increase for second solution. 

iv. As nanoparticle volume fraction 2  increases in shrinking case, the velocity profile 

increase and temperature profile decrease for both solutions. 

v. An increment of nonlinear parameter n  and nanoparticle volume fraction 1 2,   

enhanced the local skin friction and Nusselt number. 
vi. The stable flow indicates by the first solution, while second solution represents unstable 

flow. 
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