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Present work deals with the numerical study of flow due to a continuously moving 
slender needle in a hybrid nanoliquid. The mathematical model of this work is 
developed in terms of nonlinear partial differential equations. By adopting the relevant 
similarity transformations, these equations are reduced to a system of nonlinear 
ordinary differential equations. Afterward, the solution is determined computationally 
via a bvp4c solver in MATLAB software. The influences of nanoparticle volume fraction, 
needle thickness and velocity ratio parameter on the rate of heat transfer, coefficient 
of skin friction, velocity as well as temperature distributions are illustrated in graphical 
form to describe the important features of the solution. The multiple solutions seem 
to appear when the needle opposes the free stream flow. It is revealed from the study 
that the composite (hybrid) nanoparticles augment the heat transfer rate between the 
flow and the needle in a certain domain of the velocity ratio parameter. The analysis 
of stability has proved that the upper branch solution represents stable flow, whereas 
the lower branch solution represents unstable flow. 
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1. Introduction 
 

Along with the evolution of technologies, the well-known fluid, called hybrid nanofluid is being a 
potential fluid in order to enhance the performance of heat transfer. Hybrid nanoliquid is categorized 
as a new nanotechnology fluid where it is prepared by combining two types of nanoparticles into the 
conventional heat transfer fluids include ethylene glycol, kerosene, oil and water. Typically, one of 
these nanoparticles is non-metallic (such as Al2O3, CuO, MgO, and Fe3O4) and the other one is 
metallic (such as Ag, Al, Cu and Zn) in nature. In general, non-metallic nanoparticles provide lower 
thermal conductivity, yet they have a lot of beneficial properties like chemical inertness and stability. 
Contrarily, metallic nanoparticles have high thermal conductivities compared to non-metallic, but 
they have restrictions like reactivity and stability. Thus, the composition of these two types of 
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nanoparticles capable to increase the thermophysical properties and give an excellent thermal 
performance of the mixture. This behavior makes the hybrid nanoliquid is better than that of 
conventional coolant and nanoliquid with single nanoparticles. 

Recently, it has been proved by the researchers that hybrid nanofluid can efficaciously replace 
the conventional heat transfer fluids, particularly for the technology that works at a very high 
temperature. Examples of the applications are manufacturing, biomedical, naval structures, 
transportation, acoustics, micro fluidics, electronic cooling, lubrication, solar heating, defence and 
space aircraft and ships. In recent years, many experimental studies [1-6] and numerical studies on 
the hybrid nanofluid have been considered by some authors. Takabi and Salehi [7] performed an 
analysis of the heat transfer of a hybrid nanoliquid on the sinusoidal corrugated enclosure. The 
influences of nanoliquid and hybrid nanoliquid are numerically studied by Moghadassi et al., [8]. They 
concluded that the fluid that contains hybrid nanoparticles provides larger heat transfer coefficients. 
Devi and Devi [9] examined the performance of heat transfer for copper-alumina hybrid nanofluid 
past a stretched surface. Mehryan et al., [10] considered the analysis of free convection embedded 
in a porous medium filled by hybrid nanoliquid. More researches on the hybrid nanoliquid problem 
are listed in the existing literature [11-16]. 

Nowadays, the consideration of the fluid flow induced by a slender needle seems to be an 
interesting topic in fluid dynamics. The investigation of the boundary layer flow due to a slender 
needle was initially introduced by Lee [17] in 1972. In the study, an approximation solution has been 
derived and the asymptotic features of the flow are discussed. According to Lee [17], the slender or 
thin needle has a parabolic revolution at its axes direction where its thicknesses are smaller or close 
to that of the boundary layer. This problem is quite interesting because of the motion of the slender 
needle that perturbs the direction of free stream flow. Such a situation is highly significant in 
experimental studies in order to compute the temperature and momentum profiles. Later on, the 
study of an isothermal thin needle in forced convection flow has been investigated by Narain and 
Uberoi [18]. Later on, Narain and Uberoi [19] performed the flow of mixed convection towards a 
slender needle by considering both isoflux and isothermal wall cases. Next, the steady viscous flow 
of non-isothermal slender needle is studied by Chen and Smith [20] considering the power-law 
surface temperature. The related problems involving the thin needle in a viscous fluid are reported 
in the published works of several authors [21-24]. 

The above-mentioned studies, however, restricted to the problem in a viscous fluid. Due to the 
existence of nanoparticles in the base fluid that enhances the heat transfer rate, hence, several 
studies have been done considering this fluid over a slender needle. The first problem of a slender 
needle in nanofluid was analyzed by Grosan and Pop [25]. In their studies, they computed 
theoretically the classical problem of forced convection flow adjacent to a slender needle. In addition, 
this work is subject to the variable surface temperature. A few years later, Hayat et al., [26] studied 
the stagnation point flow of water-carbon nanoliquid by considering the variable heat flux on the 
needle surface. In recent times, many works have been performed to study the thin needle in 
nanofluid. For instance, Krishna et al., [27], Ahmad et al., [28] and Salleh et al., [29] using different 
physical effects. In addition, Salleh et al., [30] analyzed the impacts of buoyancy force and combined 
nanomaterials on nanoliquid flow towards a thin needle by performing stability analysis. The concept 
of stability analysis has been triggered by Merkin [31] in 1985. He presumed that it is necessary to 
compute the stability of the solution if there exists more than one solution. Since the pioneering work 
of Merkin [31], most of the researchers have taken an opportunity to consider stability analysis in 
their studies [32-36]. 

Motivated by the previous researches, the intention here is to examine the behavior of hybrid 
nanofluid due to horizontal slender needle. In this study, the needle is considered to move in the 
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same or reverse way of free stream flow. By using suitable transformations, similarity equations are 
formulated and computed numerically via bvp4c function with the help of MATLAB software. 
Graphical illustrations are shown to explain the role of the embedded parameters in the flow system. 
 
2. Model Description 
 

We examine a steady laminar flow and heat transfer adjacent to a moving slender needle 
immersed in hybrid nanoliquid at a constant ambient temperature 𝑇∞. The needle surface is kept at 
uniform temperature 𝑇𝑛 such that 𝑇𝑛 > 𝑇∞. The cylindrical coordinate system for the axial and radial 
of the needle are represented by 𝑥 and 𝑟, respectively, in which 𝑟 = 𝑅(𝑥) refers to the radius of the 
needle. In the case of moving slender needle, we assumed the needle moves with a uniform velocity 
𝑈𝑛 in the opposite or same way of the free stream that have a uniform velocity 𝑈∞. Following the 
standard boundary layer presumptions, the appropriate governing equations of the current flow are 
[27] 

      
(𝑟𝑢)𝑥 + (𝑟𝑣)𝑟 = 0,               (1) 
 

𝑢𝑡 + 𝑢𝑢𝑥 + 𝑣𝑢𝑟 =
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

1

𝑟
(𝑟𝑢𝑟)𝑟 ,           (2) 

 

𝑇𝑡 + 𝑢𝑇𝑥 + 𝑣𝑇𝑟 =
𝛼ℎ𝑛𝑓

𝑟
(𝑟𝑇𝑟)𝑟,           (3) 

 
associate with the following boundary conditions 
 
𝑡 < 0: 𝑢(𝑥, 𝑟, 𝑡) = 𝑣(𝑥, 𝑟, 𝑡) = 0, 𝑇(𝑥, 𝑟, 𝑡) = 𝑇∞, 
 
𝑡 ≥ 0: 𝑢(𝑥, 𝑟, 𝑡) = 𝑈𝑛, 𝑣(𝑥, 𝑟, 𝑡)=0, 𝑇(𝑥, 𝑟, 𝑡) = 𝑇𝑛 at 𝑟 = 𝑅(𝑥), 
 
𝑢(𝑥, 𝑟, 𝑡) → 𝑈∞, 𝑇(𝑥, 𝑟, 𝑡) → 𝑇∞ as 𝑟 → ∞,           (4) 
 
with 𝑢 and 𝑣 being the velocities for 𝑥 and 𝑟 axis, respectively, 𝑡 is the time for unsteady-state flow 
and 𝑇 is the fluid temperature. Here 𝜇, 𝜌, 𝑘, 𝛼 and 𝜌𝐶𝑝 represent the dynamic viscosity, density, 

thermal conductivity, thermal diffusivity and volumetric heat capacity where the subscripts ℎ𝑛𝑓, 𝑓, 
𝑛, 𝑠1 and 𝑠2 refer to the hybrid nanofluid, base fluid, condition at the needle surface, solid 
nanoparticles of alumina and copper, respectively. In addition, the heat capacity at the uniform 
pressure of the base fluid is denoted as 𝐶𝑝, and alumina and copper nanoparticle volume fractions 

are respectively, 𝜙1 and 𝜙2. When 𝜙1 = 𝜙2 = 0, it is corresponds to a regular fluid. The applied 
relations for physical properties of hybrid nanoliquid and nanoliquid are presented in Table 1 (Devi 
and Devi [9]). Meanwhile, the thermophysical characteristics of the nanoparticles and water at 25◦C 
are tabulated in Table 2 (Oztop and Abu-Nada [37])  
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Table 1 
Applied relations for physical properties of hybrid nanoliquid and nanoliquid 

Properties Nanofluid Hybrid Nanofluid 

Heat 
capacity 

(𝜌𝐶𝑝)
𝑛𝑓

= (1 − 𝜙)(𝜌𝐶𝑝)
𝑓

+ 𝜙(𝜌𝐶𝑝)
𝑠
 

(𝜌𝐶𝑝)
ℎ𝑛𝑓

= (1 − 𝜙2) [(1 − 𝜙1)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

]

+ 𝜙2(𝜌𝐶𝑝)
𝑠2

 

Thermal  
Conduc- 
tivity 

𝑘𝑛𝑓

𝑘𝑓

=
𝑘s + 2𝑘𝑓 − 2𝜙(𝑘𝑓 − 𝑘s)

𝑘s + 2𝑘𝑓 + 𝜙(𝑘𝑓 − 𝑘s)
 

 
 

𝑘ℎ𝑛𝑓

𝑘𝑏𝑓

=
𝑘𝑠2

+ 2𝑘𝑏𝑓 − 2𝜙2(𝑘𝑏𝑓 − 𝑘𝑠2
)

𝑘𝑠2
+ 2𝑘𝑏𝑓 + 𝜙2(𝑘𝑏𝑓 − 𝑘𝑠2

)
,  

 where 
𝑘𝑏𝑓

𝑘𝑓

=
𝑘𝑠1

+ 2𝑘𝑓 − 2𝜙1(𝑘𝑓 − 𝑘𝑠1
)

𝑘𝑠1
+ 2𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑠1

)
 

Dynamic 
viscosity 

𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙)2.5
 𝜇ℎ𝑛𝑓 =

𝜇𝑓

(1 − 𝜙1)2.5(1 − 𝜙2)2.5
 

Density 𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠 𝜌ℎ𝑛𝑓 = (1 − 𝜙2)[(1 − 𝜙1)𝜌𝑓 + 𝜙1𝜌𝑠1
] + 𝜙2𝜌𝑠2

 

 
Table 2 

Thermophysical properties of nanoparticles and water at 25C 

Properties Water Al2O3 Cu 

𝜌 (𝑘𝑔/𝑚3) 997.0 3970 8933 

𝐶𝑝(J/kg K) 4180 765 385 

𝑘 (𝑊/𝑚𝐾) 0.6071 40 400 

 
In computing the numerical solution for this problem, we first consider the steady-state flow 

where 𝑡 = 0, hence, 𝜕𝑢 𝜕𝑡⁄  and 𝜕𝑇 𝜕𝑡⁄  both are equal to zero. Now, we seek for the following 
similarity transformations 

 

𝜓(𝑥, 𝑟) = 𝜈𝑓𝑥𝑓(𝜂), 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑛−𝑇∞
, 𝜂 =

𝑈𝑟2

𝜈𝑓𝑥
,           (5) 

 
in which 𝜂, 𝜃(𝜂), 𝜓(𝑥, 𝑟), 𝜈𝑓 and 𝑈 = 𝑈𝑛 + 𝑈∞ are the similarity variable, dimensionless 

temperature, dimensionless stream function, fluid kinematic viscosity and composite velocity of the 
needle and free stream flow, respectively. By using the given stream function, the velocity 
components of 𝑢 and 𝑣 are given by 

 

𝑢 =
1

𝑟

𝜕𝜓

𝜕𝑟
, 𝑣 = −

1

𝑟

𝜕𝜓

𝜕𝑥
,              (6) 

 
that fulfill Eq. (1) identically. The thickness and the shape of the needle can be stipulated through the 
above equation by assuming 𝜂 = 𝑐 which denotes the needle size or thickness, where its surface is 
defined as 
 

𝑅(𝑥) = (
𝜈𝑓𝑐𝑥

𝑈
)

1 2⁄

.             (7) 

 
Using Eq. (5) and (6) into Eq. (2) to (4) yield the differential equations below 
 

1

𝐵1𝐵2
(2𝜂𝑓‴ + 2𝑓″) + 𝑓𝑓″ = 0,            (8) 

 
2𝐶1

Pr𝐶2
(𝜂𝜃″ + 𝜃′) + 𝑓𝜃′ = 0,             (9) 
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where 
 

𝐵1 = (1 − 𝜙1)2.5(1 − 𝜙2)2.5, 𝐵2 = (1 − 𝜙2) [(1 − 𝜙1) + 𝜙1

𝜌𝑠1

𝜌𝑓
] + 𝜙2

𝜌𝑠2

𝜌𝑓
, 

 

𝐶1 =
𝑘ℎ𝑛𝑓

𝑘𝑓
=

𝑘𝑠2 + 2𝐶0𝑘𝑓 − 2𝜙2(𝐶0𝑘𝑓 − 𝑘𝑠2)

𝑘𝑠2 + 2𝐶0𝑘𝑓 + 𝜙2(𝐶0𝑘𝑓 − 𝑘𝑠2)
𝐶0 where 𝐶0 =

𝑘𝑠1 + 2𝑘𝑓 − 2𝜙1(𝑘𝑓 − 𝑘𝑠1)

𝑘𝑠1 + 2𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑠1)
, 

 

𝐶2 = (1 − 𝜙2) [(1 − 𝜙1) + 𝜙1

(𝜌𝐶𝑝)
𝑠1

(𝜌𝐶𝑝)
𝑓

] + 𝜙2

(𝜌𝐶𝑝)
𝑠2

(𝜌𝐶𝑝)
𝑓

, 

 
in which prime is the differentiation with respect to 𝜂. The boundary conditions for the above 
equations are  
 

𝑓(𝑐) =
𝜀

2
𝑐, 𝑓′(𝑐) =

𝜀

2
, 𝜃(𝑐) = 1, 

 

𝑓′(𝜂) →
1

2
(1 − 𝜀), 𝜃(𝜂) → 0 as 𝜂 → ∞.                     (10) 

 
Here 𝜀 = 𝑈𝑛 𝑈⁄  is a velocity ratio parameter within the needle and fluid flow and Pr = 𝜈𝑓 𝛼𝑓⁄  is 

the Prandtl number. The physical quantities such as the coefficient of skin friction 𝐶𝑓 and local Nusselt 

number 𝑁𝑢𝑥  are formulated as 
 

𝐶𝑓 =
𝜏𝑛

𝜌𝑓𝑈2 , 𝑁𝑢𝑥 =
𝑥𝑞𝑛

𝑘𝑓(𝑇𝑛−𝑇∞)
,                      (11) 

 
and the shear stress 𝜏𝑛 and the heat flux 𝑞𝑛 are as follows 
 
𝜏𝑛 = 𝜇ℎ𝑛𝑓(𝑢𝑟)𝑟=𝑐, 𝑞𝑛 = −𝑘ℎ𝑛𝑓(𝑇𝑟)𝑟=𝑐. (12) 

 
Introducing Eq. (5) and (12) into Eq. (11) yields 
 

(Re𝑥)1 2⁄ 𝐶𝑓 =
4𝑐1 2⁄

(1−𝜙1)2.5(1−𝜙2)2.5
𝑓″(𝑐), (Re𝑥)−1 2⁄ 𝑁𝑢𝑥 = −

2𝑘ℎ𝑛𝑓

𝑘𝑓
𝑐1 2⁄ 𝜃′(𝑐), (13) 

 
where Re𝑥 = 𝑈𝑥/𝜈𝑓 is the local Reynolds number. 

 
3. Analysis of Stability 
 

After obtaining the numerical solutions, we found that there exists a multiple solution called dual 
solutions. In identifying which of the solutions are numerically stable, we conducted a stability 
analysis. The problems considering the stability analysis has been done by several authors such as 
Weidman et al., [32] and also Rosca and Pop [34]. It is observed from their works that the stable flow 
represented by upper branch solutions, meanwhile the results are invertible for the lower branch 
solution. In contrast to the finding of numerical solutions, in this section we consider unsteady-state 
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flow as in Eq. (2) to (4) by initiating the dimensionless time variable 𝜏 = 2𝑈𝑡 𝑥⁄ . Hence, the similarity 
transformations (5) can be rewritten as  

 

𝜓(𝑥, 𝑟) = 𝜈𝑓𝑥𝑓(𝜂, 𝜏), 𝜃(𝜂, 𝜏) =
𝑇−𝑇∞

𝑇𝑛−𝑇∞
, 𝜂 =

𝑈𝑟2

𝜈𝑓𝑥
, 𝜏 =

2𝑈𝑡

𝑥
.                   (14) 

 
From the above equation, the purpose of 𝜏 is related to the initial value problem that is consistent 

with the solution that will be attained in practice or the solution is said to be physically realizable. 
Next, replacing Eq. (14) into Eq. (2) to (4) yield the following 

 
2

𝐵1𝐵2
[𝜂

𝜕3𝑓

𝜕𝜂3
+

𝜕2𝑓

𝜕𝜂2
] −

𝜕2𝑓

𝜕𝜂𝜕𝜏
+ 𝜏

𝜕2𝑓

𝜕𝜂𝜕𝜏

𝜕𝑓

𝜕𝜂
− 𝜏

𝜕2𝑓

𝜕𝜂2

𝜕𝑓

𝜕𝜏
+ 𝑓

𝜕2𝑓

𝜕𝜂2
= 0,                  (15) 

 
2𝐶1

Pr𝐶2
[𝜂

𝜕2𝜃

𝜕𝜂2 +
𝜕𝜃

𝜕𝜂
] + 𝜏

𝜕𝑓

𝜕𝜂

𝜕𝜃

𝜕𝜏
− 𝜏

𝜕𝑓

𝜕𝜏

𝜕𝜃

𝜕𝜂
+ 𝑓

𝜕𝜃

𝜕𝜂
−

𝜕𝜃

𝜕𝜏
= 0,                  (16) 

 
and the boundary conditions become 
 

𝑓(𝑐, 𝜏) =
𝜀

2
𝑐 + 𝜏

𝜕𝑓

𝜕𝜏
(𝑐, 𝜏), 

𝜕𝑓

𝜕𝜂
(𝑐, 𝜏) =

𝜀

2
, 𝜃(𝑐, 𝜏) = 1,  

 
𝜕𝑓

𝜕𝜂
(𝜂, 𝜏) →

1−𝜀

2
, 𝜃(𝜂, 𝜏) → 0 as 𝜂 → ∞.                     (17)  

 
Afterward, introducing [32] 
 
𝑓(𝜂, 𝜏) = 𝑓0(𝜂) + 𝑒−𝛾𝜏𝐹(𝜂, 𝜏), 𝜃(𝜂, 𝜏) = 𝜃0(𝜂) + 𝑒−𝛾𝜏𝐺(𝜂, 𝜏),                  (18) 
 
to determine the stability of the output 𝑓 = 𝑓0(𝜂) and 𝜃 = 𝜃0(𝜂) that meet the boundary value 
problem in Eq. (15) to (17). In the above equation, 𝛾 represents the eigenvalue parameter and the 
small relative to 𝑓0(𝜂) and 𝜃0(𝜂) are respectively given by 𝐹(𝜂, 𝜏) and 𝐺(𝜂, 𝜏). Now, replacing Eq. 
(18) into Eq. (15) to (17) to obtain the linear eigenvalue equations as follows 
 

2

𝐵1𝐵2
(𝜂𝐹0′′′ + 𝐹0′′) + 𝑓0𝐹0′′ + 𝐹0𝑓0′′ + 𝛾𝐹0′ = 0,                    (19) 

 
2𝐶1

Pr𝐶2
(𝜂𝐺0

′′ + 𝐺0
′ ) + 𝑓0𝐺0

′ + 𝐹0𝜃0
′ + 𝛾𝐺0 = 0,                     (20) 

 
subject to the conditions 
 
𝐹0(𝑐) = 0, 𝐹0′(𝑐) = 0, 𝐺0(𝑐) = 0, 
 
𝐹0′(𝜂) → 0, 𝐺0(𝜂) → 0 as 𝜂 → ∞.                      (21) 
 

To proceed with the next step, we have to assume 0 = corresponds to an initial growth or decay 
of the output (18). Hence, the functions 𝐹(𝜂, 𝜏) and 𝐺(𝜂, 𝜏) can be rewritten as 𝐹0(𝜂) and 𝐺0(𝜂), 
respectively. The solutions of Eq. (19) and (20) will give an infinite set of eigenvalues 𝛾. Thus, Harris 
et al., [33] suggest that the region of the eigenvalue can be computed by choosing to relax the 
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condition on 𝐹0′(𝜂) or 𝐺0(𝜂). In the current analysis, we decide to relax the condition on 𝐹0′(𝜂) → 0 
as 𝜂 → ∞, and solve numerically the Eq. (19) to (21) together with the new condition 𝐹0′′(𝑐) = 1. 
 
4. Interpretation of Results  
 

The focus of this section is to explore the influences of parameters like nanoparticle volume 
fractions, needle thickness and velocity ratio or moving parameter on dimensionless local heat flux, 
shear stress, local Nusselt number, coefficient of skin friction, temperature as well as velocity profiles. 
The numerical outcomes of this study are solved and plotted in this section using bvp4c function in 
MATLAB. Bvp4c function is the implemented package use to compute the boundary value problem 
for ordinary differential equations. When applying the package, the solutions are gained through the 
initial guess which is given at the initial starting mesh point. We also have to change the step size in 
order to obtain the exact certainty.  

Figure 1 and 2 are plotted to describe the effects of the pure water (𝜙1 = 𝜙2 = 0), nanoliquid 
(𝜙1 = 0.01, 𝜙2 = 0) and hybrid nanoliquid (𝜙1 = 𝜙2 = 0.02) on the variation trends of local heat 
flux −𝜃′(𝑐) and surface shear stress 𝑓″(𝑐). In certain region of 𝜀𝑐 < 𝜀 ≤ −0.6, hybrid nanofluid gives 
the highest values of local heat flux as compared to a nanoliquid and pure water. This behavior occurs 
due to the reduction of thermal boundary layer thickness at the needle surface (see Figure 3). The 
fact that the combination of two types of nanoparticles gives better thermophysical properties, 
especially thermal conductivity, and this is why hybrid nanofluid shows excellent performance on 
local heat flux compared to others. However, it should be noted that outside this region (𝜀𝑐 < 𝜀 ≤
−0.6), the invertible result is found. The reason behind this is that when the needle is about to move 
in a similar direction as the free stream flow (𝜀 > 0), the ratio of velocity has suddenly increased. 
This consequently causes the fluid to flow quickly and the composite nanoparticles difficult to form 
a stable suspension. Hence, it diminishes the local heat flux for hybrid nanofluid. Similarly, it is noted 
from Figure 2 that in a certain domain of −2.1 ≤ 𝜀 ≤ 0.5, hybrid nanofluid obtains a higher 
magnitude of shear stress than nanofluid and water. This happens due to the reduction of velocity 
boundary layer thickness at the needle wall (see Figure 4). When the needle moves in the opposite 
way of free stream flow (𝜀 < 0), the ratio of velocity between the needle and the flow seems to be 
decreased. As a consequence, slow down the movement of the needle and causes more shear stress 
to occur on the wall. It is worth noticing that dual solutions appear when the needle moves with a 
smaller rate of velocity ratio parameter (𝜀 < 0). 

 

  

Fig. 1. Variation of 𝜙1 and 𝜙2 on local heat flux Fig. 2. Variation of 𝜙1 and 𝜙2 on shear stress 
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Fig. 3. Variation of 𝜙1 and 𝜙2 on temperature 
profiles 

Fig. 4. Variation of 𝜙1 and 𝜙2 on velocity 
profiles 

 
The influence of the copper nanoparticle rate 𝜙2 on the local heat fluxes −𝜃′(𝑐) and surface 

shear stresses 𝑓″(𝑐) with velocity ratio parameter is presented in Figure 5 and 6 when 𝜙1 = 0.01. 
From these figures, it is seen that an increment in the parameter 𝜙2 leads to increase the local heat 
flux and shear stress in certain regions of 𝜀𝑐 < 𝜀 ≤ −0.3 and −2.1 ≤ 𝜀 ≤ 0.4, respectively. The 
explanation of the behavior of −𝜃′(𝑐) is similar to Figure 1. However, Figure 6 demonstrated that 
the presence of a higher rate of copper nanoparticles causes more drag force to exist on the wall, 
and consequently, increases the shear stress. This is due to the collision of those nanoparticles in the 
system. Figure 7 and 8 depict the temperature and velocity distributions of the flow when the copper 
nanoparticle rate is changing. Noticeably, the profiles for the temperature and velocity obtained in 
this study has fulfilled the endpoint boundary condition asymptotically. Hence, the code used in the 
present study has been confirmed. 
 

  

Fig. 5. Variation of 𝜙2 on local heat flux Fig. 6. Variation of 𝜙2 on shear stress 
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Fig. 7. Variation of 𝜙2 on temperature profiles Fig. 8. Variation of 𝜙2 on velocity profiles 

 

The computational values of heat transfer rate or local Nusselt number (𝑅𝑒𝑥)−1/2𝑁𝑢𝑥  and skin 

friction coefficient (𝑅𝑒𝑥)1 2⁄ 𝐶𝑓 are shown in Figure 9 and 10 with various values of needle thicknesses 

𝑐 when 𝜙1 = 𝜙2. Besides that, Figure 11 and 12 illustrate the temperature and velocity fields for 
various needle thickness. As expected from Figure 9 and 10, the thin surface of the needle (𝑐 = 0.05) 
gives larger magnitudes of local Nusselt number and skin friction coefficient. The reason for this is 
that the thinner wall faster the heat transfers between the fluid flow and the surface. This situation 
can be proved by the decrement of the thermal boundary layer thickness as the values of 𝑐 decrease 
as shown in Figure 11. The thinner the thermal boundary layer thickness, the faster the rate of heat 
transfer. Besides, the momentum boundary layer thickness in Figure 12 seem to decrease as the 
parameter 𝑐 decrease. This characteristic tends to enhance the surface shear stress, and as a result, 
accelerates the skin friction coefficient. Additionally, it is observed from Figure 9 and 10 that the 
magnitudes of the heat transfer and skin friction coefficient increase quadratically when the size of 
nanoparticles (𝜙1 and 𝜙2) getting bigger. Physically, the addition of two kinds of nanoparticles in the 
base fluid causes more friction to occur on the surface. It is important to note that the existence of 
nanoparticles provides a greater surface area to volume ratio due to a large number of molecules on 
the boundaries. This behavior makes them highly stable in suspension, and consequently, augments 
the thermal conductivity and also the heat transfer rate.  

The result of the stability analysis is represented by minimum eigenvalues 𝛾 as can be seen in 
Table 3. In this table, we computed several values of the nanoparticle volume fraction of alumina and 
copper, 𝜙1 and 𝜙2 respectively, when the velocity ratio parameter 𝜀 is changing in order to see the 
feature of the disturbance occur in the system. It is worth noticing that the positive sign of 𝛾 indicates 
an initial decay of disturbance which represent the stable solution. In contrast to that, the solution is 
unstable and there is an initial growth of the disturbance when 𝛾 takes the negative sign. The stable 
flow or solution always can be realizable in term of physical meaning. 
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Fig. 9. Variation of 𝑐 on local Nusselt number 
when 𝜙1 = 𝜙2 

Fig. 10. Variation of 𝑐 on skin friction coefficient 
when 𝜙1 = 𝜙2 

 

  

Fig. 11. Variation of 𝑐 on temperature profiles Fig. 12. Variation of 𝑐 on velocity profiles 

 
Table 3 
Minimum eigenvalues   for some values of 𝜙1, 𝜙2 and 𝜀 when 𝑐 = 0.1 and Pr =

6.2 

𝜙1 and 𝜙2 𝜀 Upper branch solution Lower branch solution 

𝜙1 = 𝜙2 = 0 -4.18 0.0830 -0.0764 
 -4.186 0.0737 -0.0684 

 -4.1864 0.0730 -0.0679 

𝜙1 = 0.01, 𝜙2 = 0 -4.17 0.0805 -0.0743 
 -4.173 0.0758 -0.0703 

 -4.1736 0.0749 -0.0695 

𝜙1 = 𝜙2 = 0.01 -3.92 0.0921 -0.0836 
 -3.925 0.0853 -0.0780 

 -3.9258 0.0841 -0.0770 
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5. Final Remarks  
 

This work studies the characteristics of the flow and heat transfer passing through a very thin 
needle immersed in a hybrid nanoliquid. The numerical results of this work are primarily relying upon 
the nanoparticle volume fractions of copper and alumina, the thickness of the needle and velocity 
ratio parameters. The key outcomes of this present work can be established in the following lines 

i. The fluid with the composite nanoparticles possess higher magnitudes of local Nusselt 
number and skin friction compared to nanofluid and pure water. 

ii. The higher rate of copper nanoparticles volume fraction 𝜙2 enhances the local heat flux and 
shear stress on the wall when 𝜙1 is kept at constant. 

iii. The numerical values of heat transfer and skin friction coefficient increase as the surface of 
the needle become thinner. 

iv. The flow where the needle opposes the free stream direction 𝜀 < 0 contributes to the 
existence of multiple solutions. 

v. The lower branch solution indicated an unstable solution, whereas the upper branch solution 
indicated a stable solution. 
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