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In this work we investigated the solution of the peristaltic motion of Bingham plastic 
nanofluid through a vertical symmetric channel. The system is stressed by an external 
strong magnetic field to produce a hall currents. Moreover, we involved effects of 
Joule heating, radiation, chemical reaction and couple stresses. Further, we 
considered Soret and Dufour effects. This phenomenon is represented mathematically 
by a system of non-linear equations which describe the problem. We used the 
approximation of low Reynolds number and long-wavelength approximation to 
simplify the governing equations. Then, we used Homotopy perturbation method 
(HPM) to solve the equations. We sketched a graph for the influence of various 
parameters on velocity, temperature and nanoparticles concentration profiles and 
then discussed them physically. Finding revealed that an increase of Bingham number 
𝐵𝑛 and the regularization parameter of Bingham fluid 𝑚1 decreases the velocity and 
increases the temperature, but radiation parameter 𝑅 has an opposite relative to 
them. Also, we found that increasing of chemical reaction parameter 𝛾 reduces the 
nanoparticles concentration, whereas the reverse is the case when the reaction order 
𝑛 is increased. 
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1. Introduction 
 

Couple stress fluids are a special case of non-Newtonian fluids in which the size of the fluid 
particles is taken into account. The study of couple stress fluids had major interest of the 
researchers due to its numerous industrial and scientific applications. In fact, couple stress fluid 
model is capable to describe different complex fluids like liquid crystals, polymeric suspensions with 
long chain molecules, infected urine, human and animal blood and many lubricants. Couple stress 
fluid model can also be also used to explain the flow of blood in arteries. Many researchers studied 
couple stress fluid for the peristaltic flow problems in different situation. Eldabe et al., [1] studied 
the wall properties effect on the peristaltic motion of a coupled stress fluid with heat and mass 
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transfer through a porous medium. Homotopy perturbation method for couple stresses effect on 
MHD peristaltic flow of a non-Newtonian nanofluid investigated by Abou-zeid [2]. Alsaedi et al., [3] 
investigated the peristaltic flow of couple stress fluid through uniform porous medium. Effects of 
slip and convective conditions on the peristaltic flow of couple stress fluid in an asymmetric channel 
through porous medium are discussed by Ramesh [4]. Also, Ramesh discussed the influence of heat 
and mass transfer on peristaltic flow of a couple stress fluid through porous medium in the 
presence of inclined magnetic field in an inclined asymmetric channel. 

Researchers have given the topic of non-Newtonian fluids a lot of attention during the past few 
decades due to their great demand in several fields like rubber industry, manufacturing of paper 
production, polymer, production of petroleum, etc. Generally, when shear stress does not depend 
linearly on shear rate, the fluid is said to be non-Newtonian. Actually, applying force on the non-
Newtonian fluids change their viscosity. Therefore, some of them become thicker and act like a 
solid, or in other cases they become faster than they were before. However, they return to their 
original state when the stress vanishes. Eldabe et al., [6] studied the heat transfer of MHD non-
Newtonian Casson fluid flow between two rotating cylinders. Electromagnetic and non-Darcian 
effects on a micropolar non-Newtonian fluid in boundary-layer flow with heat and mass transfer 
analyzed by Ouaf and Abou-zeid [7]. Eldabe and Mohamed [8] studied heat and mass transfer in 
hydromagnetic flow of the non-Newtonian fluid with heat source over an accelerating surface 
through a porous medium. 

Nanofluids are a new category of fluids which are made up of nanometer-sized particles 
suspended in a base fluid. These nanoparticles are typically made up of non-metals such graphite 
and carbon nanotubes as well as metals, oxides, carbides, and nitrides. As a base fluid, biofluids, 
water, organic liquids, kerosene, lubricants, and polymeric solutions are typically employed. The 
objective of nanofluids is to achieve the highest level of thermal properties with the lowest level of 
concentration by uniform dispersion and stable nanoparticle suspension in the base fluids. As a 
result, when compared to base fluids, nanofluids have the ability to improve thermophysical 
properties such thermal conductivity, thermal diffusivity, viscosity, and convective heat transfer 
coefficients. 

Non-Newtonian nanofluids are widely encountered in several industrial and technology 
applications, such as melts of polymers, biological solutions, paints, asphalts, tars and glues. 
Therefore, the study of non-Newtonian nanofluids had attracted many researchers. Numerous 
industrial and technological applications, including melts of polymers, biological solutions, paints, 
asphalts, tars, and glues are example of frequently used non-Newtonian nanofluids. As a result, 
several researchers became interested in studying non-Newtonian nanofluids. Eldabe et al., [9] 
studied instantaneous thermal-diffusion and diffusion-thermo effects on Carreau nanofluid flow 
over a stretching porous sheet. Mohamed and Abou-zeid [10] investigated MHD peristaltic flow of 
micropolar Casson nanofluid through a porous medium between two co-axial tubes. Eldabe et al., 
[11] analyzed the effect of induced magnetic field on non-Newtonian nanofluid Al2O3 motion 
through boundary-layer with gyrotactic microorganisms. Thermal diffusion and diffusion thermo 
effects on Magnetohydrodynamics transport of non-Newtonian nanofluid through a porous media 
between two wavy co-axial tubes studied by Eldabe et al., [12]. Also, Eldabe et al., [13] analyzed 
ohmic and viscous dissipation effects on micropolar non-Newtonian nanofluid Al2O3 flow through a 
non-Darcy porous media. Implicit homotopy perturbation method for MHD non-Newtonian 
nanofluid flow with Cattaneo-Christov heat flux due to parallel rotating disks investigated by Abou-
zeid [14]. Eldabe et al., [15] studied thermal diffusion and diffusion thermo effects of Eyring- Powell 
nanofluid flow with gyrotactic microorganisms through the boundary layer.   
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Bingham plastic fluids is an example of non-Newtonian viscoplastic fluids. The most important 
characteristics of Bingham plastic fluids is their yield stress which defines the point above which 
flow occurs. Shear stress for Bingham Plastic fluids depends linearly on strain. So, Bingham plastic 
fluid cannot preserve a velocity gradient unless the magnitude of the shear stress is higher than its 
yield stress. Therefore, the motion of Bingham plastic fluid at a stress level lower than its yield 
stresses is very similar to that of a rigid body, but it flows like a viscous fluid when the stress level 
becomes high. Paint, toothpaste, printing ink, clay, drilling mud, molten liquid crystalline polymers, 
foams and food articles like margarine, mayonnaise, molten chocolate, yoghurts and ketchup are 
some typical examples of Bingham plastic fluids. Moreover, Bingham plastics such as cement 
mortar, slurries and suspensions are widely used in hydraulic and civil engineering. Therefore, many 
researches have been done to analyze the effects of Bingham plastic nanofluid in different 
situations. Eldabe et al., [16] examined the wall properties and Joule heating effects on MHD 
peristaltic transport of Bingham non-Newtonian nanofluid. Eldabe et al., [17] discussed Cattaneo-
Christov heat flux effect on MHD peristaltic transport of Bingham Al2O3 nanofluid through a non-
Darcy porous medium. MHD peristaltic transport of Bingham blood fluid with heat and mass 
transfer through a non-uniform channel examind by Eldabe et al., [18]. Ismael et al., [19] discussed 
the activation energy and chemical reaction effects on MHD Bingham nanofluid flow through a non-
Darcy porous media. Ibrahim et al., [20] investigated the activation energy and chemical reaction 
effects on MHD Bingham nanofluid flow through a non-Darcy porous media.  

The peristaltic flows of non-Newtonian nanofluids have received considerable attentions due to 
to extensive uses in physiology and industry. A spontaneous process of area contraction and 
expansion along the length of the channel is referred to as peristalsis. Many body parts, including 
the stomach, gastrointestinal tract, and small intestines, exhibit peristalsis. The movement of food 
bolus in the digestive system, the motion of chyme in the gastrointestinal tract, the movement of 
an ovum in a fallopian tube, the transport of lymph in lymphatic vessels, the passage of bile from 
the gall bladder to the duodenum, the flow of urine from the kidneys to the bladder, etc. Moreover, 
peristalsis plays an important role in designing of numerous devices like heart lung machines, 
dialysis machines and blood pump machines that pump the blood during many biomedical 
processes. Also, some worms also move themselves forward using the peristaltic process. The 
peristaltic flow problem has been studied in a number of contexts due to its wide range of 
applications. Eldabe et al., [21] studied the homotopy perturbation approach for ohmic dissipation 
and mixed convection effects on non-Newtonian nanofluid flow between two co-axial tubes with 
peristalsis. Mustafa et al., [22] obtained the slip effects on peristaltic motion of nanofluid in a 
channel with wall properties. In fact, Peristaltic flow with heat and mass transfer has also various 
applications in geophysical engineering and geothermal. Therefore, the importance of heat 
exchange with peristaltic mechanism cannot be neglected due to its applications in solar ponds, 
lubrication technology, diffusion of different nutrients from blood, drying technology, a dynamic of 
lakes, haemodialysis and nuclear reactors. Eldabe et al., [23] analyzed the effect of heat and mass 
transfer on Casson fluid flow between two co-axial tubes with peristalsis. Eldabe and Abou-zeid [24] 
investigated radially varying magnetic field effect on peristaltic motion with heat and mass transfer 
of a non-Newtonian fluid between two co-axial tubes. Mansour and Abouzeid [25] analyzed heat 
and mass transfer effect on non-newtonian fluid flow in a non-uniform vertical tube with peristalsis. 
Homotopy perturbation method for creeping flow of non-Newtonian Power-Law nanofluid in a 
nonuniform inclined channel with peristalsis stuided by Abou-zeid and Mohamed [26]. Peristaltic 
flow of Herschel Bulkley nanofluid through a non-Darcy porous medium with heat transfer under 
slip condition discussed by Eldabe et al., [27]. A semianalytical technique for MHD peristalsis of 
pseudoplastic nanofluid with temperature dependent viscosity investigated by Eldabe et al., [28]. 
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Also, Eldabe et al., [29] investigated MHD peristaltic flow of non-Newtonian power-law nanofluid 
through a non-Darcy porous medium inside a non-uniform inclined channel. 

Several investigations have been carried-out to examine the effect of chemical reaction on heat 
and mass transfer problems due to its importance in hydrometallurgical industries and chemical 
technology including the production of pulp and insulated cables as well as the curing of polymers, 
cleaning, and chemical processing of materials. Chemical reaction order may be of first order or 
higher. Eldabe et al., [30] studied the electromagnetic steady motion of Casson fluid with heat and 
mass transfer through porous medium past a shrinking surface. Ouaf et al., [31] investigated 
entropy generation and chemical reaction effects on MHD non-Newtonian nanofluid flow in a 
sinusoidal channel. Eldabe et al., [32] studied magnetohydrodynamic non-Newtonian nanofluid 
flow over a stretching sheet through a non-Darcy porous medium with radiation and chemical 
reaction. 

The impact of Hall currents on the flow is worth studying due to their significant effects on the 
direction and the magnitude of the current density and accordingly on the term of the magnetic 
force. The Hall effect principle is used to assess the performance of several equipment, including 
heat exchangers and power generators. The influence of Hall current becomes significant when the 
Hall parameter is high. In fact, this condition develops as a result of a high magnetic field or a low 
collision frequency since the Hall effect parameter is defined as the ratio between the electron-
cyclotron frequency and the electron-atom collision frequency. Many researches have been done 
to analyse the effect of Hall currents on peristaltic flow. Eldabe et al., [33] studied semi-analytical 
treatment of Hall current effect on peristaltic flow of Jeffery nanofluids. Eldabe et al., [34] 
investigated the effect of induced magnetic field on non-Newtonian nanofluid Al2O3 motion 
through boundary-layer with gyrotactic microorganisms. Asghar et al., discussed Hall and ion slip 
effects on peristaltic flow and heat transfer analysis with Ohmic heating [35]. Elshehawey et al., 
[36] studied chebyshev finite difference method for the effects of Hall and ion-slip currents on 
magnetohydrodynamic flow with variable thermal conductivity. Nowar [37] investigated the 
peristaltic flow of a nanofluid under the effect of Hall current and porous Medium. Numerical 
analysis for MHD peristaltic transport of Carreau–Yasuda fluid in a curved channel with Hall effects 
investigated by Abbasi et al., [38].  

The purpose of this study is to extend the work of Akbar et al., [39] by including chemical 
reaction, Soret and Dufour effects, couple stresses and Joule heating on the peristaltic transport of 
MHD Bingham plastic nanofluid. We simplified the governing equations; continuity, momentum, 
energy and nanoparticle concentration, by using the long wavelength and low Reynolds number 
approximation. Then, we used the Homotopy perturbation method (HPM) to solve the simplified 
equations. We also observed the Brownian motion and thermophoresis effects. Moreover, we 
plotted graphs to demonstrate the effects of some embedded parameters on the behavior of the 
variable of state such as velocity, temperature and nanoparticle concentration, and then we 
discussed them physically. Furthermore, we obtained graphs for entropy generation number, 
Nusselt number, Sherwood number and heat transfer coefficient.  

 
2. Mathematical Formulation 
 

We assumed a peristaltic flow of MHD Bingham plastic nanofluid in a two-dimensional 
symmetric vertical channel of uniform thickness 2d. The X-axis lies along the channel axis, while the 
Y-axis is perpendicular to it. Also, the velocity components  U and V lie along  X and Y directions, 
respectively. Chemical reaction, Brownian motion, thermophoresis, viscous dissipation, Joule 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 98, Issue 1 (2022) 24-43 

 

28 
 

heating, radiation and couple stresses effects are involved. The geometry of the waves surface is 
described as 
                                         

𝑦 = ℎ1(𝑋, 𝑡) = [𝑑 + 𝑎 𝑐𝑜𝑠
2𝜋

𝜆
(𝑋 − 𝑐𝑡)]                                                                                                       (1) 

                                         

𝑦 = ℎ2(𝑋, 𝑡) = − [𝑑 + 𝑎 𝑐𝑜𝑠
2𝜋

𝜆
(𝑋 − 𝑐𝑡)]                                                                                                  (2) 

                                                                
where h1(X, t) and h2(X, t) are the right and left walls respectively. Here, we assume the nanofluid 
to be electrically conducting in the presence of a uniform magnetic field B = (0,0, B0) applied in 
the z-direction. The current density J including the Hall effect and ignoring the ion-slip effects can 
be expressed as [40, 41] 
                                                         

𝐽 = 𝜎𝑓(𝐸 + 𝑉 × 𝐵) −
𝜎

𝑒𝑛𝑒

(𝐽 × 𝐵)                                                                                                                   (3) 

 
where 𝜎𝑓 is the electric conductivity of the fluid 𝐸 is the electric field, 𝑉 is the vector velocity, 𝑒 is 

the electric charge and 𝑛𝑒 is the number density of electrons. For small Reynolds magnetic number 
with no polarization voltage and no surface charge, the induced magnetic field and electric field are 
ignored; therefore, Eq. (3) may be written as follows 
                                                        

𝐽 =
𝜎𝑓 𝐵0

1 + 𝑚2
[ (𝑉 + 𝑚 𝑈)𝑖̂ + (𝑚𝑉 −  𝑈)𝑗 ̂]                                                                                                     (4) 

 

where 𝑚 =
𝜎𝐵0

𝑒𝑛𝑒
  is the Hall parameter. Through Eq. (4) we have 

                                              

𝐹 = 𝐽 × 𝐵 =
𝜎𝑓 𝐵0

2

1 + 𝑚2
[ (𝑚𝑉 −  𝑈)𝑖̂ − (𝑉 + 𝑚𝑈)𝑗 ̂]                                                                                     (5) 

                                                                    

𝐽. 𝐽

𝜎𝑓
=

𝜎𝑓  𝐵0
2

1 + 𝑚2
(𝑉2 + 𝑈2)                                                                                                                                    (6) 

 

The term 𝐽 × 𝐵 represents the Lorentz force per unit volume and the term  
𝐽.𝐽

𝜎𝑓
  represents Joule 

heating. The constitutive equation that obeys the behaviour of incompressible Bingham plastic fluid 
is regularised as [42-44] 
                                                                        

 𝑆 = 𝜂𝑝 �̿̇�                                                                                                                                                                (7) 

                                  

𝑆 = (𝜇𝑝 +
𝜏𝑦

|�̇�|
[1 − 𝑒𝑥𝑝(−𝑚1|�̇�|)]) �̿̇�           𝑓𝑜𝑟   𝜏 ≥ 𝜏𝑦                                                                           (8) 

                                               

𝑆 = �̿̇� = 0                                                            𝑓𝑜𝑟   𝜏 < 𝜏𝑦                                                                            (9) 
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where 𝑆 refers to the extra stress tensor, �̿̇� = (∇v + ∇𝑇v) represents the rate of stress tensor, 

|�̇�| = [
1

2
�̿̇� ∶ �̿̇�]

1

2
 express the magnitudes of the rate of deformation, 𝜏𝑦 called the yield stress and 𝑚1 

is the regularization parameter which controls the exponential growth of stress. Actually, 𝑚1 =
0 refers to the Newtonian fluid behaviour, whereas 𝑚1 → ∞ mimics the ideal Bingham plastic 
model. The non-dimensional viscosity for Bingham plastic fluid can be expressed by using the 
dimensionless variables 𝑐, 𝑑1, 𝜇𝑝(𝑐 𝑑1⁄ ) and 𝑑 𝑐⁄  for velocity, length, shear stress and time 

respectively as follows                        

𝜂𝑝 = (1 +
𝐵𝑛

|�̇�|
[1 − 𝑒𝑥𝑝(−𝑚1|�̇�|)])                                                                                                            (10) 

 

where 𝐵𝑛 =
τ𝑦 𝑑1

𝜇𝑝 𝑐
  called the Bingham number. 

The equations that govern the Magnetohydrodynamic Bingham plastic nanofluid in the 
presence of Sorte and Dufour effects, viscous dissipation radiation, couple stresses and chemical 
reaction are described as 
                                                         
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0                                                                                                                                                      (11) 

                                                                          
              

𝜌𝑓 (
𝜕𝑈

𝜕𝑡
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
)

= −
𝜕𝑃

𝜕𝑋
+

𝜕𝑆𝑋𝑋

𝜕𝑋
+

𝜕𝑆𝑋𝑌

𝜕𝑌 
+ 𝑔(𝜌𝛽)𝑓(𝑇 − 𝑇0) + 𝑔(𝜌𝛽)𝑓(𝐶 − 𝐶0) −

𝜎𝐵0
2

 1 + 𝑚2
(𝑈 − 𝑚𝑉)

− 𝜂1

𝜕4𝑈

𝜕𝑌4
                                                                                                                                  (12) 

 

𝜌𝑓 (
𝜕𝑉

𝜕𝑡
+ 𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+

𝜕𝑆𝑋𝑌

𝜕𝑋
+

𝜕𝑆𝑌𝑌

𝜕𝑌 
−

𝜎𝐵0
2

 1 + 𝑚2
(𝑉 + 𝑚𝑈) − 𝜂1

𝜕4𝑉

𝜕𝑌4
                          (13) 

 

(𝜌𝑐)𝑓 (
𝜕𝑇

𝜕𝑡
+ 𝑈

𝜕𝑇

𝜕𝑋
+ 𝑉

𝜕𝑇

𝜕𝑌
)

= 𝜅𝑓 (
𝜕2𝑇

𝜕𝑋2
+

𝜕2𝑇

𝜕𝑌2
) −

𝜕𝑞𝑟

𝜕𝑌
+ Φ + (𝑆𝑋𝑋

𝜕𝑈

 𝜕𝑋
+ 𝑆𝑋𝑌 (

𝜕𝑈

𝜕𝑌
+

𝜕𝑉

𝜕𝑋
) + 𝑆𝑌𝑌

𝜕𝑉

𝜕𝑌
)

+ (𝜌𝑐)𝑝 [ 𝐷𝐵 ( 
𝜕𝐶

𝜕𝑋

𝜕𝑇

𝜕𝑋
+

𝜕𝐶

𝜕𝑌

𝜕𝑇

𝜕𝑌
 )  +

𝐷𝑇

𝑇𝑚
((

𝜕𝑇

𝜕𝑋
)

2

+ (
𝜕𝑇

𝜕𝑌
)

2

)] +
𝐷𝐵𝐾𝑇

𝑐𝑠
(

𝜕2𝐶

𝜕𝑋2
+

𝜕2𝐶

𝜕𝑌2
)

+
𝜎𝑓𝐵0

2

(1 + 𝑚2)
(𝑈2 + 𝑉2)                                                                                                         (14) 

                                                                 
𝜕𝐶

𝜕𝑡
+ 𝑈

𝜕𝐶

𝜕𝑋
+ 𝑉

𝜕𝐶

𝜕𝑌
 = 𝐷𝐵 (

𝜕2𝐶

𝜕𝑋2
+

𝜕2𝐶

𝜕𝑌2
) + (

𝐷𝑇 + 𝐷𝐵 𝐾𝑇

𝑇𝑚
) (

𝜕2𝑇

𝜕𝑋2
+

𝜕2𝑇

𝜕𝑌2
) − 𝑘1(𝐶 − 𝐶0)𝑛          (15) 
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Here, 𝑞𝑟 is the radiative heat flux which gives by [45] 
                                      

𝑞𝑟 =
−4𝜎∗

3𝑘𝑅

 𝜕𝑇4

𝜕𝑌
                                                                                                                                                (16) 

                                                             
where 𝜎∗, 𝑘𝑅 represent the Stefan-Boltzmann constant and the mean absorption coefficient, 
respectively. We assume that the difference of temperature within the flow is sufficiently small as 
the term 𝑇4  in Taylor series about temperature 𝑇0 which can be expressed as follows: 
                                
𝑇4 = 𝑇0

4 + 4 𝑇0
3(𝑇 − 𝑇0) + 6 𝑇0

2 (𝑇 − 𝑇0)2 + ⋯                                                                                      (17) 
 

By neglecting higher order terms in Eq. (17) beyond the first order in (𝑇 − 𝑇0), we obtain 
𝑇4 ≅ 4 𝑇0

3𝑇 − 3𝑇0
4                                                                                                                                            (18) 

                                                      
Substituting Eq. (18) into Eq. (16), we get 

                                                                    

𝑞𝑟 = −
16 𝜎∗𝑇0

3

3𝑘𝑅

 𝜕𝑇

𝜕𝑌
                                                                                                                                         (19) 

 

 
Fig. 1. Geometry of the problem 

 
Transformation between laboratory and moving frames is given as 
 

𝑦 = 𝑌, 𝑥 = 𝑋 − 𝑐𝑡, 𝑝(𝑥, 𝑦) = 𝑃(𝑋, 𝑌, 𝑡), 𝑢 = 𝑈 − 𝑐, 𝑣 = 𝑉(𝑥, 𝑦, 𝑡), 𝑇(𝑥, 𝑦) = 𝑇(𝑋, 𝑌, 𝑡),  
 𝐶(𝑥, 𝑦) = 𝐶(𝑋, 𝑌, 𝑡)                                                                                                                                         (20)                                                                                                                                     
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where (𝑢, 𝑣) are the components of velocity in wave frame (𝑥, 𝑦). Defining the following non-
dimensional quantities 
 

𝑢∗ =
𝑢

𝑐
 , 𝑣∗ =

𝑣

𝑐𝛿
 , 𝑥∗ =

𝑥

𝜆
 , 𝑦∗ =

𝑦

𝑑
 , 𝑡∗ =

𝑐𝑡

𝜆
 , 𝑝∗ =

𝑑2𝑝

𝑐𝜆𝜇
 , 𝜃 =

𝑇 − 𝑇0

𝑇1 − 𝑇0
 , 𝜙 =

𝐶 − 𝐶0

𝐶1 − 𝐶0
                   (21) 

 
Since Reynolds number is small for the fluid mechanics in small intestine, we assumed Reynolds 

number to be small (𝑅𝑒 ≈ 0). Moreover, we assumed that the wave number 𝛿 = (𝑑 𝜆⁄ ) is 
small (𝛿 ≈ 0) under the assumption of the long-wavelength which states that the wavelength 𝜆 of 
the peristaltic wave is considerably large comparing with the half width of the channel 𝑑. Applying 
the transformation between laboratory and moving frames in Eq. (20) and the low Reynolds 
number and long-wavelength approximation, the Eq. (11) to Eq. (15) are transformed to: 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                                                                                                                                       (22) 

                        
𝜕𝑃

𝜕𝑥
= (1 + 𝐵𝑛 𝑚1)

𝜕2𝑢

𝜕𝑦2
− 𝑚1

2 𝐵𝑛 
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
+ 𝐺𝑟𝜃 + 𝐺𝑐𝜙 −

𝑀2

 1 + 𝑚2
(𝑢 + 1) −

1

 𝛾1
2

𝜕4𝑢

𝜕𝑦4
                (23) 

                
𝜕𝑃

𝜕𝑦
= 0                                                                                                                                                                 (24) 

 

(1 +
4

3
𝑅)

𝜕2𝜃

𝜕𝑦2
+ 𝐵𝑟 (1 + 𝐵𝑛 𝑚1) (

𝜕𝑢

𝜕𝑦
)

2

−
𝑚1

2

2
 𝐵𝑟 𝐵𝑛 (

𝜕𝑢

𝜕𝑦
)

3

+ 𝑁𝑏 𝑃𝑟
𝜕𝜙

𝜕𝑦

𝜕𝜃

𝜕𝑦

+ 𝑁𝑡 𝑃𝑟 (
𝜕𝜃

𝜕𝑦
)

2

+ 𝐷𝑢 𝑃𝑟
𝜕2𝜙

𝜕𝑦2
+

𝑀2

1 + 𝑚2
𝐵𝑟 (𝑢 + 1)2 + 휀 = 0                                   (25) 

 
𝜕2𝜙

𝜕𝑦2
+ (

𝑁𝑡

𝑁𝑏
+ 𝑆𝑐 𝑆𝑟)

𝜕2𝜃

𝜕𝑦2
− 𝛾 𝑆𝑐 𝜙𝑛 = 0                                                                                                   (26) 

                                                                                         
Dimensionless boundary conditions are given as [39, 46] 
 

𝑢 = 0 ,
𝜕𝑢

𝜕𝑦
= 0 , 𝜃 = 1, 𝜙 = 1            𝑎𝑡    𝑦 = 0                                                                                         (27) 

 
𝜕2𝑢

𝜕𝑦2
= 0 , 𝑢 + 𝛽1

𝜕𝑢

𝜕𝑦
= −1 , 𝛾2𝜃 +

𝜕𝜃

𝜕𝑦
= 0 , 𝛾3𝜙 +

𝜕𝜙

𝜕𝑦
= 0               𝑎𝑡   𝑦 = ℎ1                                (28) 

 
where  
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𝑆𝑖𝑗
∗ =

𝑑

𝑐𝜇
𝑆𝑖𝑗 , 𝑅𝑒 =

𝜌𝑓𝑐𝑑

𝜇
 , 𝛿 =

𝑑

𝜆
 , 𝑀 = √

𝜎

𝜇
𝐵0𝑑 , 𝑃𝑟 =

𝜇𝑐𝑝

𝑘
 , 𝐸𝑐 =

𝑐2

𝑐𝑝(𝑇1−𝑇0)
 , 𝐵𝑟 = 𝐸𝑐 𝑃𝑟 ,

𝑆𝑐 =
𝜈

𝐷𝐵
 , 𝑁𝑏 =

 𝜏1 𝐷𝐵

𝜈
(𝐶1 − 𝐶0),   𝑁𝑡 =

𝜏1 𝐷𝑇

𝜈 𝑇𝑚

(𝑇1 − 𝑇0) ,

𝐷𝑢 =
𝐷𝐵  𝐾𝑇  (𝐶1 − 𝐶0)  

𝜇𝑐𝑠𝑐𝑓  (𝑇1 − 𝑇0)
 , 𝑆𝑟 =

𝐷𝐵 𝐾𝑇 (𝑇1 − 𝑇0)  

 𝑇𝑚 (𝐶1 − 𝐶0)
 , 𝛾 =

𝑘1 𝑑
2

𝜈
 , 𝜖 =

𝑎

𝑑
 ,

𝐺𝑟 =
𝜌𝑓𝑔𝛽𝑓  𝑑2(𝑇1 − 𝑇0) 

 𝑐𝜇
 , 𝐺𝑐 =

𝜌𝑓𝑔𝛽𝑓𝑑2(𝐶1 − 𝐶0) 

 𝑐𝜇
 , 𝛾1 = √

𝜇

𝜂1 
𝑑 ,

𝑅 =
4𝜎∗𝑇0

3

𝑘𝑓𝑘𝑅
                                                                                                                             (29)  

 
and the 𝑥-𝑦 component of the extra stress tensor of the Bingham plastic fluid is given as 
 

𝑆𝑥𝑦 = (1 + 𝐵𝑛 𝑚1)
𝜕𝑢

𝜕𝑦
−

𝑚1
2 𝐵𝑛

2
(

𝜕𝑢

𝜕𝑦
)

2

                                                                                                          (30)                                                                                     

 
 
3. Method of Solution 
3.1 Homotopy Perturbation Method (HPM)  
 

To solve the equations of velocity, temperature, and nanoparticle concentration, we employed 
a semi-analytical method known as the Homotopy perturbation method (HPM). This method is a 
combination of the classical perturbation technique and the Homotopy technique. This analytical 
method keeps all the advantages of the traditional perturbation methods while eliminating their 
drawbacks. HPM recommends to write Eq. (23), Eq. (25) and Eq. (26) as follows [47, 48] 

 

(1 − 𝑝) (
1

 𝛾1
2

𝜕4𝑢

𝜕𝑦4
−

1

 𝛾1
2

𝜕4𝑢0

𝜕𝑦4
)

+ 𝑝 (
1

 𝛾1
2

𝜕4𝑢

𝜕𝑦4
− (1 + 𝐵𝑛 𝑚1)

𝜕2𝑢

𝜕𝑦2
+ 𝑚1

2 𝐵𝑛 
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
− 𝐺𝑟𝜃 − 𝐺𝑐𝜙

+
𝑀2

 1 + 𝑚2
(𝑢 + 1) −

𝜕𝑃

𝜕𝑥
) = 0                                                                                            (31) 

                                                                                                                  

(1 − 𝑝) ((1 +
4

3
𝑅)

𝜕2𝜃

𝜕𝑦2
− (1 +

4

3
𝑅)

𝜕2𝜃0

𝜕𝑦2
)

+ 𝑝 ((1 +
4

3
𝑅)

𝜕2𝜃

𝜕𝑦2
+ 𝐵𝑟 (1 + 𝐵𝑛 𝑚1) (

𝜕𝑢

𝜕𝑦
)

2

−
𝑚1

2

2
 𝐵𝑟 𝐵𝑛 (

𝜕𝑢

𝜕𝑦
)

3

+ 𝑁𝑏 𝑃𝑟
𝜕𝜙

𝜕𝑦

𝜕𝜃

𝜕𝑦

+ 𝑁𝑡 𝑃𝑟 (
𝜕𝜃

𝜕𝑦
)

2

+ 𝐷𝑢 𝑃𝑟
𝜕2𝜙

𝜕𝑦2
+

𝑀2

1 + 𝑚2
𝐵𝑟 (𝑢 + 1)2 + 휀) = 0                                (32) 
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(1 − 𝑝) (
𝜕2𝜙

𝜕𝑦2
−

𝜕2𝜙0

𝜕𝑦2
) + 𝑝 (

𝜕2𝜙

𝜕𝑦2
+ (

𝑁𝑡

𝑁𝑏
+ 𝑆𝑐 𝑆𝑟)

𝜕2𝜃

𝜕𝑦2
− 𝛾 𝑆𝑐 𝜙𝑛) = 0                                         (33) 

 
The initial approximations 𝑢0, 𝜃0 and 𝜙0 can be written as the following 
 

𝑢0 =
(
𝑟3

6  −  ℎ
𝑟2

2 )

(
ℎ3

3  +  
𝛽1ℎ2

2 ) 
 , 𝜃0 = 1 − (

𝛾2 𝑟

𝛾2 ℎ +  1
) , 𝜙0 = 1 − (

𝛾3 𝑟

𝛾3 ℎ + 1
)                                                 (34)  

 
and we define 𝑢, 𝜃 and 𝜙 as follows 
 
(𝑢, 𝜃, 𝜙) = (𝑢0, 𝜃0, 𝜙0) + 𝑝 (𝑢1, 𝜃1, 𝜙1) + 𝑝2 (𝑢2, 𝜃2, 𝜙2) + ⋯                                                           (35) 
 
where 𝑝 ∈ [0,1] is the embedding parameter. Here, we obtained the solutions of velocity, 
temperature and nanoparticle concentration when 𝑝 = 1 as follows 
 
𝑢(𝑥, 𝑦) = 𝑐1 + 𝑐2𝑦 + 𝑐3𝑦2 + 𝑐4𝑦3 + 𝑐5𝑦4 + 𝑐6𝑦5+𝑐7 𝑦6 + 𝑐8𝑦7                                                       (36) 
                                                
𝜃(𝑥, 𝑦) = 𝑐9 + 𝑐10 𝑦 + 𝑐11𝑦2 + 𝑐12 𝑦3 + 𝑐13 𝑦4 + 𝑐14 𝑦5 + 𝑐15 𝑦6 + 𝑐16 𝑦7 + 𝑐17 𝑦8                   (37) 
            
𝜙(𝑥, 𝑦) = 𝑐18 + 𝑐19 𝑦 + 𝑐20𝑦2 + 𝑐21 𝑦3                                                                                                      (38) 
                                                                                         

Here, 𝑐1 - 𝑐21 are not included in order to save space, but they are available upon request. Also, 
we defined the skin friction coefficient 𝜏𝑥𝑦, heat transfer coefficient 𝑍(𝑥), Nusselt number 𝑁𝑢 and 

Sherwood number 𝑆ℎ at the right wall of the channel as follows [49] 
 

𝜏𝑥𝑦 = (1 + 𝐵𝑛 𝑚1  (1 −
𝑚1

2
) ) (

𝜕𝑢

𝜕𝑦
)

𝑦⟶ℎ1

 , 𝑍(𝑥) =
𝜕ℎ1

𝜕𝑥
(

𝜕𝜃

𝜕𝑦
)

𝑦⟶ℎ1

, 𝑁𝑢 = − (
𝜕𝜃

𝜕𝑦
)

𝑦⟶ℎ1

,

𝑆ℎ = − (
𝜕𝜙

𝜕𝑦
)

𝑦⟶ℎ1

                                                                                                                (39) 

 
we obtained the above expressions by substituting Eq. (36) - (38) into Eq. (39), and then we used 
the software Mathematica package to evaluate them numerically for different parameters of the 
given problem. 
 
3.2 Convergence of Homotopy Perturbation Method 
 

Assume that the solution of Eq. (31) - (33) can be written as a power series as follows 
                                
𝑛(𝑟, 𝑃) = 𝑛0 + 𝑃𝑛1 + 𝑃2𝑛2 + ⋯                                                                                                                 (40) 
 
where, 𝑛 is one of the physical quantities w, 𝜃 , and 𝜙 . Setting 𝑃 = 1, we obtain the semi-analytical 
solution of Eq. (31) - (33) as follows 
                                   
𝑛 = 𝐿𝑖𝑚

𝑝→1
(𝑛0 + 𝑃𝑛1 + 𝑃2𝑛2+. . . )                                                                                                                  (41) 
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The series of Eq. (31) - (33) is convergent for most of all cases. Similarly, suppose that the 
solution of equations (36) - (38) can be written as a power series as follows 
                                   
𝑚(𝑟, 𝑃) = 𝑚0 + 𝑃𝑚1 + 𝑃2𝑚2 …                                                                                                                  (42) 
                                                  
where, 𝑚 is one of the physical quantities u, 𝜃 , and 𝜙 . Putting 𝑃 = 1we obtain the semi-analytical 
solution of Eq. (36) - (38) as follows 
                             
𝑚 = 𝐿𝑖𝑚

𝑝→1
(𝑚0 + 𝑃𝑚1 + 𝑃2𝑚2+. . . . . )                                                                                                          (43) 

 
The series of Eq. (36) - (38) is convergent for most of all cases. 

 
4. Entropy Generation 
 

Entropy generation plays a great role in increasing the efficiency of the system thermal. Entropy 
generation Exhibited areas of a physical model for the systems in the presents of large heat 
dissipation. MHD is also such non-ideal effects that causes an increase of the whole volumetric 
entropy of the system. For an MHD Bingham plastic nanofluid the dimensionless entropy 
generation is given as [50] 

𝑁𝑠 = (
𝜕𝜃

𝜕𝑦
)

2

+
1

(1 +
4
3 𝑅)

[𝐵𝑟 (1 + 𝐵𝑛 𝑚1) (
𝜕𝑢

𝜕𝑦
)

2

−
𝑚1

2

2
 𝐵𝑟 𝐵𝑛 (

𝜕𝑢

𝜕𝑦
)

3

+ 𝑁𝑏 𝑃𝑟
𝜕𝜙

𝜕𝑦

𝜕𝜃

𝜕𝑦

+ 𝑁𝑡 𝑃𝑟 (
𝜕𝜃

𝜕𝑦
)

2

+ 𝐷𝑢 𝑃𝑟
𝜕2𝜙

𝜕𝑦2
+

𝑀2

1 + 𝑚2
𝐵𝑟 (𝑢 + 1)2 + 휀]                                         (44) 

                                                                                           
5. Results and Discussion 
 

The main goal of this investigation is to observe the effect of some parameters of interest of 
Bingham plastic nanofluid on the velocity, temperature and nanoparticle concentration profiles. 
Moreover, graphs for the impact of various parameters on heat transfer coefficient, Nusselt 
number, Sherwood number and entropy generation are sketched. Furthermore, we provided a 
relevant physical explanation. We plotted the graphs of this study by taking  𝑥 = 0.2, 𝜖 = 0.1 , 𝑡 =
0.1 and 𝑑𝑝 𝑑𝑥⁄ = 5. Also, the standard values of the involved parameters are 𝑚1 = 𝐵𝑛 = 𝐺𝑟 =
𝐺𝑐 = 𝑁𝑡 = 𝑁𝑏 = 𝐷𝑢 = 𝑀 = 𝑆𝑐 = 𝑛 = 1, 𝐵𝑟 = 𝛽1 = 0.2, 𝛾1 = 8,  𝑚 = 𝛾 = 𝛾2 = 𝛾3 = 0.1, 𝑆𝑟 =
𝑅 = 0.5  and 𝑃𝑟 = 휀 = 2. 

The variation of the velocity distribution 𝑢 versus the normal axis 𝑦 with different values of the 
regularization parameter of Bingham fluid 𝑚1 and Grashof number 𝐺𝑟 is given in Figure 2 and 
Figure 3, respectively. These figures show a reduce in the velocity distribution 𝑢 by increasing 𝑚1, 
while it enhances by increasing 𝐺𝑟. Moreover, it is clear from these figures that as the normal axis 𝑦 
increasing, the difference of the velocity 𝑢 for various values of 𝑚1 and 𝐺𝑟 becomes lower and 
arrives the lowest value, after which is increases. Further, we can observe from these figures that 
the lowest value of 𝑢 decreases with the increase of 𝑚1, while it increases as 𝐺𝑟 increasing. 
Physically, increasing the plasticity of the fluid enhances the friction force of the fluid which reduces 
the velocity. In fact, 𝑚1 = 0 refers to the Newtonian fluid behaviour, whereas 𝑚1 → ∞ mimics the 
ideal Bingham plastic model. The effect of 𝐵𝑛, 𝑚 and 𝛾1 on the velocity distribution 𝑢 along the 
normal axis 𝑦 is found to be similar to the effect of 𝑚1 that is given in Figure 2. Also, we found out 
that the influence of the parameters 𝐵𝑟, 𝛾, 𝛾2, 𝛾3, 𝑆𝑐, 𝐺𝑐, 휀, 𝑅, 𝑁𝑡, 𝑁𝑏 and 𝑀 on the velocity 
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distribution 𝑢 is similar to  the effect of 𝐺𝑟 that is shown in Figure 3, but the obtained curves for 
these parameters are closer to each other when compared with the curves that obtained in Figure 
2 and Figure 3. Note that these figures are not provided here to prevent any type of duplication. 
Figure 4 depicts the influence of the velocity slip parameter 𝛽1 on the velocity distribution 𝑢. We 
noticed from Figure 4 that the velocity distribution 𝑢 increases as 𝛽1 increases, when 𝑦 > 0.65 
there is a considerable difference between the graphs. By increasing the normal axis 𝑦, the 
difference of the velocity 𝑢 for several values of 𝛽1 becomes lower and gets to the minimum value, 
after which is increases. It is clear that the minimum value of 𝑢 decreases by enhancing the value of 
𝛽1.  

 

  
Fig. 2. Variation of 𝑚1 on 𝑢 versus 𝑦  Fig. 3. Variation of 𝐺𝑟 on 𝑢 versus 𝑦 

 

 
Fig. 4. Variation of 𝛽1 on 𝑢 versus 𝑦 

 
Figure 5 and Figure 6 represent the behavior of the temperature distribution 𝜃 versus the 

normal axis 𝑦 for various values of the dimensional heat generation/absorption parameter 휀 and 
the radiation parameter 𝑅, respectively. These figures show that the temperature distribution 𝜃 is 
enhance by increasing 휀, while it decreases by increasing the value of 𝑅. In fact, radiation causes a 
lack of energy which causes a reduction in temperature, whereas heat generation enhances the 
energy which increase the temperature. Moreover, as the normal axis 𝑦 increases, the change of 
the temperature 𝜃 for different values of 휀, and 𝑅 becomes greater and ends up with the maximum 
value at the right wall. Note that the maximum value of 𝜃 near the right wall increases as the value 
of 휀 increases, whereas it decreases by increasing the value of 𝑅. The findings in Figure 5 and Figure 
6 are in a good agreement with those found by Akbar et al., [39]. We observed that the influence of 
𝑚1, 𝐵𝑛, 𝐵𝑟 and 𝑀 on the temperature distribution 𝜃 versus 𝑦 is similar to the effect of 휀 that is 
captured in Figure 4. Further, we found out that the effects of 𝑚, 𝛽1, 𝛾, 𝛾1, 𝛾2, 𝛾3, 𝑆𝑐, 𝐺𝑟 and 𝐺𝑐 on 
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the temperature distribution 𝜃 are similar to  the effect of 𝑅 that is given in Figure 6. But, the 
obtained curves for 𝛾, 𝛾1, 𝛾3, 𝑆𝑐, 𝐺𝑟 and 𝐺𝑐 are closer to each other comparing with those captured 
in Figure 5 and Figure 6. Note that these figures are not given here to save space. In addition, the 
variation of the temperature distribution 𝜃 versus the normal axis 𝑦 for different values of 
Brownian motion parameter 𝑁𝑏 and the thermophoresis parameter 𝑁𝑡 is captured in Figure 7 and 
Figure 8, respectively. We observed that the influence of 𝑁𝑏 and 𝑁𝑡 on the temperature 
distribution 𝜃 is similar to the effect of 휀 that given is in Figure 5, but the obtained curves are closer 
to each other comparing with those in Figure 5. Physically, an enhancement in the Brownian 
motion and thermophoresis effects leads the nanoparticles to move actively from the wall to the 
fluid which significantly enhances the temperature. 

  
Fig. 5. Variation of 휀 on 𝜃 versus 𝑦 Fig. 6. Variation of 𝑅 on 𝜃 versus 𝑦 

 

 
 

       Fig. 7. Variation of 𝑁𝑏 on 𝜃 versus 𝑦 Fig. 8. Variation of 𝑁𝑡 on 𝜃 versus 𝑦 

      
Figure 9 and Figure 10, respectively, show how the nanoparticle concentration distribution 𝜙 

behaves along the normal axis 𝑦 for various values of the order reaction 𝑛 and the chemical 
reaction parameter 𝛾. These graphs depict that the concentration of nanoparticles 𝜙 grows as 𝑛 
increases, whereas it decreases by increasing the value of  𝛾. Additionally, the variation of the 
nanoparticle concentration distribution 𝜙 for various values of 𝑛 and 𝛾 become lower along the 
normal axis y and ends up with the lowest value near the right wall. It is clear that the lowest value 
of 𝜙 increases by increasing 𝑛, while it decreases as 𝛾 increases. We discovered that the influence 
of 𝛾3 and 𝑆𝑐 on nanoparticle concentration distribution 𝜙 is comparable to those shown in Figure 
10. These graphs are omitted here to save space.  
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Fig. 9. Variation of 𝑛 on 𝜙 versus 𝑦 Fig. 10. Variation of 𝛾 on 𝜙 versus 𝑦 

 
Figure 11 and Figure 12 show the behavior of skin friction coefficient 𝜏𝑥𝑦 with Bingham number 

𝐵𝑛 and the velocity slip parameter 𝛽1, respectively. It is clear from these figures that the skin 
friction coefficient 𝜏𝑥𝑦 increases by increasing 𝐵𝑛, while it decreases as  𝛽1 increasing. 

Furthermore, the relation between 𝜏𝑥𝑦 and the parallel coordinate 𝑥 seems to be a wavy relation, 

i.e., 𝜏𝑥𝑦 increases or decreases by increasing the parallel coordinate 𝑥. We have observed that the 

influence of  𝛾1, 𝛾2, 𝛾3, 𝑀 and 𝑚1 is similar to e effect of 𝐵𝑛 that is captured in Figure 11, while the 
effect of  𝐺𝑟, 𝐺𝑐 and 𝑚 is similar to the effect of 𝛽1 that is given in Figure 12. But the obtained 
curves for 𝛾2, 𝛾3 and 𝑚 are closer to each other comparing with the curves that obtained in Figure 
11 and Figure 12. Note that these figures are not given here for want of space. 
 

  

Fig. 11. Variation of 𝐵𝑛 on 𝜏𝑥𝑦 versus 𝑥 Fig. 12. Variation of 𝛽1 on 𝜏𝑥𝑦 versus 𝑥 

 
The change in heat transfer coefficient 𝑍(𝑥) with the parallel coordinate 𝑥 for different values 

of radiation parameter 𝑅 and Brinkman number 𝐵𝑟 at the right wall is displayed in Figure 13 and 
Figure 14, respectively. Actually, the rate of heat transfer or heat flux at the right wall of the 
channel is defined by the dimensionless expression for heat transfer coefficient 𝑍(𝑥). An oscillatory 
behavior occurs in these figures between 𝑍(𝑥) and 𝑥-axis due to the propagation of the peristaltic 
waves along the channel walls. Figure 13 shows that the absolute value of  𝑍(𝑥) decreases with the 
increase of 𝑅, while it increases by increasing 𝐵𝑟 as captured in Figure 14. Also, we found that the 
influence of 𝐵𝑛, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝛾2, 휀 and 𝑀 on 𝑍(𝑥) is identically similar to the effect of  𝐵𝑟 that is 
shown in Figure 14. Here, we excluded these figures to prevent any type of repetition.   
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Fig. 13. Variation of 𝑅 on 𝑍(𝑥) versus 𝑥 Fig. 14. Variation of 𝐵𝑟 on 𝑍(𝑥) versus 𝑥 

 
Figure 15 shows the behavior of Nusselt number 𝑁𝑢 with Brinkman number 𝐵𝑟 for various 

values of the Hartman number 𝑀. Figure 16 depicts the behavior of Nusselt number 𝑁𝑢 with the 
concentration slip parameter 𝛾3 for different values of the radiation parameter 𝑅. We noticed from 
these graphs that an increase of 𝑀, 𝐵𝑟 and 𝛾3 increases Nusselt number 𝑁𝑢, whereas 𝑁𝑢 
decreases as 𝑅 increases. Moreover, the difference of Nusselt number for different values of 𝑀 and 
𝑅 becomes greater with increasing 𝐵𝑟 and 𝛾3 and rises to the highest value at a specific value of 𝐵𝑟 
and 𝛾3; exactly when 𝐵𝑟 = 𝛾3 = 1 as shown in Figure 15 and Figure 16. We also observed that the 
highest value of Nusselt number 𝑁𝑢 rises by increasing Hartman number 𝑀 as shown in Figure 15, 
while it decreases with the increase of the radiation parameter 𝑅 as captured in Figure 16. Further, 
we observed that Nusselt number 𝑁𝑢 increases by increasing each of  𝐵𝑛, 𝑃𝑟, 휀 and 𝛾3. 
Furthermore, we noticed that Nusselt number for different values of 𝐵𝑛 and 𝑅 becomes greater 
and rises to the highest value, but it becomes lower and falls to the lowest value for 𝑃𝑟, 𝐵𝑟, 𝐵𝑛 and 
𝛾3. Here, the figures are not provided to save place. In Figure 15, we can observe a linear relation 
between 𝑁𝑢 and 𝑀. Also, the curves are sound to be parallel to 𝐵𝑟 for a small value of 𝑀. 
 

  
Fig. 15. Variation of 𝑀 on 𝑁𝑢 versus 𝐵𝑟 Fig. 16. Variation of 𝑅 on 𝑁𝑢 versus 𝛾3 

 
The behavior of Sherwood number 𝑆ℎ with the chemical reaction parameter 𝛾 for several 

values of Schmidt number 𝑆𝑐 and the concentration slip parameter 𝛾3 is presented in Figure 17 and 
Figure 18, respectively. These figures show that Sherwood number 𝑆ℎ decreases by increasing the 
values of 𝑆𝑐 and 𝛾, while it enhances by increasing the value of 𝛾3. The difference of the Sherwood 
number 𝑆ℎ for different values of 𝑆𝑐 and 𝛾3 becomes lower by increasing 𝛾 and reaches the lowest 
value. Here, the lowest value of 𝑆ℎ decreases by increasing 𝑆𝑐, while it increases by increasing 𝛾3.    
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Fig. 17. Variation of 𝑆𝑐 on 𝑆ℎ versus 𝛾  Fig. 18. Variation of 𝛾3 on 𝑆ℎ versus 𝛾 

 
Figure 19 and Figure 20 are obtained to investigate the sequences of the couple stress 

parameter 𝛾1 and the local mass Grashof number 𝐺𝑐 on the entropy generation number 𝑁𝑠, 
respectively. Figure 19 exhibits that entropy generation number 𝑁𝑠 increases by increasing the 
couple stress parameter 𝛾1, but it decreases with increasing 𝐺𝑐. Moreover, we noticed from Figure 
19 and Figure 20 that the entropy generation number 𝑁𝑠 becomes greater by increasing the normal 
axis 𝑦 and arrives to the highest value, after which it decreases and then it starts to increase again 
near the right wall; approximately at 𝑦 = 0.7. Here, the highest value of 𝑁𝑠 increases with the 
increase of 𝛾1, while it decreases by increasing 𝐺𝑐. Further, we observed that the influence each of 
휀, 𝑀, 𝑃𝑟, 𝐵𝑛, 𝑚1, 𝑁𝑡 and 𝐵𝑟 on entropy generation number 𝑁𝑠 is similar to the effect of 𝛾1 that is 
shown in Figure 19. Otherwise, we observed that the effect of 𝐺𝑟, 𝛽1, 𝑅 and 𝑁𝑏 on entropy 
generation number 𝑁𝑠 is similar to the effect of 𝐺𝑐 that is captured in Figure 20. 
 

  
Fig. 19. Variation of 𝛾1on 𝑁𝑢 versus 𝑦 Fig. 20. Variation of 𝐺𝑐 on 𝑁𝑢 versus 𝑦 

 
6. Conclusion 
 

In this study we extend the work of Akbar et al., [39] by including MHD Bingham plastic 
nanofluid in the present of Soret and Dufour effects, couple stresses and chemical reaction. 
Homotopy perturbation method (HPM) is employed to solve the system of nonlinear differential 
equations. Graphs for velocity, temperature and nanoparticle concentration distributions of 
interest parameter of the given problem are plotted. Graphical representations of the heat transfer 
coefficient, Nusselt number, Sherwood number and entropy generation number are plotted. This 
kind of flow has many applications in various fields [51-56]. Furthermore, physical explanations for 
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interest parameter of the presented problem are provided. The key findings can be summed up as 
follows 

 
i. Increase each of 𝑚, 𝑚1, 𝛾1 and 𝐵𝑛 causes a decrease in the velocity 𝑢, while increase 

𝐵𝑟, 𝑅, 𝑁𝑡, 𝑁𝑏,  𝑆𝑐, 𝐺𝑟, 𝐺𝑐, 𝛾, 𝛾2, 𝛾3, 휀 and 𝑀 increase it.   
ii. The velocity 𝑢 increases by increasing 𝛽1, but an opposite behavior occurs near the right 

wall of the channel; approximately at 𝑦 > 0.65. 
iii. By increasing the normal axis 𝑦, the velocity 𝑢 for different values of 𝑚, 𝑚1, 𝐵𝑛, 𝐵𝑟, 𝛽1, 

𝛾, 𝛾1, 𝛾2, 𝛾3, 𝑆𝑐, 𝐺𝑟, 𝐺𝑐, 휀, 𝑅, 𝑁𝑡, 𝑁𝑏 and 𝑀 becomes lower to reach the minimum 
value, and then it increases near the right wall of the channel.  

iv. Increase each of 𝑚, 𝛽1, 𝛾, 𝛾1, 𝛾2, 𝛾3, 𝑆𝑐, 𝐺𝑟, 𝐺𝑐 and 𝑅 causes a reduction of the 
temperature 𝜃, while an enhancement occurs in 𝜃 by increasing each of 𝑚1, 𝐵𝑛, 𝐵𝑟, 휀, 
𝑁𝑏, 𝑁𝑡 and 𝑀. 

v. By increasing the normal axis 𝑦, the temperature 𝜃 for different values of 𝑚, 𝑚1, 𝛽1, 𝐵𝑛, 
𝐵𝑟, 𝛾, 𝛾1, 𝛾2, 𝛾3, 𝑆𝑐, 𝐺𝑟, 𝐺𝑐, 휀, 𝑅, 𝑁𝑏, 𝑁𝑡 and 𝑀 becomes greater and ends up with the 
maximum value at the right wall of the channel.  

vi. While the nanoparticle concentration 𝜙 decreases by increasing each of 𝑆𝑐, 𝛾, 𝛾3 and 
𝑆𝑟, it increases with the increase of 𝑛.  

vii. By increase the normal axis 𝑦, the nanoparticle concentration distribution 𝜙 for different 
values of 𝑆𝑐, 𝛾, 𝑛 and 𝑆𝑟 becomes lower and ends up with the minimum value at the 
right wall of the channel. 

viii. The skin friction coefficient 𝜏𝑥𝑦 increases by increasing 𝐵𝑛, of  𝛾1, , 𝛾2, 𝛾3, 𝑀 and 𝑚1, 

while it decreases by increasing 𝛽1, for 𝐺𝑟, 𝐺𝑐 and 𝑚. 
ix. Increasing 𝑅 causes a reduction of the absolute value of heat transfer coefficient 𝑍(𝑥), 

while an enhancement appears in  𝑍(𝑥) by increasing each of 𝐵𝑟, 𝐵𝑛, 𝑁𝑡, 𝑁𝑏, 𝑃𝑟, 𝛾2, 휀 
and 𝑀. 

x. Increasing 𝑅 reduces Nusselt number 𝑁𝑢, while an increase of 𝑀, 𝐵𝑛, 𝑀, 𝑃𝑟, 𝐵𝑟, 𝑀, 휀 
and 𝛾3 enhances it. 

xi. Nusselt number 𝑁𝑢 for several values of 𝑀, 𝐵𝑛 and 𝑅 becomes greater and rises to the 
highest value, but it becomes lower and falls to the lowest value for 𝑃𝑟, 𝐵𝑟, 𝐵𝑛 and 𝛾3. 

xii. Increasing 𝑆𝑐 and 𝛾 decreases Sherwood number 𝑆ℎ , while increasing 𝛾3 enhances it. 
xiii. Sherwood number 𝑆ℎ for several values of 𝛾, 𝛾3 and 𝑆𝑐 becomes lower to arrive to the 

minimum value. 
xiv. Entropy generation number 𝑁𝑠 enhances by increasing the value of 𝛾1, 휀, 𝑀, 𝑃𝑟, 𝐵𝑛, 

𝑚1, 𝑁𝑡 and 𝐵𝑟, whereas it decreases reducing the values of 𝐺𝑐, 𝐺𝑟, 𝛽1, 𝑅 and 𝑁𝑏. 
xv. The entropy generation number 𝑁𝑠 becomes greater and gets to the maximum value, 

after which it decreases and then it starts to increase again near the right wall; 
approximately at 𝑦 = 0.7. 
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