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Available online 30 May 2024

into similarity equations by utilizing appropriate similarity transformations. The MATLAB
software is then employed to program the code, utilizing the bvp4c function. The skin
friction and heat transfer coefficients plots, along with velocity and temperature profiles,

Keywords: are delivered for various values of the suction, unsteadiness, magnet, and nanoparticle
Ternary hybrid nanofluid; volume fraction parameters. According to the numerical findings, both unsteadiness and
magnetohydrodynamic; stretching suction parameters play roles in boosting the heat transfer rate. Nevertheless, the heat
sheet; unsteady flow transfer rate is reduced by the augmentation of magnetic parameter.

1. Introduction

Nowadays, the need for enhanced thermal conductivity and heat transfer has prompted
researchers to develop new fluids to meet this demand. This is because conventional fluids like water,
ethylene glycol, ethanol, and glycerine, widely used in applications such as heating and cooling
systems, power generation, and chemical processes, have inherent limitations in heat transfer
properties. As a result, this has stimulated the advancement of ternary hybrid nanofluids, comprising
a stable combination of three distinct types of nanoparticles in a base fluid. These innovative fluids
may exhibit unique thermal and fluidic properties that have sparked widespread interest among
researchers when compared to both single and hybrid nanofluids. In this context, understanding and
harnessing the potential of ternary hybrid nanofluids have become pivotal for addressing challenges
and optimizing performance in various heat transfer applications. In their experiment, Ramadhan et
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al., [1] noted that the ternary hybrid nanofluid, comprising alumina (Al,0s), titania (TiOz), and silica
(Si02) in ethylene glycol, achieved its maximum thermal conductivity at a volume concentration of
0.3%. Dezfulizadeh et al., [2] carried out a test on the viscous dynamics and thermal diffusivity of a
ternary hybrid nanofluid consisting of Cu-SiO,-MWCNT particles dispersed in water. In addition, they
established practical relationships in this particular situation. Also, numerical studies ternary hybrid
nanofluids also were done by a number of researchers. A study was carried out by Ishak et al., [3] on
a ternary hybrid nanofluid containing gyrotactic microorganisms over a horizontally
stretching/shrinking plate, it was observed that ternary hybrid nanofluid (water/Ag-Al,03-Cu)
exhibits superior heat transfer rate performance compared to nanofluids (water/Al,03) and hybrid
nanofluids (water/Ag-Al,0s). Thermal performance of rotating flow of Al,03-SiC-MWCNT/water with
radiation and fluid dissipation due to viscosity was examined by Sarangi et al., [4]. Meanwhile,
Animasaun et al., [5] explored the effect of magnetic flux density and heat source/sink on the flow
of Ag-AlOs-Al/water at the stagnation point over a sheet subjected to convective heating.
Subsequently, Mahmood et al., [6] studied the flow of Cu-Fe;04-SiO,/water at the stagnation point
around a heated stretching/shrinking cylinder, considering the combined influence of suction and a
heat source. Nanofluids have extensive applications as coolants, lubricants, and in other practical
uses such as in heat transfer, solar energy, heat exchangers, the oil and gas industry, cooling
technology, and thermal energy storage systems [7]. The attention of experts has been drawn to
ternary hybrid nanofluids, with insights taken from the previous studies [8-11].

Flow that varies with time is termed unsteady flow, while flow unaffected by time is referred to
as steady flow. Engineers and researchers generally prefer steady flow as it allows for better control
compared to unsteady flow. However, the impact of unsteadiness on flow cannot be ignored.
Therefore, researchers must incorporate the effects of unsteady flow in their operations. McCroskey
[12] states that certain systems require perform time-dependent motion in order to carry out their
fundamental tasks. For instance, start-up procedures entail the shift from one steady flow to another,
as well as the recurring movements of the operational substance. In a study conducted by Kebede et
al., [13] on the time-dependent flow of Williamson nanofluid, it was revealed that the velocity and
temperature gradients exhibit decreasing trends as functions of the unsteadiness parameter within
the boundary layer. Madhukesh et al., [9] examined the effect of the unsteadiness parameter on the
flow of a hybrid nanofluid on a stretching sheet, taking into account the influence of thermal
radiation. The researchers observed a decrease in the velocity and temperature gradients as the
unsteadiness parameter increases. Meanwhile, Shoaib et al., [14] investigated the mass and heat
transfer characteristics of unsteady hybrid nanofluid flow over a stretching surface. Their research
showed that a higher fluid temperature and a steeper velocity gradient are the outcomes of a higher
unsteadiness parameter. Kumar et al., [15] conducted a study on unsteady MHD oscillatory flow over
a vertical permeable stretching plate in a viscous, incompressible fluid. The study revealed an
increasing trend in fluid velocity over time.

There have been a great number of investigations carried out to explore the impact of
magnetohydrodynamics (MHD) on diverse fluid flow scenarios, driven by its widespread applications
in scientific and engineering domains, including fusion reactors, optical fibre filters, crystal growth,
metal casting, optical grafting, plastic sheet stretching, and metallurgical processes. Khashi'ie et al.,
[16] noted that MHD is employed in certain industrial processes to control and manipulate the flow
of conductive fluids, resulting in heightened efficiency in heat transmission and mixing. In the
metallurgical context, the use of magnetohydrodynamics involves the cooling of drawn (stretched)
strips in a quiescent fluid. The quality of the final products is intricately linked to the cooling rate.
Consequently, MHD fluid, with its capacity to regulate cooling rates, can serve as the quiescent fluid
[17]. Samat et al., [18] conducted a numerical study on the MHD effect within carbon nanotubes
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nanofluid over a moving surface. Their findings revealed a direct correlation between the magnetic
field intensity and the heat transfer rate, as well as skin friction. These outcomes align with the
conclusions of Motozawa et al., [19], suggesting that the presence of a magnetic parameter enhances
the heat transfer rate of the fluid. Contrastingly, Shateyi and Muzara [20] delved into the unsteady
MHD Williamson fluid flow over a stretching sheet. Their research showed that increasing the
magnetic parameter reduces Williamson fluid heat transfer, raising fluid temperature. In a study by
Muntazir et al., [21], the unsteady MHD nanofluid flow around a permeable linearly stretching sheet
was examined, taking into account the effects of thermal radiation and viscous dissipation. Their
findings unveiled the thickness of the thermal boundary layer increased as the magnetic parameter
increased. The authors also discovered that Cu nanofluid exhibits a superior heat transfer rate
compared to Al;03 nanofluid. Wahid et al., [22] observed an augmentation in the heat transfer rate
of hybrid nanofluid over an inclined shrinking surface in the presence of a stronger magnetic field.
Zainal et al., [23] scrutinized MHD flow past a stretching/shrinking wedge, taking into account the
influence of heat generation or absorption in a hybrid nanofluid. The findings demonstrate an
augmentation in the heat transmission rate with an increase in the magnetic parameter. Asghar and
Ying [24] observed that with an increase in the magnetic parameter, the velocity of MHD hybrid
nanofluid flow over a rotating stretching/shrinking sheet increase, while the temperature decreases.

Hence, this study extends the work conducted by Ishak [25] to investigate a ternary hybrid
nanofluid, taking into account the suction effect. As far as the authors are aware, the current body
of research does not address the issue of unsteady flow across a permeable stretching sheet involving
ternary hybrid nanofluid. Thus, the authors are motivated to conduct a numerical investigation to
study the flow characteristics and heat transfer of the unsteady flow across a permeable stretching
sheet using a ternary hybrid nanofluid (Al,0s-Cu-TiO,/water) with suction and magnetic field effect.
Notably, the effects of wall mass suction and magnetohydrodynamics on the unsteady flow of ternary
hybrid nanofluid have not been considered before. Furthermore, it effectively communicates that
the study provides valuable insights for engineers and researchers regarding the parameters that can
be manipulated to either enhance or reduce heat transfer rates.

2. Methodology

Consider a two-dimensional unsteady flow of an electrically conducting ternary hybrid nanofluid
past a permeable stretching sheet with wall mass suction. Figure 1 depicts the flow configuration
considered in this study where Cartesian coordinates are employed. The wall mass suction velocity
is assumed to be v, (x, t) and the velocity of stretching sheet is u,,(x,t) = cx/(1 — at), where c is
a positive constant, t is time, and «a is the unsteadiness parameter of this problem. Additionally, the
wall temperature, T,, and ambient temperature, T,, are treated as constants. Simultaneously, a
uniform magnetic field is exerted in the positive y-direction, perpendicular to the surface. The
induced magnetic field is considered insignificant compared to the applied magnetic field and is so
ignored. The ternary hybrid nanofluid is formed through the dispersion of Al,0s, Cu, and TiO;
nanoparticles within a water medium. Assuming thermal balance and no slip between the base fluid
and nanoparticles, it is also assumed that the ternary hybrid nanofluid is incompressible and laminar.
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Fig. 1. Two-dimensional unsteady flow configuration
The governing equations for the flow problem are [25,26]
du dv
ax Toy =" W
u ou Ju Bthnf 0%°U  Othnf 2
—tu—+v—=—"2— - pI(t)u 2
ot = " dx 0y penns0¥:  Ptans 0(®) )
aT ar T kenng 02T
—tuUu—+tv—=r—7——— 3
at ax ay (pCp)thnf dy? (3)
Accompanied with boundary conditions
u = Au,(x,t),v=1v,(x1t), T=T,, aty =0;
u—>0,T—>Tyasy— o (4)

where u and v are the components of velocity in the x — and y — directions, accordingly. T is the
ternary hybrid nanofluid temperature, u is the dynamic viscosity, p is the fluid density, k is the
thermal conductivity and pC), is the heat capacity. Besides, B is the uniform magnetic field, o is the
electrical conductivity and the subscript thnf in the equations represents ternary hybrid nanofluid.

The thermophysical correlation of hybrid nanofluid and ternary hybrid nanofluid is presented in
Table 1. In Table 1, ¢4, ¢, and @3 represent Al;03, Cu and TiO; nanoparticles volume fraction,
respectively. The subscripts f, nf, hnf and thnf correspond to the base fluid, nanofluid, hybrid
nanofluid and ternary hybrid nanofluid, respectively. Meanwhile the thermophysical properties for
the base fluid (water), aluminium oxide (Al,O3), copper (Cu) and titanium oxide (TiO2) utilized in this
study is presented in Table 2.

18



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences
Volume 117, Issue 2 (2024) 15-27

Table 1

Thermophysical properties of ternary hybrid nanofluid [27-29]

Property Ternary hybrid nanofluid Hybrid nanofluid

Dynamic = Hns , SR ) —

viscosity Hennf = 425 (19225 (1-9)2® Banf = g 25 (1-0,)25

Density Penng = (1= @) {(1 — 0)[(1 — @1)ps + Prny = (1= 92)[(1 = @1)pf +
@1051] + P2ps52} + P3ps3 P1Ps51] + 92Ps52

Thermall - Kenng _ ks3+2khnf_2‘P3(khnf_ks3)l where Khnf _ k52+2knf—2<p2(knf—ksz)' where

conductivity knng  Ksz*2knnpt@s(knnr—Ks3) knf  ksatZknp+oa(knp—ks2)
knf _ Ksa+2kns=2¢2(knp—ks2) where Kng _ ksi+2k—201 (kp—ks1)
Knf ksa+2knf+@2(knp—ksz2)’ kf  ksit2kptoi(kp—ksi)
kngp _ ks1+2ks—204 (kf—ks1)

kg ksi+2kp+@q(kf—ks1)

Heat capacity (PCirns = (1 — @3){(1 — @) [(1 - (PCmns = (1 — @)[(1 -
P)(PCy), + P1(PCp)sa] + 92(pCy) 3 + 0)(pCy) . + @1(PCp)sa] +
93(pCy)_, 92(pCy)

Electrica.l - Othnf _ Us3+20hnf—2¢3(6hnf—653), where Onnf _ G’sz+20nf—2(p2(o'nf—o'sz)' where

Conductlwty Ohnf ‘753+20hnf+‘/’3(0'hnf_0's3) onf 0'52+20'nf+<l’2(0nf_052)
Opnf _ Os2+2075=2902(0nf—0s2) onf _ Os1+205-2¢1(05-1)

— = , where L =" =7 =
Onf Os52+20n5+92(0nf—0s2) of o2+20 s +¢1(0f—032)
Inf _ 051 +205-2¢1(05-1)
of o2 +20f+@1(0f—03) "
Table 2
Thermophysical properties of utilized nanoparticles and water [26,28]
Property Al0s Cu TiO2 Water
] 765 385 686.5 4179
k 3970 8933 4250 997.1
p(“9/ )
kW) 40 400 8.9538 0.613
o(Qm)~! 35%106 5.96%107 1.0x10®  5.5x10°
Prandtl Number, Pr 6.2

Since the governing equations are in partial differential form, then the equations are reduced to
system of ordinary differential equations using similarity transformation. Further, to obtain similarity

solutions of Eq. (1) to Eq. (4), the unsteady magnetic field By, is in the form B, = where B is a

B
Vi—at’
constant. The similarity variables used in this study are adopted from Tie-Gang et al., [30] and Ishak
[25]

T—Teo
Y= 1— a'tf(n) n= y./v (1 —at) o T Tw—Teo (5)

Then,
_y . _@ CVf __ |evy
U= =10 ——f'(n),v= S and v, (x, 1) = - [—~ (6)

where f(0) =S is the constant wall mass transfer parameter. S =0 and S < 0 denote the
impermeable sheet and injection case, respectively. But in this study, only suction case is considered
where S > 0. The similarity equations are obtained as follows:
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Uthnf/Uf o " _ g2 _ r 4N e _ 9thnf "

Gl [ = £ = B(f ") = S Mf = 0 (7)
1 Renng/ky " F_plgr —

Pr (Pcp)thnf/(PCp)f 0"+ f@ 'B 2 0 0 (8)
with the boundary conditions

f(0)=S5,f(0)=4,6(0)=1,atn = 0;

f'(m) - 0,0(m) > 0,asn - (9)

where prime denotes the differentiation with respect to 1. Here, the parameter A, which signifies the
velocity ratio, takes on different values: A = 0 corresponds to the static sheet, A < 0 indicates the

shrinking sheet, and 4 > 0 indicates the stretching sheet. At the same time, f = % serves as the

unsteadiness parameter, where § < 0 is assumed to indicate a decelerating stretching sheet in this
. . . B? . _—
present study. Meanwhile, M is the magnetic parameter where M = %7. It is worth mentioning
f

that when M = 0 and ¢; = ¢, = @3 = 0, the current problem simplifies to the case studied by Tie-
Gang et al., [30] Additionally, when 8 = 0 (indicating steady-state flow) and ¢; = ¢, = @3 = 0, the
problem under consideration reduces to the one investigated by Liu [31].

The physical quantities of interest are the skin friction coefficient Cr and the local Nusselt number
Nu, which are precisely specified as follows:

_ Tw — XAqw
Cf _Pfuﬁ/ Ny k¢ (Tyw—Too) (10)

where the wall shear stress t,, and heat flux from the surface g,, are given by
ou oT
- ou dqw = —kenns (= 11
Tw = Uthnf (ay)y=0 and qy, thnf (ay)yzo (11)
By employing the similarity variables (5) and substituting (11) in (10), the following are obtained

2 _ M ' -1/2 k '
CrRey/” = %”f’ (0) and Nu,Re; /% = —%‘f@ (0) (12)

where the local Reynolds number is Re, = u,,x/vy.
3. Results and Discussion

The nonlinear ordinary differential equations Eq. (7) and Eq. (8) along with the boundary
conditions in (9) are solved using the bvp4c solver in MATLAB. Bvp4c stands for the boundary value
problem solver that utilizes finite difference code and is developed by Shampine et al., [32]. This
solver implements the three stages of Lobatto llla formula which is a collocation formula that has
fourth-order accuracy. Since it is an iteration technique, its effectiveness in obtaining a solution
depends on the ability to provide the algorithm with a good initial guess. In order to solve this
boundary value issue, it is important to initially convert the equations into a system of first order
ordinary differential equations.
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To validate the developed mathematical model, we compare the numerical results of the current
model with those obtained in a prior investigation, covering various cases as presented in Table 3 to
Table 5. Based on the data from Table 3, when examining a regular fluid and setting M =S = = 0,
while A = 1, it is evident that the current findings (which are —6(0) values) are consistent with the
values obtained by Gorla and Sidawi [33], Waini et al., [26], and Priyadharshini et al., [34]. Meanwhile,
Table 4 shows f"'(0) and —6(0) values for the current and previous study from Waini et al., [35] for
Al,03/water nanofluid with varied volume fractions ¢ . The current findings align well with the values
reported by Waini et al., [35]. The validation process also involved the use of Al,03-Cu/water
nanofluid with various values of ¢, while keeping Pr = 6.135,M = S = = 0and A = 1. Values of

Rel/ZCf from present study were compared with results from Devi and Devi [29] and Rasool et al.,

[36]. A favourable agreement with the data obtained by the aforementioned authors is demonstrated
by the comparison.

Table 3
—6(0) values for regular fluid (¢p; = ¢, = @3 =0)whenM =S =L =0and1 =1
Pr Gorla and Sidawi [33] Waini et al., [26] Priyadharshini et al., [34] Present Results

2 0.9114 0.911353 0.9113 0.911358
6.13 - 1.759682 - 1.759685
7 1.8954 1.8954 1.8954 1.895403
20 3.3539 3.353902 3.3539 3.353904
Table 4

f'"(0) and —6(0) for Al,0s/water nanofluid (¢, = @3 = 0)whenM =S =8 =0,1=
1 (stretching case) and Pr = 6.2

¥4 Waini et al., [35] Present Results

f"(0) —6'(0) f"(0) —0'(0)
0.05 -1.00538 1.62246 -1.00538 1.62246
0.10 -0.99877 1.49170 -0.99877 1.49170
0.15 -0.98184 1.37543 -0.98185 1.37542
0.20 -0.95592 1.27118 -0.95593 1.27117
Table 5

Rel/ZCf values for Al,Os3-Cu/water when Pr=6135M=S=£=0,A=1
(stretching case) and ¢; = 0.1

2 Re'2(;
Devi and Devi [29] Rasool et al., [36] Present Results
0.005 -1.327310 -1.325862 -1.327086
0.02 -1.409683 -1.404648 -1.409471
0.04 -1.520894 -1.511257 -1.520693
0.06 -1.634279 -1.620177 -1.634082

It should be noted that negative values of skin friction in Figure 2, Figure 4 and Figure 6 indicate
that the stretching sheet applies a force on the fluid. Figure 2 and Figure 3 show the variations of

Re}'*C; and Re_l/zNux for different values of M and ¢ when S = 2.2, f = —1 and A = 1. Figure 2
x f x 2

demonstrates that the absolute values of Re;/sz rise as both the magnetic parameter and volume
percentage increase. This finding is consistent with finding reported by Tiwari and Das [37], which
indicates an increase in volume fraction results an increase in skin friction coefficient values. In
addition, a heightened Lorentz force is produced when the magnetic parameter is increased, which
leads to heightened skin friction. Nevertheless, as depicted in Figure 3, the concurrent impact of an
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elevated magnetic parameter and volume fraction contributes to diminishing rate of heat transfer.
This observation aligns with the findings of Rafique et al., [27], where an escalation in the volume
percentage of nanoparticles corresponds to an increase in fluid viscosity, introducing greater
resistance to fluid motion. Consequently, the fluid's efficacy in heat transfer through convection
diminishes, leading to a direct decline in the local Nusselt number.

-2
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Derived from Figure 4, skin friction exhibits a declining pattern with the escalation of unsteady
and stretching parameters. In practical terms, the consequence of the elongation parameter increase
is the expansion of the surface area exposed to fluid flow. Consequently, when the fluid has to
traverse a larger surface, its velocity decreases, thereby reducing the surface shear stress. The
influence of the unsteady and stretching parameters on the heat transmission is seen in Figure 5. The
heat transfer rate is found to positively correlate with the stretching and unsteadiness parameters.
This is due to the fact that an increase in surface area results in a decrease in fluid flow velocity. This
phenomenon results in an elevated viscosity on the surface, hence enhancing the efficiency of heat
transfer.
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Figure 6 illustrates the impact of suction on Re; ZCf. An increase in suction strength may lead to

an increase in the value of |Re;/2Cf| for ternary hybrid nanofluid. When suction is applied to the

stretching sheet, the fluid will be pulled closer to the sheet, resulting in the thinning of the boundary
layer, as depicted in Figure 8. The reduction in the thickness of the boundary layer leads to an increase
in surface shear stress, resulting in an increase in skin friction. Meanwhile, Figure 7 illustrates how an
increase in suction parameter values can result in a corresponding increase in heat transfer rate. As
a result of the fluid approaching the stretching plate due to the suction, the thickness of the thermal
boundary layer decreases. An increased local Nusselt number can be attributed to the enhanced heat
transmission from the sheet to the fluid facilitated by the thinner thermal boundary layer, as seen in
Figure 9. It is demonstrated by Figure 9 that, as the suction strength increases, the thickness of the
temperature boundary layer is reduced. Furthermore, it is evident from Figure 8 and Figure 9 that
the far-field boundary criteria were met asymptotically.
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4. Conclusions

An unsteady Al,03-Cu-TiO; ternary hybrid nanofluid flow past a permeable stretching sheet with
suction and magnetohydrodynamic (MHD) effects was considered. The permeable stretching sheet
is assumed to stretch linearly. The findings are as follows

i A decrease in the heat transfer rate is brought about by higher values of the volume fraction
of ternary hybrid nanoparticles with respect to the magnetic parameter, while an increase
in skin friction is observed with higher values.

ii. The ternary hybrid Al,03-Cu-TiO2 nanofluid has greater heat transfer rate when ¢; = ¢, =
@3 = 0.1 as compared to ¢, = ¢, = @3 = 0.15and 0.2.

iii. The suction parameter and unsteadiness parameter are the manipulating parameter that
can be manipulated to control the heat transfer rate.

iv. Both the skin friction coefficient values and heat transfer rate increase with an increase in
the suction parameter.

Note that the final outcomes disclosed in this study pertain solely to the devised model and the
specific ternary hybrid nanofluid under consideration, which consists of alumina, copper, and titania
with water. Nevertheless, researchers have the opportunity to expand upon this study by exploring
alternative combinations of ternary hybrid nanofluids or adjusting physical parameters to attain their
desired outcomes. In the future, we plan to expand the current study by incorporating thermal
radiation and viscous dissipation effects.
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