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Film condensation in a porous medium has been receiving increasing attention due to 
its wide range of heat transfer applications. Some examples of these practical 
applications are distillation, drying technology, geothermal energy, cooling towers, 
heat exchangers, and air conditioning. One of the characteristic features of film 
condensation in porous media is the formation of a two-phase zone separating the 
liquid film and the vapour zone due to capillary pressure. In this paper, a physico-
mathematical model of liquid film condensation on a surface embedded in a porous 
medium with a two-phase region effect is developed and presented. The model is 
based on momentum and continuity equations as applied to the liquid film and the 
two-phase flow region supplemented with the Darcy flow assumption and 
assumptions on the Leverette J-function and the saturation behaviour near the edge 
of the liquid film. The developed model allows a simple analytical solution to the 
problem in distinction to semi-analytical and numerical solutions published by 
different authors. From the model developed, it shows that the presence of the two-
phase region decreases the liquid film thickness. By taking the capillary effects into 
consideration results in higher heat transfer and condensation rates due to the 
decrease in the liquid film thickness. The presented model yields good agreement 
when compared to the theoretical results and experimental data by other authors. The 
developed model addresses the fundamental concepts of phase transition in porous 
media which can effectively find applications in many areas. 
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1. Introduction 
 

Film condensation in the absence of porous medium has been extensively studied and well 
understood [1-7]. Nakoryakov and Gorin [8] represented a simple model for a film condensation on 
an inclined plate embedded in a porous medium assuming a distinct interface, constant transport 
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properties, the Darcy regime for condensate film flow, and uniform porous structure across the film, 
which resulted in the correlation for the average heat transfer coefficient, 
 

𝑁𝑢̅̅ ̅̅ =
𝛼̅𝐿𝐿

𝜆𝑒
= (2 𝐴𝑟∗Pr Ku)1/2            (1) 

 
where 𝐴𝑟∗ is the modified Archimedes number, Ku is the phase conversion criterion or known as 
Kutateladze condensation number and 𝑃𝑟 is the Prandtl number. 

The Nakoryakov and Gorin’s [8] model showed good agreement with the Cheng’s [9] model, 
which required numerical solution of ordinary differential equation. It agreed well with experimental 
data by different authors too.  

It should be emphasized that thermodynamics governing film condensation in the presence of 
porous medium differs noticeably from that in the absence of porous media. In the past decade, there 
has been an increased interest in research on film condensation in porous media [8-23], due to its 
wide range of heat transfer applications. Some examples of these practical applications are the design 
of heat pipes, heat exchangers, food drying, and many other applications. 

Until today, there are limited numbers of experimental studies carried out to support, refute, or 
validate hypothesis in physical models. Dvorovenko’s [18] comprehensive experimental study of heat 
transfer in film condensation on a plate embedded in a packed bed is deserving of more attention. 
Porous media were modelled by using glass beads of various sizes placed on a plate length changing 
from 250 mm to 1000 mm. The temperature profiles across the liquid film thickness of condensate 
of refrigerant-12 were measured by seven precise thermocouples placed across the porous layer. The 
heat flux was also measured and recorded. The results could be considered of the highest quality of 
data possible.  

Despite the long list of the study of condensation in porous media, the understanding of 
condensation in porous media with a two-phase region effect still not well understood. Two-phase 
zone or two-phase region is where the liquid and vapour coexist at a condition of local equilibrium. 
The existence of the two-phase region is due to the surface tension and capillary effect which can 
result in liquid being sucked into fine pores. In the two-phase region, the liquid phase and vapour 
phase are flowing in a counter-current direction. Capillary pressure and relative permeability are the 
key parameters governing the fluid flow in a porous medium. Although many researchers did not 
consider the surface tension effect in their theoretical investigation [9, 14-15, 24-26], many 
experimental studies have reported that a two-phase zone is formed when a confined water-
saturated porous medium is heated [27-30].  

Udell [31] conducted an experiment to study heat and mass transfer characteristics in porous 
media. The porous media were formed using coarse and fine sand with a grain size of 833-589 μm 
and 208-149 μm respectively. The porous test samples were heated at the top and cooled at the 
bottom. From the experimental results, the author identified three distinct regions at steady-state 
conditions. These three distinct zones were the vapour at the upper region, liquid at the lower region, 
and the region separating the upper vapour zone and the lower liquid zone is a two-phase zone. The 
length of the two-phase zone of the fine grain sand porous sample was longer than the coarse grain 
sand porous sample at comparable heat fluxes. 

Udell [31] also developed a theoretical model for one-dimensional, steady-state heat and mass 
transfer in porous media saturated with the liquid and vapour phases of a single component fluid. 
The model is examined with various gravitational orientations and medium permeability to predict 
the length of the two-phase zone as a function of the heat flux, fluid properties, and porous medium 
characteristic. Udell [32] then extended his study by including the effects of the capillary, gravity 
forces, and phase change. He found that the two-phase zone was nearly isothermal and convection 
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dominated. The temperature, pressure, and saturation profiles were obtained corresponding to 
various gravitational orientations in the two-phase zone. The conditions in which the gravitational 
effects can be neglected and the criteria to determine the dry-out heat flux were identified. Apparent 
thermal conductivities of the two-phase zone for various gravitational orientations and permeability 
were evaluated as well [32].  

As the effective pore radii are small in many porous media applications, many researchers have 
drawn attention to the capillary pressure effects in porous media. Plumb [33] examined the effect of 
the capillary action on film condensation in porous materials theoretically. A two-phase capillary 
fringe that separated the liquid film from the vapour was presented in his model. He found the 
capillary transport plays an important role in increasing the heat transfer and condensation rates on 
a vertical isothermal surface as the liquid film thickness decreases due to the capillary effects. The 
results for both a constant temperature capillary fringe model and a constant pressure capillary fringe 
model are well predicted in many practical applications. Majumdar and Tien [34] studied the effects 
of surface tension on film condensation in a porous medium and validated the three-zone model 
developed by Plumb [33]. They presented that the existence of a two-phase zone lying between the 
liquid and the vapour regions is required to achieve the thermodynamics of phase equilibria for film 
condensation in a porous medium. Three models with different assumptions were suggested by 
Majumdar and Tien [34]. They refined the liquid film and two-phase zone by neglecting the effect of 
vapour flow in isothermal two-phase zone.  It is due to the no-slip condition at the wall and no-shear 
condition at the interface with the two-phase zone.  

Chung et al., [35] then continued with the development of the three-zone model. They developed 
a unified model combining the three models of Majumdar and Tien [34]. In their numerical solutions 
to the mathematical model, they include the assumption of the existence of a two-phase region 
between the liquid film and the vapour phase. The effect of vapour flow was included in the two-
phase zone. They also investigated the problem of condensation in a porous medium near a cold 
vertical surface experimentally. Their numerical results were compared with experimental data and 
show satisfactory agreement between the numerical and experimental results.  

A new formulation for one-dimensional, steady-state heat and mass transfer in a porous medium 
with a two-phase zone was presented by Bridge et al., [36]. The problem of steady filmwise 
condensation on a finite size horizontal plate embedded in a porous medium with the effect of 
surface tension was studied by Chang [37]. A non-dimensionless parameter 𝐵𝑜𝑐  was introduced. It 
gives the ratio of capillary force to the gravitational force, which is the reciprocal of the Bond number, 
𝐵𝑜. If the 𝐵𝑜 number is small, the surface tension force would be dominant and hence the two-phase 
zone would contribute to the total liquid flow. The porous medium with higher 𝐵𝑜𝑐  has better heat 
transfer performance, hence induced a greater average Nusselt number and lower liquid film 
thickness. The dimensionless liquid film thickness can be obtained by using the Runge-Kutta shooting 
method.   

In one of the recent papers, Jafari et al., [38] investigated the condensation heat transfer of two-
phase closed thermosyphons experimentally. They proposed three Nusselt correlations to predict 
condensation heat transfer, which are Rohsenow [39], Hashimoto and Kaminaga [40], and Jouhara 
and Robinson [41]. However, these correlations do not consider the two-phase region effect and do 
not include the Bond number in their correlation. Bond number is a dimensionless number that 
measures the importance of gravitational forces compared to surface tension forces. It is used to 
characterize the shape of bubbles or drops moving in a surrounding fluid. 

Song et al., [42-44] did systematic researches on the two-phase flow condensation. They 
investigated the new adiabatic and condensation two-phase flow pattern maps of R14 in a horizontal 
tube. They proposed a new dimensionless number that takes into account the inertia force, gravity 
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force, shear force, and surface tension force. This dimensionless number is to develop the new 
adiabatic flow pattern transition criteria [42]. Then, they did the measurement and modeling for flow 
condensation heat transfer performance of tetrafluoromethane (R14) based on two-phase flow 
patterns [43]. Lastly, they investigated the two-phase flow condensation pressure drop of R14 in a 
horizontal tube experimentally and did the correlation development for frictional pressure drops 
[44].  

Although many researchers had discovered and proved that the two-phase zone exists during 
condensation in porous media, the problem remains complex to solve. Furthermore, it has been 
more than one decade with no further development in developing the Nusselt correlation for film 
consideration with a two-phase region effect. So, a simple solution to this complex problem is a 
necessity to be studied and presented. Therefore, this paper aims to develop a physico-mathematical 
model of liquid film condensation on a surface embedded in a porous medium with a two-phase 
region effect and study the steady heat transfer in a two-phase region of a water-saturated porous 
medium.  
 
2. Mathematical Formulation  
 

To develop the mathematical formulation for film condensation on an inclined plate embedded 
in a porous medium with a two-phase region effect, the (𝑥, 𝑦) coordinate system shown in Figure 1 
is introduced. The liquid film of condensate adjacent to the cold plate surface. The cold plate 
temperature is uniform and maintained at temperature 𝑇𝑤. Far away from the plate is a pure vapour 
region. The vapour temperature is uniform and maintained at the saturation temperature, 𝑇𝑠𝑎𝑡.  

 

 
Fig. 1. Schematic diagram of film condensation with a two-phase region on an 
inclined plate embedded in a porous medium 
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The condensation takes place on the cold plate wall embedded in a porous medium. In between 
the liquid and vapour regions, there is a two-phase zone where liquid and vapour co-exist at 
conditions of local equilibrium. The liquid film thickness 𝛿𝑙 and two-phase region film thickness 𝛿𝑡 
grow continuously with increasing 𝑥 by reasons of liquid film flow downwards due to gravitational 
effect and newly condensing vapour in the downward direction. 

Additional assumptions are as follows 
(a) Steady-state condensation. 
(b) The film thickness exceeds much the pore size, 𝛿 ≫ 𝑑.  
(c) Darcy’s flow in both liquid zone and two-phase zone. 
(d) Change in kinetic energy and potential energy within the film flow is negligible. 
(e) Convection heat transfer and conduction heat transfer along the film (in the x-direction) 

is negligible.  
(f) The transport properties of condensate are constant.  
(g) No impurities in the vapour zone and condensate film.  
(h) The temperature in the two-phase zone is uniform and maintained at 𝑇𝑠𝑎𝑡.  
(i) Condensation occurs only at the interface between the two-phase region and the 

saturated liquid region, 𝑦 = 𝛿𝑙.  

(j) Liquid phase pressure change in the x-direction is negligible, 
𝜕𝑃𝑙

𝜕𝑥
= 0.  

(k) The change in capillary pressure is mainly due to the change in liquid pressure.  
The governing equations for film condensation on an inclined plate embedded in a porous 

medium with the two-phase region effect are written in the following form. 
At the interface of a two-phase zone with the liquid film, 𝑦𝑡 = 0  or 𝑦𝑙 = 𝛿𝑙 , the mass 

conservation equations can be written as 
 
𝜕𝑈𝑙𝑡

𝜕𝑥
+

𝜕𝑉𝑙𝑡

𝜕𝑦𝑡
= 0              (2) 

 
The density of the liquid is higher than vapour, 𝜌𝑙 ≫ 𝜌𝑣. Therefore, the assumption of a change 

in capillary pressure due to a change in liquid pressure is valid. Hence, the vapour pressure 𝑃𝑣  is 
approaching saturation 𝑃𝑠𝑎𝑡 according to the Clausius-Clapeyron equation. Darcy's law gives relation 
between the velocity and the pressure gradient for film flow in a two-phase region by using the 
concepts of capillary pressure. Hence the liquid velocity in the two-phase region can be written as 
follows.  

For the 𝑥 -component velocity, the liquid propagates with gravitational effects, included to 
account for capillary action against an opposing force of gravity. 
 

𝑈𝑙𝑡 = −
𝐾𝑙

𝜇𝑙
 
𝜕𝑃𝑐

𝜕𝑥
+

𝐾𝑙(𝜌𝑙−𝜌𝑣)𝑔

𝜇𝑙
cos 𝜙           (3) 

 
For the 𝑦-component velocity, the liquid propagates with capillary effect only. 

 

𝑉𝑙𝑡 = −
𝐾𝑙

𝜇𝑙
 
𝜕𝑃𝑐

𝜕𝑦
              (4) 

 
where 𝑃𝑐  is the capillary pressure, defined as [31]  
 

𝑃𝑐 =
𝜎

√𝐾/𝜀
𝑗𝑠              (5) 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 78, Issue 2 (2021) 67-84 

 

72 
 

The non-dimensional function of non-dimensional saturation, 𝑗𝑠  is used to normalize capillary 
pressure data by considering the variations in porosity and permeability. It is also known as the 
Leverette J-function and can represented by the Leverett’s [45] cubic polynomial of equation [34-35, 
46-47]. 
 
𝑗𝑆 = 1.417(1 − 𝑆) − 2.120(1 − 𝑆)2 + 1.263(1 − 𝑆)3        (6) 
 
with the boundary condition of 𝑆 = 1 at liquid film thickness 𝛿 = 0. 

The capillary pressure represented in the form of 𝑃𝑔 − 𝑃𝑙 = 𝑃𝑐(𝑆, 𝑒𝑡𝑐. ) can then be reduced to in 

a function of the non-dimensional saturation, 𝑆 only. 
 
𝑃𝑐 = 𝑃𝑐(𝑆)              (7) 

 
𝑆 is also the effective saturation or the normalized saturation, and defined as [34] 

 

𝑆 =
𝑆𝑙−𝑆𝑙𝑖

1−𝑆𝑙𝑖
              (8) 

 
where 𝑆𝑙 is the wetting phase saturation and 𝑆𝑙𝑖 is the minimum wetting phase saturation.  

In the neighbourhood of the film surface 𝑆 is close to 1 (𝑆 → 1), Eq. (6) can be simplified by taking 
[8]. 
 
𝑗𝑠 = 𝛾(1 − 𝑆)              (9) 
 
where 𝛾 is the constant of proportionality that relates the Leverette J-function and the saturation. 

Eq. (6) shows how the Leverett J-function (also known as the dimensionless function of 
saturation) varies with 𝑦 from 𝑆 = 0 (at the interface of a two-phase zone with vapour zone 𝑦 = 𝛿𝑡) 
to 𝑆 = 1 (at the interface of a two-phase zone with liquid film 𝑦 = 𝛿𝑙). Since the liquid film in a two-
phase region that near to the interface 𝑦𝑡 ≅ 0 (or 𝑦 ≅ 𝛿𝑙) is almost fully saturated, one can say that 
the saturation is approaching unity (𝑆 → 1). Hence the liquid saturation correlation at  𝑦𝑡 ≅ 0 (or 
𝑦 ≅ 𝛿𝑙) can be approximated with a linear function expressed as 
 

𝑆 =
𝑦

𝛿𝑡
                         (10) 

 
Differentiating Eq. (10) and get 

 
𝜕𝑆

𝜕𝑦
=

1

𝛿𝑡
                          (11) 

 
The liquid phase permeability is given as 

 
𝐾𝑙 = 𝐾𝐾𝑟𝑙                        (12)
         

where 𝐾 is the absolute permeability or the permeability of the porous medium in single-phase 
flow, and 𝐾𝑟𝑙 is the relative permeability of the liquid phase.  

If 𝑆  close to 1  (𝑆 → 1) , the liquid relative permeability is considered as a linear function of 
saturation and could be approximated as  
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𝐾𝑟𝑙 = 𝜉𝑆                        (13) 
 
where 𝜉 is the constant of proportionality. By substituting Eq. (13) into Eq. (12), the liquid phase 
permeability can be re-written as 
 
𝐾𝑙 = 𝜉𝑆𝐾                        (14) 

 
Since the two-phase zone is isothermal, and condensation occurs only at the interface between 

the two-phase region and the liquid saturated region 𝑦𝑡 ≅ 0 (or 𝑦 ≅ 𝛿𝑙), the mass balance equation 
for the mass of condensate at the interface of the liquid film with the two-phase zone 𝑦 = 𝛿𝑙  can 
then be obtained as 
 
𝜕

𝜕𝑥
∫ 𝜌𝑙

𝛿𝑙

0
𝑈𝑙𝑑𝑦 = 𝑚̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑎𝑡𝑒

′′ − 𝑚̇𝑐𝑎𝑝𝑖𝑙𝑙𝑎𝑟𝑦
′′                     (15) 

 
The energy balance which states that the rate of energy release due to condensation at the 

interface of a liquid film with the two-phase zone 𝑦 = 𝛿𝑙 is equal to the heat conducted through the 
liquid film. Fourier's law is adequately described the conduction heat transfer in a liquid film. 
 

𝑞′′ =
𝜆

𝛿𝑙
(𝑇𝑠𝑎𝑡 − 𝑇𝑤)                       (16) 

 
The mass flux of condensate can be represented as 

 

𝑚̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑎𝑡𝑒
′′ =

𝑞′′

ℎ𝑓𝑔
                       (17) 

 
Substituting Eq. (16) into Eq. (17), the mass flux of condensate can be re-written as 

 

𝑚̇𝑐𝑜𝑛𝑑𝑒𝑛𝑠𝑎𝑡𝑒
′′ =

𝜆

𝛿𝑙ℎ𝑓𝑔
(𝑇𝑠𝑎𝑡 − 𝑇𝑤)                     (18) 

 
However, not all the condensate flows down the plane by gravitational force. Due to capillary 

pressure, some portion of the condensate flows along the 𝑦-direction, which is perpendicular to the 
plate and causes the presence of a two-phase zone. 

At the interface of a liquid film with a two-phase zone (𝑦 = 𝛿𝑙), Eq. (4) the velocity in the 𝑦-
direction could be re-written as follow according to Eq. (7) and Eq. (10). 
 

𝑉
𝑙𝑡{ 𝑆=1

𝑦=𝛿𝑙
}

= −
𝐾𝑙

𝜇𝑙
(

𝜕𝑃𝑐

𝜕𝑆
)

𝑆=1
(

𝜕𝑆

𝜕𝑦
)

𝑦=𝛿𝑙

                     (19) 

 
Referring to Eq. (6) and Eq. (14), both  𝑗𝑠 and 𝐾𝑙 are functions of 𝑆. Thus, the partial derivative of 

capillary pressure with respect to 𝑆 can be represented as 
 

(
𝜕𝑃𝑐

𝜕𝑆
)

𝑆=1
=

𝜎

√𝐾𝑙/𝜀

𝜕𝑗𝑆

𝜕𝑆
+ 𝑗𝑆

𝜀1/2

𝐾
𝑙
3/2

𝜕𝐾𝑙

𝜕𝑆
𝜎                     (20) 

 
Substituting Eq. (9), (11), (14) and (20) into Eq. (19), a simplified form of liquid velocity at the 

interface of a liquid film with two-phase zone 𝑦 = 𝛿𝑙 due to the capillary force can be re-written as 
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𝑉
𝑙𝑡{ 𝑆=1

𝑦=𝛿𝑙
}

=
𝛾𝜎

𝜇
√𝜉𝐾𝜀 (

𝜕𝑆

𝜕𝑦
)

𝑦=𝛿𝑙

                      (21) 

 
Hence the mass flux due to capillary force can be expressed as 

 

𝑚̇𝑐𝑎𝑝𝑖𝑙𝑙𝑎𝑟𝑦
′′ =

𝜌𝑙𝛾𝜎

𝜇𝛿𝑡
√𝜉𝐾𝜀                      (22) 

 
The film thickness is small compared to the plate length, 𝛿 ≪ 𝐿. The liquid pressure in the 𝑥-

direction is negligible as suggested by many previous researchers [34-35, 46]. The change in capillary 
pressure is mainly due to the change in liquid pressure. Hence the capillary effect in the x-direction 
is negligible, 𝜕𝑃𝑐/𝜕𝑥 = 0. Also, 𝐾𝑙 = 𝜉𝑆𝐾 and 𝑆 = 1 at the interface of the liquid film with a two-
phase zone, 𝑦 = 𝛿𝑙, the liquid film velocity can be represented as 
 

𝑈𝑙 ≈ (𝜌𝑙 − 𝜌𝑣)𝑔
𝜉𝐾

𝜇
cos 𝜙                      (23) 

 
By substituting Eq. (17)-(18), (23) into Eq. (15) and integrating over 𝑦, the mass balance equation 

for the mass of condensate at the interface of a liquid film with two-phase zone 𝑦 = 𝛿𝑙 can be re-
written as 
 
𝜕𝛿𝑙

𝜕𝑥
=

𝐵

𝛿𝑙
−

𝐴

𝛿𝑡
                        (24) 

 
where  
 

𝐴 =
𝛾𝜎

(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙
√

𝜀

𝜉𝐾
                       (25) 

 

𝐵 =
𝜇𝜆

𝜌𝑙(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙𝐾𝜉ℎ𝑓𝑔
(𝑇𝑠𝑎𝑡 − 𝑇𝑤)                     (26) 

 
Eq. (24) represents the liquid film thickness change along the plate.  

Since liquid is sucked from the liquid film across the interface of the liquid film and two-phase 
zone, so the liquid flow is due to the capillary force in y-direction only. Hence, the mass flow rate of 
condensate at the interface of a two-phase zone with the liquid film, 𝑦𝑡 = 0 is represented as 
 
𝜕

𝜕𝑥
∫ (𝜌𝑙 − 𝜌𝑣)

𝑦𝑡=𝛿𝑡

𝑦𝑡=0
𝑈𝑙𝑑𝑦 = 𝑚̇𝑐𝑎𝑝𝑖𝑙𝑙𝑎𝑟𝑦

′′                     (27) 

 
In two phase zone, the free and wetting films formed by sucking the liquid away from the liquid 

film pass across an interface of liquid film with two phase zone 𝑦 = 𝛿𝑙 (or 𝑦𝑡 = 0). Hence the Eq. (26) 
could be rewritten as 
 
𝜕

𝜕𝑥
∫ 𝑈𝑙𝑑𝑦

𝑦𝑡=𝛿𝑡

𝑦𝑡=0
= −

𝐾𝑙

𝜇𝑙
(

𝜕𝑃𝑐

𝜕𝑆
)

𝑆=1
(

𝜕𝑆

𝜕𝑦
)

𝑦𝑡=0
                    (28) 

 
where 𝑦𝑡 = 0 is at the interface of a liquid film with a two-phase zone, 𝑦 = 𝛿𝑙.  
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The liquid saturation is unity, 𝑆 = 1 at the interface of the two-phase zone and liquid film, 𝑦𝑡 =
0. Substituting Eq. (11), (20) and (23) into Eq. (28), the resulting expression is rearranged to get 
𝜕

𝜕𝑥
∫

𝑦

𝛿𝑡
𝑑𝑦

𝑦𝑡=𝛿𝑡

𝑦𝑡=0
=

𝐴

𝛿𝑡
                       (29) 

 
Solve Eq. (29) and substitute into Eq. (24), the film thickness varying in the x-direction at liquid 

film could be rewritten in the following form 
 
𝑑𝛿𝑙

𝑑𝑥
=

𝐵

𝛿𝑙
−

√𝐴

2√𝑥
                        (30) 

 
Based on the structure of Eq. (30) one shall seek the solution of Eq. (30) in the form 

 

𝛿𝑙 = 𝑐√𝑥                        (31) 
 

Substituting Eq. (31) into Eq. (30) find 𝑐 as follows 
 

𝑐 =
−√𝐴+√𝐴+8𝐵

2
                       (32) 

 
Substitute Eq. (25)-(26) into Eq. (32) and solve for Eq. (31) yields 

 

𝛿𝑙 =
√𝑥

2
 {− [

𝛾𝜎

(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙
(

𝜀

𝜉𝐾
)

1

2
]

1

2

+ [
𝛾𝜎

(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙
(

𝜀

𝜉𝐾
)

1

2
+

8𝜇𝜆

𝜌𝑙(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙𝐾𝜉ℎ𝑓𝑔
(𝑇𝑠𝑎𝑡 − 𝑇𝑤)]

1

2
}      (33) 

 
From the heat balance equation, 

 

𝛼 =
𝜆

c√𝑥
                        (34) 

 
one obtains 
 

 𝑁𝑢 =
√𝑥

𝑐
                        (35) 

 
Consequently, the local Nusselt number is 

 

𝑁𝑢 = 2√𝑥 {− [
𝛾𝜎

(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙
(

𝜀

𝜉𝐾
)

1

2
]

1

2

+ [
𝛾𝜎

(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙
(

𝜀

𝜉𝐾
)

1

2
+

8𝜇𝜆

𝜌𝑙(𝜌𝑙−𝜌𝑣)𝑔 cos 𝜙𝐾𝜉ℎ𝑓𝑔
(𝑇𝑠𝑎𝑡 − 𝑇𝑤)]}

−1

                         (36) 
 
In the criterion form, the average Nusselt number for steady-state heat transfer within the two-

phase zone of a porous layer on an inclined plate can be represented as 
 

𝑁𝑢̅̅ ̅̅ =
1

−√
𝛾

16𝜉

√𝐾

𝐿

1

𝐵𝑜
 +√

𝛾

16𝜉

√𝐾

𝐿

1

𝐵𝑜
+

1

2𝜉𝐴𝑟∗𝑃𝑟Ku

                     (37) 
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The parameters 𝜉 and 𝛾 are estimated from experimental data. 𝜉 is taken to be 1. 𝛾 estimated 
from the Leverett J-function. The constant γ is determined by using trial and error analysis method. 
It is found that γ = 0.025 best matches to the experimental data.  
 
3. Results  
 

Without the two-phase region effect, 𝐵𝑜 ≫ 1, the term 
𝛾

16𝜉

√𝐾

𝐿

1

𝐵𝑜
 in Eq. (37) is negligible. By 

substituting 𝜉 = 1 , the Eq. (37) can be reduced to the classical solution of Eq. (1) for film 

condensation in porous media, 𝑁𝑢̅̅ ̅̅ = (2𝐴𝑟∗𝑃𝑟Ku)
1

2. The Nusselt number as a function of 𝐴𝑟∗𝑃𝑟Ku 
with porosity 𝜀  = 0.38, permeability 𝐾 = 5.075𝑥10−4  mm2, 𝛾  = 1.4 and 𝛽  = 1 for different 𝐵𝑜 
number is shown in Figure 2. For a very large Bo number corresponds to no two-phase region effect, 
gives a linear line on the graph. The curve is getting closer to the no two-phase effect line when Bo 
number is getting bigger. The capillary force significantly improves the heat transfer rate, particularly 
for large 𝐴𝑟∗𝑃𝑟Ku  number. As the Bo number increases, the capillary needs a greater 𝐴𝑟∗𝑃𝑟Ku 
number for the action to begin. For modest 𝐴𝑟∗𝑃𝑟Ku number, the capillary force shows very little 
effect and could say the effect is negligible. The line starts to deviate upward from the line with no 
two-phase effect. 
 

 
Fig. 2. Nusselt number as function of 𝑨𝒓∗𝑷𝒓𝑲𝒖 for 𝜺 = 0.38, K = 0.0005075 
mm2, γ = 0.025 and 𝝃= 1 

 

Figure 3 and 4 show how the capillary force affects the condensation heat transfer by Kutateladze 
number Ku. The larger the Kutateladze number, the higher the heat transfer rate. In terms of thermal 
resistance, the temperature drop across any film layer is proportional to the thermal resistance of 
that layer if the heat flux is remaining constant. When heat is transferred through a low resistance 
film layer, the temperature drop is lesser. Consequently, the Kutateladze number is high and causes 
a high heat transfer rate.  

It can also be seen from Figure 4 that the smaller the Bond number, the higher the heat transfer 
rate. The smaller the Bond number, the stronger the surface tension force. Hence, more liquid will 
be sucked up to the two-phase region making liquid film thinner and causing a steeper temperature 
gradient in the liquid zone resulting in the higher heat transfer rate for the smaller Bond number.  
 

1.0E+00

1.0E+04

1.0E+08

1.0E+12

1.0E+00 1.0E+04 1.0E+08 1.0E+12

N
u

Ar* Pr Ku

Bo=0.01

Bo=0.1

Bo=1

without 2phase region effect

𝐵𝑜≫1 ; 𝑁𝑢=(2𝐴𝑟^∗ 𝑃𝑟K_u )^(1/2)



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 78, Issue 2 (2021) 67-84 

 

77 
 

 
Fig. 3. The effect of Kutateladze number, 𝑲𝒖 

 

 
Fig. 4. The condensation heat transfer results for porosity 𝜺  = 0.38, 
permeability K = 0.0005075 mm2, γ = 0.025 and 𝝃 = 1 

 
Figure 5 shows the comparison between Majumdar and Tien’s [34] model, Plumb’s [33] model, 

present model, and experimental results of Dvorovenko [18] with no two-phase region effect. The 
results show a good agreement between the predictions of the present model to the experimental 
data. Whereas, the model developed by Plumb [33], and Majumdar and Tien [34] underpredicts the 
heat transfer coefficient of this zone and hence shows a lower heat transfer rate. 

Figure 6 shows the comparison of experimental results with the present model and theoretical 
model developed by Nakoryakov and Gorin [8]. Among the numerous data of Dvorovenko [18], the 
sample of d = 0.8 mm, L = 250 mm, cos φ = 0.10343 was selected for further investigation as it 
deviates far above the solution by Nakoryakov and Gorin [8]. It means the selected sample has a 
higher heat transfer rate compared to other samples which might be due to the presence of a two-
phase region effect.  
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Fig. 5. Comparison of the predicted model developed by Majumdar and Tien [34], 
Plumb [33] to the present model (with 𝝃 = 𝟏) and experimental data with no two-
phase region effect (𝑩𝒐 ≫ 𝟏) for film condensation on an inclined plate with a length 
of 500 mm embedded in porous media with a grain size of 800 μm 

 

 
Fig. 6. Comparison of experimental results with the theoretical model for film condensation on an 
inclined plate embedded in porous media with a grain size of 800 μm and plate length of 250 mm 

 

This selected sample was further investigated and found it has a relatively small temperature 
difference between the plate wall temperature 𝑇𝑤  and saturation temperature 𝑇𝑠𝑎𝑡 , which is less 
than 4℃ if compared to other samples. Besides, it has the thinnest liquid film thickness about half 
the grain size with 𝛿 = 0.45 mm  approximately, and the gradient of the slope (or the thermal 
resistance) is the smallest. While for other samples, the liquid film thickness is thicker than the grain 
size. This finding has clarified Chang’s research finding in which the heat transfer rate is higher for 
the sample with a two-phase region effect. It is due to more liquid condensate into the two-phase 
region, causing the thinning of liquid film thickness and gives a sharper temperature gradient in the 
liquid zone [37].  

A comparison between the present two-phase model, experimental results [18], and some other 
two-phase models developed by Cheng [9], Plumb [33], and Majumdar and Tien [34] is showed in 
Figure 7.  

The two-phase model developed by Majumdar and Tien [34] and Plumb [33] had have rearranged 
to ease the comparison. Both models employed the same parameters used in the current study and 
represented as 
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Majumdar and Tien’s model 
 

𝑁𝑢𝐿 = [−√0.3732 √𝐾

𝐿

1

𝐵𝑜
+√0.3732 √𝐾

𝐿

1

𝐵𝑜
+

2

𝐴𝑟∗𝑃𝑟Ku
]

−1

                  (38) 

 
Plumb’s model 

 

𝑁𝑢𝐿 = [−√
𝑗𝑠

6(1+2Λ)

√𝐾

𝐿

1

𝐵𝑜
+√

𝑗𝑠

6(1+2Λ)

√𝐾

𝐿

1

𝐵𝑜
+

2

𝐴𝑟∗𝑃𝑟Ku
]

−1

                  (39) 

 
where Λ is the parameter relating the saturation and capillary pressure. According to Brooks and 
Corey [48], Λ will be in the range of 2 ≤ Λ ≤ 8 for a variety of unconsolidated porous materials.  

The graph of both numerical and experimental results for film condensation on an inclined plate 
embedded in porous media with a grain size of 800 μm and a plate length of 250 mm presented in 
terms of the dimensionless parameters ( 𝑁𝑢, 𝐴𝑟∗, 𝑃𝑟, Ku ) plotted as shown in Figure 7. The 
experimental result shows a good agreement with the present model. The parameter of 𝛾 in the 
present model was adjusted and found the best match with experimental data is by substituting 𝛾 =
 0.025 while 𝜉 would always equal to 1 as mentioned above.  

The present, Plumb [33], and Majumdar and Tien [34] models all have a higher heat transfer 
coefficient than the model developed by Nakoryakov and Gorin [8]. In Nakoryakov and Gorin’s [8] 
model, the two-phase region effect not taken into consideration, and the pure vapour assumed to 
be in direct contact with the liquid film.  Whereas, the heat transfer coefficient of Chang’s [37] model 
is very much lower than the model developed by Nakoryakov and Gorin [8] but could improve by 
adjusting its constant coefficient of 1.23 to a higher value.  

 

 
Fig. 7. Film condensation on an inclined plate with inclination angle of 𝑐𝑜𝑠 𝜑 =
0.10343 and length of 250 mm embedded in porous media with grain size of 
800 𝜇m 

 
Furthermore, the present model compared with the experimental results presented by Chung et 

al.,  [35] also the model developed by Cheng [9], Plumb [33], Majumdar and Tien [34], Chung et al., 

[35] and Nakoryakov and Gorin [8]. The condensation heat transfer rate represented by 
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Kutateladze number for film condensation embedded in porous media with glass beads size of 900 
𝜇m is showed in Figure 8. It can be seen that the model developed by Cheng [9] and Nakoryakov and 
Gorin [8] has a less steep line and is far below the models that account for the two-phase region 
effect as they did not include the two-phase region effect. 

The local Nusselt number of Cheng’s model [9] gives the heat transfer coefficient at a particular 
point on the heat-transfer surface expressed in the following equation.  
 

𝑁𝑢𝑥 = [
(2𝑛+1)𝑅𝑎𝑥,𝐿

2𝐽𝑎
]

1

2
                       (40) 

 
where, 𝑅𝑎𝑥,𝐿 is the local Rayleigh number and 𝐽𝑎 is the Jakob number while 𝑛 = 0 for wedge and 

𝑛 = 1 for cone. Eq. (40) is applied by Chung et al., [35] to compare with their experimental results. 
By substituting 𝑛 = 0, represent 𝑅𝑎𝑥,𝐿 as 𝐴𝑟∗𝑃𝑟, and 𝐽𝑎 as 1/Ku, Eq. (40) becomes 
 

𝑁𝑢𝑥 = [
𝐴𝑟∗𝑃𝑟Ku

2
]

1

2
                       (41) 

 

From Eq. (41), the average Nusselt number is 𝑁𝑢̅̅ ̅̅ = (2𝐴𝑟∗𝑃𝑟Ku)
1

2 , which coincides with the 
solution by Nakoryakov and Gorin [8]. 

As seen in Figure 8, the experimental results of Chung et al., [35] are far below the two-phase 
model developed by Majumdar and Tien [34], Plumb [33], and present model. Conversely, the 
experimental results have a better agreement with the solution of film condensation developed by 
Nakoryakov and Gorin [8] and Cheng [9]. The heat transfer rate from the Majumdar and Tien’s model 
is higher than the Plumb’s model for all three glass beads size investigated by Chung et al., [35]. 
According to Majumdar and Tien [34], this is because of the Plumb’s model under-predicts the size 
and liquid flux in the two-phase zone.  

 

 
Fig. 8. Film condensation embedded in porous media with glass beads size of 900 𝝁m 

 

Chung et al., [35] account for the Non-Darcian and the capillary effects in their model. Although 
their results have shown to match with experimental results, the results did not show a good 
representation of liquid film condensation in a porous medium with the two-phase region effect. The 
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experimental results obtained by Chung et al., [35] were much closer to the models developed by 
Nakoryakov and Gorin [8] and Cheng [9]. Their models had well-predicted liquid film condensation in 
porous media. Plumb [49] also indicated that the physical models by Chung et al., [35] and Cheng [9] 
get very similar results for the condensation heat transfer rate.  

Other than that, Wang and Beckermann [47] said it is inappropriate to use the experimental 
results of Chung et al., [35] for two-phase models validation because the local film thickness in their 
experiments was about of the same order as the glass bead diameters. Kaviany [23] also stated that 
for local film thickness that comparable to particle size, the local volume averaged treatments is no 
longer valid as it breaks the continuum treatment. From the experimental results by White and Tien 
[16], they also could not conclude that the two-phase zone was present as the porous sample used 
had a dimension of 1.6 cm x 1.6 cm only. This small area might not be sufficient for a two-phase zone 
to fully developed. Moreover, there is no temperature profile along the porous layer thickness 
presented by White and Tien [16] and Chung et al., [35]. There is no measurement of temperature 
distribution across the porous layer thickness in their experiment. Hence the results obtained could 
not prove that the isothermal two-phase region did exist. 

From Figure 8, one can also see that both the experimental results and model by Chung et al., 
[35] give similar trends as the model by Nakoryakov and Gorin [8] and Cheng [9] but slightly lower. 
Hence, the finding reveals additional evidence of the experimental results by Chung et al., [35] that 
the results might not have the two-phase region effect. As a result, the validity of the developed two-
phase model has verified through the experimental results of Dvorovenko [18]. As shown in Figure 7, 
the results indicate a good agreement between the experimental result and the present model of Eq. 
(37). Herein, the study has successfully demonstrated a further systematic study of Nakoryakov and 
Gorin [8] by representing the heat transfer results in a non-dimensional function of 𝐴𝑟∗, 𝑃𝑟, Ku and 
𝐵𝑜. With this, the present model can be applied to determine the film condensation in a heat pipe, 
which is a simple yet effective capillary two-phase heat transfer device. A simple Nusselt correlation 
will ease the engineers in designing the heat pipe wick structure and monitoring of heat pipe 
performance. It allows engineers to predict and control “dry-outs” in the evaporative section of heat 
pipes by estimating the condensation rates in the condenser section. Subsequently, this could lead 
to cost savings in the design and construction of heat pipes. 
 
4. Conclusions and Recommendations 
 

A simple physico-mathematical model of film condensation on an inclined plate embedded in a 
porous medium with a two-phase region effect is herein developed and presented with the Leverette 
J-function prediction model, resulting in an easier calculation and results that are more 
representative. In the two-phase region, the capillary pressure and relative permeability are the key 
parameters governing the fluid flow in a porous medium. Taking the capillary effects into 
consideration results in higher heat transfer and condensation rates. Also, the presence of the two-
phase region causes the liquid film thickness to become thin. Therefore, the smaller the Bo number, 
the stronger the surface tension force, the higher the heat transfer rate. From the results obtained, 
numerical and experimental results are in similar trends. The Nusselt number increases when 
𝐴𝑟∗𝑃𝑟Ku increases. The present model is proved to give comparable results with the experimental 
data. The parameter of 𝛾 in the present model was determined. It is found that the present model 
best match with experimental data by substituting 𝛾 =  0.025 and 𝜉 = 1.  However, there are limited 
experimental investigations on film condensation embedded in porous media with the two-phase 
region effect conducted over the last two decades ago. Since technology has progressed in every field 
imaginable, experimental verification for film condensation with two-phase region effect could be 
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possibly done today in more detail, precise and accurate with the use of advanced equipment and 
software. Other than that, the present model could include the effect of inertial and vapour flow as 
well as consider thin liquid film near the plate wall and non-Darcian flow. With these effects and 
considerations could allow for true prediction of heat transfer and condensation rate. Nevertheless, 
the present model with the Leverette J-function prediction formula takes into consideration the two-
phase region effect is easier to use and more convenient compared with the earlier formula. 
Moreover, the calculated results are more representative. Hence, enable the engineers and designers 
to obtain the condensation heat transfer coefficient easily; evaluate the rates of condensation heat 
transfer to control “flooding” in the condensation section of heat pipes. 
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