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Curved pipes flows are encountered in different areas such as heat transfer, chaotic 
mixing, separation of mixtures in pipes, or blood circulation among others and exhibit 
a variety of characteristics depending on the ranges of Dean numbers and pipe 
curvatures. Studies on curved pipes flows usually consider the cases of circular, 
elliptical, and rectangular shapes for the cross sections of the pipe. The present work 
extends the availability of asymptotic analytical solutions to new ranges of cross-
sectional shapes while considering fully developed steady state flows at low Dean 
numbers. The new shapes are given by a polar equation 𝑅∗(𝜃) satisfying the relation  
1 − 𝑅∗2(𝜃) + 𝛿𝑅∗𝛾(𝜃) sin(𝛾𝜃) = 0 where 𝛿 and 𝛾 are parameters. The zero-order 
azimuthal velocity profiles for various cross-sections are given by exact analytical 
solutions. Solutions for the non-homogeneous biharmonic equation for the secondary 
flows are given by using exact expressions for the particular solutions. Furthermore, 
the Fourier series decomposition of the solution is adopted to determine the 
integration constants that allow satisfying the non-slip boundary conditions. Solutions 
are presented for semi triangular (𝛾 = 3), square (𝛾 = 4), and pentagonal (𝛾 = 5) 
cross sections shapes. It is found that the velocity distribution and the Dean’s vortexes 
intensities are modified in function of the cross-section shapes. 
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1. Introduction 
 

Laminar fluid flow in curved pipes with a slowly varying radius of curvature and for various cross-
sections shapes is encountered in different areas such as heat transfer [1], chaotic mixing [2], 
separation of mixtures in pipes [3], or blood circulation in the arteries [4] among others. In inertial 
microfluidic technology, many applications use the properties of Dean's vortices to manipulate the 
motion of small particles at low cost based solely on the hydrodynamic properties of these flows, a 
detailed review of the use of secondary flows in microfluidics was recently presented by Zhao et al., 
[5]. For applications based on inertial focusing separation, cross-sections shapes are essentials for 
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mastering the separation, which is generally carried out in spiral tubes, thus with small variations in 
the radius of curvature [6]. Guan et al., [7], by using a new method for three-dimensional observation 
of the location of focused particle stream, introduced a novel spiral microchannel with a trapezoidal 
cross-section that generates stronger Dean vortices at the outer half of the channel and achieved 
higher separation resolution than conventional spiral microchannels with rectangular cross-section. 
Thus, by acting on the shape of the pipe, one can modify the flow characteristics and, modulate the 
shape and intensity of the secondary flows which appear in the curved conduits. The control of the 
induced modifications makes it possible to optimize the yields for the envisaged uses. This broad 
potential for use motivated many studies on flows in curved pipes in various situations [8]. 

Curved pipe flows exhibit a variety of characteristics depending on the ranges of Reynolds 
numbers and pipe curvatures considered for the intended fields of application. The parameters 
governing such flows are fixed by the ratios of orders of magnitude between inertial, centrifugal, and 
viscous forces. The main feature of curved pipe flows is the presence of centrifugal forces which 
induce secondary flows, known as Dean's vortex. These vortices are characterized by the Dean 
number, defined as the ratio between orders of magnitude of the centrifugal forces and the part of 
the viscous forces acting perpendicular to the main direction of the flow, and which is related to flow 
patterns according to the range of its values. Regarding the fluid dynamics aspect, a first classification 
of curved pipe flows into three large categories, i.e. steady state, periodic and chaotic, according to 
the Dean number values, has been proposed by Yanase et al., [9]. Thus for industrial applications in 
the field of heat transfer, depending on the values taken by the Grashof number, it will be necessary 
to take into account the variation in density of the fluid, as in Mondal et al., [10] and even to consider 
variable physical fluid properties while for other range of values these effects will be weak and one 
will consider the fluid as incompressible with constant physical properties. For applications in 
microfluidics, such as for equipment for biological kits or again for cooling techniques in small spaces 
among others, the small dimensions of the channels mean that the Reynolds numbers remain 
moderate and therefore the flows are at low inertia [11]. In the latter cases, low Dean number 
approaches may prove to be suitable, the problem is then generally more focused on the cross 
sectional shapes of the pipe, the aspect ratios and in some cases on the non-Newtonian character of 
the fluid as in the case for example of blood flows in parts of the arterial network [12]. The present 
work, rather of a mathematical nature and based on asymptotic expansions valid for low Dean 
numbers, is to be classified in the category of low Dean numbers steady state 2D curved flows studies, 
it aims to explores the possibility of giving analytical or semi-analytical solutions, adapted to a wide 
range of non-circular geometries. Following the example of the work proposed by Norouzi et al., [11] 
for rectangular cross-section conduits based on asymptotic expansions with respect to the curvature 
parameter, and which deals in detail with the limits of validity of the asymptotic approaches, we 
propose, by using similar but not identical approaches, solutions for a wide range of shapes of the 
generic cross-sections of the tube. 

Recall that the first solutions establishing the existence of secondary flows in curved pipes with 
circular cross-sections are those obtained analytically by Dean [13-14] in the form of asymptotic 
expansions valid for small values of the Dean number. The presence of secondary flows will be 
confirmed experimentally by Eustice [15-16]. Subsequently, Cumming [17] in 1957 presented 
asymptotic solutions for elliptical and square cross-section conduits, and Ito [18] discussed solutions 
in the case of rectangular cross-sections. 

Berger and Talbot [8] presented a review in 1983 of curved pipe flow studies from Dean's early 
analytic and asymptotic results to the most recent ones obtained by finite difference numerical 
methods [19] available at this stage. This document recalls the mathematical formulation to be 
retained in the case of fully developed flows as well as the asymptotic expansions to be adopted in 
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cases of low Dean number values and reminds moreover that the effect of secondary flows on the 
pressure drop is obtained considering the second-order terms in Dean's developments in the case of 
torus with circular cross-sections. 

Starting from the theoretical configuration of a torus, one can introduce extended geometric 
properties to integrate other features such as variable curvature or torsion. Wang [20] in 1981, have 
used a non-orthogonal helical coordinate system to study the impact of curvature and torsion on the 
flow in a helical pipe. They noticed that when the torsion becomes more marked, the secondary flow 
develops as a single circulating cell, and the changes in curvature affect only the flow rate along the 
pipe. Germano [21] in 1982 introduced an orthogonal coordinate system to study the effect of 
curvature and torsion on flow in a helical pipe. Gammack and Hydon [22] in 2001 solved numerically 
and analytically the steady and unsteady flows for four types of curved pipe with non-uniform 
curvatures and torsions. They considered that the curvature 𝑘 is an exponential function of the 
azimuthal coordinate s (𝑘 = 𝑘0𝑒

ηs, with 𝑘0 and 𝜂 are constants). They showed that the elevation of 
the curvature in 𝑠 produce an increase of velocity amplitude in the cross-section, and the maximum 
axial velocity is forced near to the wall. 

In addition, curved pipes flows are widely studied within the framework of the modeling of the 
blood flows in the arterial network, with a view to a better understanding of the relations between 
the dynamics of flow and pathologies such as the case of arteriosclerosis, or even for the 
development of non-invasive diagnostic aid techniques. In 1980, Pedley [23] gave a general overview 
of the flows in curved large blood vessels (heart, arteries, and veins). Singers [4] in 2005 focused his 
research on blood circulation in a curved artery. They analyzed the impact of centrifugal and Coriolis 
forces on flows in pipes of finite curvature. Zakaria et al., [24] in 2018 presented the results obtained 
by 3D numerical simulation using the computational fluid dynamics platform OpenFOAM for the 
study of blood flow in the human aorta. They focused on complex flow in the curved tube like 
secondary and separation flows due to their impact on the wall shear stress. 

Other studies deal with instabilities and unsteadiness for curved pipes flows. Fellouah et al., [25] 
in 2006 presented a numerical and experimental study of Dean instability for the flow in curved pipes. 
Timité et al., [26] in 2010 examined numerically and experimentally the effects of the pulsed flow on 
the secondary flow in a curved pipe. Mondal et al., [10] studied numerically the fully developed two-
dimensional unsteady flow of viscous incompressible fluid through a curved rectangular duct by using 
a spectral method for a range of Dean numbers between 1000 and 10000 and investigate the 
nonlinear behavior of the unsteady solutions. They showed that convective heat transfer is 
significantly improved by the secondary flow and the chaotic flow, which occurs at large Dean’s 
number, enhances heat transfer more strongly than the steady-state or periodic solutions. In relation 
with the growing interest on engineering applications involving rotating coiled ducts, recent works 
by Islam et al., [27] studied the effects of rotation on the unsteady flow characteristics, caused by the 
combined action of the centrifugal, Coriolis and buoyancy forces.  

Generally, the cross-sections considered are limited to the usual cases of circular, elliptical, and 
rectangular shapes with curved tubes of constants radius of curvature. More recently, some works 
considered trapezoidal cross-sections [7] or semicircular ones [28]. By using a perturbation method 
valid for low curvature ratio, Nourouzi and Biglari [11] in 2013 solved the Dean flow analytically in 
curved ducts with a rectangular cross-section.  

It is proposed in this work to extend the availability of asymptotic analytical solutions to new 
ranges of cross-sectional shapes while considering fully developed steady state flows at low Dean 
numbers. The zero-order azimuthal velocity profiles for various cross-sections are given by exact 
analytical solutions obtained using the results of Lekner [29] and Letelier [30] in the case of straight 
tubes. Solutions for the nonhomogeneous biharmonic equation for the secondary flows are obtained 
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by using Michel's general solution in polar coordinate for the homogeneous part and exact 
expressions for the particular solutions. Furthermore, the Fourier series decomposition of the 
solution is adopted to determine the values of the integration constants that allow satisfying the non-
slip boundary conditions at the tube wall.  

The original proposed method is validated by comparing the results with those of Dean in the 
case of a torus with a circular cross-section and then with those of Cumming [17] in the case of the 
elliptical cross-section. The characteristics introduced by the forms of non-circular cross-sections are 
highlighted by presenting the impact of the shape of the section on the spatial distribution and the 
intensity of the vortex’s velocities. 

In this context, this paper is organized as follows. The first part of section 2 presents the studied 
geometry; the second part gives the governing equations and the boundary conditions for the 
problem in dimensionless forms. In section 3 the analytical solution of the nonhomogeneous 
biharmonic equation for the secondary flows in tubes with a various cross-section where the axis of 
the tube is an arbitrary plane curve is described in detail together with the impact of the variation of 
the tube curvature on the flow. The results obtained for the velocity distribution and the Dean’s 
vortexes for different cross-sections are presented in sections 3 and 4, where the impact of the cross-
section flow is analysed. In addition, the first-order effects of the vortexes on the azimuthal velocity 
are given in section 5. Finally, section 6 summarizes and discusses the obtained results. 
 
2. Mathematical Formulation 
2.1 Coordinate System 
 

The steady flow of an incompressible Newtonian fluid in a curved pipe with a variable radius of 
curvature and an arbitrary cross-section is studied in a fixed orthogonal coordinate 
system 𝑅(𝑂, �⃗�, �⃗�, 𝑧). The axis of the tube is a plane curve (𝒞) of arbitrary equation 𝑦 = 𝑓(𝑥) and 

(𝑥, 𝑦, 𝑧) are the cartesian coordinates. 𝑅𝐹(𝑂1, 𝜏, �⃗⃗⃗�, �⃗⃗�) is a coordinate system where 𝑂1 is located on 

(𝒞) and (𝜏, �⃗⃗⃗�, �⃗⃗�) is the orthonormal triad with 𝜏 the tangent vector to (𝒞), �⃗⃗⃗� the normal vector and 

�⃗⃗� the binormal vector. (𝑠, 𝑟, 𝜃) is the curvilinear coordinate system with 𝑠 is the azimuthal coordinate 

along the plane curve (𝒞) and (𝑟, 𝜃) are polar coordinates in the plane (�⃗⃗⃗�, �⃗⃗�). (𝑒𝑠⃗⃗⃗⃗ , 𝑒𝑟⃗⃗ ⃗⃗ , 𝑒𝜃⃗⃗⃗⃗⃗) are the 

associate unit vectors and (𝑋, 𝑌) are the cartesian coordinates in the plane (�⃗⃗⃗�, �⃗⃗�). It should be noted 
that when the radius of curvature is constant (𝑅𝑐 = 𝑐𝑠𝑡), these coordinates coincide with the 
toroidal coordinates (Figure 1). 
 

 
Fig. 1. Geometry of curved tube with variable 
cross-sectional shape 
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Using these orthogonal systems, the position vector 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗ in 𝑅(𝑂, �⃗�, �⃗�, 𝑧) is written as 
 

𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗ ⃗ = �⃗⃗�(𝑠) − 𝑟𝑠𝑖𝑛(𝜃)�⃗⃗⃗� + 𝑟𝑐𝑜𝑠(𝜃)�⃗⃗�      ;  𝜃 > 0                       (1) 
 

where, �⃗⃗�(𝑠) = 𝑂𝑂1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗⃗. The arc length element takes the form 
 

𝑑OM⃗⃗⃗⃗ ⃗⃗⃗. 𝑑OM⃗⃗⃗⃗ ⃗⃗⃗ = ℎ1
2(𝑠, 𝑟, 𝜃)𝑑𝑠2 + ℎ2

2(𝑠, 𝑟, 𝜃)𝑑𝑟2 + ℎ3
2(𝑠, 𝑟, 𝜃)𝑑𝜃2       (2) 

 
where the metrics ℎ1, ℎ2 and ℎ3 for this system are given by 
 

ℎ1(𝑠, 𝑟, 𝜃) = (1 +
𝑟

𝑅𝑐(𝑠)
sin 𝜃), ℎ2(𝑠, 𝑟, 𝜃) = 1, ℎ3(𝑠, 𝑟, 𝜃) = 𝑟       (3) 

 
where 𝑅𝑐(𝑠) = 1/𝑘(𝑠) is the radius of curvature and 𝑘(𝑠) is the curvature. 
 
2.2 Governing Equations 

 
Continuity equation 
 
𝜕

𝜕𝑠
(𝑟𝑢) +

𝜕

𝜕𝑟
(ℎ1𝑟v) +

𝜕

𝜕𝜃
(ℎ1𝑤) = 0           (4) 

 
Azimuthal momentum equation (𝑒𝑠⃗⃗⃗⃗ ) 
 

(
𝑢

ℎ1

𝜕𝑢

𝜕𝑠
+ v

𝜕𝑢

𝜕𝑟
+
𝑤

𝑟

𝜕𝑢

𝜕𝜃
) +

𝑢

𝑅𝑐(𝑠)

(v𝑠𝑖𝑛𝜃+𝑤𝑐𝑜𝑠𝜃)

ℎ1
= −

1

𝜌ℎ1

𝜕𝑝

𝜕𝑠
+ 𝜈 [

1

ℎ1

𝜕

𝜕𝑠
(
1

ℎ1

𝜕𝑢

𝜕𝑠
) +

1

𝑟

𝜕

𝜕𝑟
(
𝑟

ℎ1

𝜕(ℎ1𝑢)

𝜕𝑟
) +

1

𝑟2
𝜕

𝜕𝜃
(
1

ℎ1

𝜕(ℎ1𝑢)

𝜕𝜃
) +

2

ℎ1
2 {
𝜕ℎ1

𝜕𝑟

𝜕v

𝜕𝑠
+
1

𝑟

𝜕ℎ1

𝜕𝜃

𝜕𝑤

𝜕𝑠
} +

1

ℎ1
{v

𝜕

𝜕𝑠
(
1

ℎ1

𝜕ℎ1

𝜕𝑟
) +

𝑤

𝑟

𝜕

𝜕𝑠
(
1

ℎ1

𝜕ℎ1

𝜕𝜃
)}]     (5) 

 
Radial momentum equation (er⃗⃗⃗⃗ ) 
 

(
𝑢

ℎ1

𝜕v

𝜕𝑠
+ v

𝜕v

𝜕𝑟
+
𝑤

𝑟

𝜕v

𝜕𝜃
) −

𝑤2

𝑟
−

𝑢2

𝑅𝑐(𝑠)

𝑠𝑖𝑛𝜃

ℎ1
= −

1

𝜌

𝜕𝑝

𝜕𝑟
+ 𝜈 [

1

ℎ1

𝜕

𝜕𝑠
(
1

ℎ1

𝜕v

𝜕𝑠
) +

𝜕2v

𝜕𝑟2
−

v

𝑟2
+
1

𝑟

𝜕v

𝜕𝑟
+

1

𝑟2
𝜕2v

𝜕𝜃2
−

2

𝑟2
𝜕𝑤

𝜕𝜃
−

2

ℎ1
2

𝜕ℎ1

𝜕𝑟

𝜕𝑢

𝜕𝑠
+ v

𝜕

𝜕𝑟
(
1

ℎ1

𝜕ℎ1

𝜕𝑟
) +

𝑤

𝑟

𝜕

𝜕𝑟
(
1

ℎ1

𝜕ℎ1

𝜕𝜃
) −

𝑢

ℎ1

𝜕

𝜕𝑠
(
1

ℎ1

𝜕ℎ1

𝜕𝑟
) +

1

ℎ1
{
𝜕ℎ1

𝜕𝑟

𝜕v

𝜕𝑟
+

1

𝑟2
𝜕ℎ1

𝜕𝜃

𝜕v

𝜕𝜃
−
2𝑤

𝑟2
𝜕ℎ1

𝜕𝜃
}]    (6) 

 
Tangential momentum equation (𝑒𝜃⃗⃗⃗⃗⃗) 
 

(
𝑢

ℎ1

𝜕𝑤

𝜕𝑠
+ v

𝜕𝑤

𝜕𝑟
+
𝑤

𝑟

𝜕𝑤

𝜕𝜃
) +

v𝑤

𝑟
−

𝑢2

𝑅𝑐(𝑠)

𝑐𝑜𝑠𝜃

ℎ1
= −

1

𝜌𝑟

𝜕𝑝

𝜕𝜃
+ 𝜈 [

1

ℎ1

𝜕

𝜕𝑠
(
1

ℎ1

𝜕𝑤

𝜕𝑠
) +

𝜕2𝑤

𝜕𝑟2
−

𝑤

𝑟2
+
1

𝑟

𝜕𝑤

𝜕𝑟
+

1

𝑟2
𝜕2𝑤

𝜕𝜃2
+

2

𝑟2
𝜕v

𝜕𝜃
−

2

ℎ1
2𝑟

𝜕ℎ1

𝜕𝜃

𝜕𝑢

𝜕𝑠
+
v

𝑟

𝜕

𝜕𝜃
(
1

ℎ1

𝜕ℎ1

𝜕𝑟
) +

𝑤

𝑟2
𝜕

𝜕𝜃
(
1

ℎ1

𝜕ℎ1

𝜕𝜃
) −

𝑢

𝑟ℎ1

𝜕

𝜕𝑠
(
1

ℎ1

𝜕ℎ1

𝜕𝜃
) +

1

ℎ1
{
𝜕ℎ1

𝜕𝑟

𝜕𝑤

𝜕𝑟
+

1

𝑟2
𝜕ℎ1

𝜕𝜃

𝜕𝑤

𝜕𝜃
+
𝑤

𝑟

𝜕ℎ1

𝜕𝑟
}]  

               (7) 
 
The dimensionless variables are defined as 
 

𝑢 = 𝑈𝑢∗, v =
𝜈

𝑎
v∗, 𝑤 =

𝜈

𝑎
𝑤∗, 𝑝 = 𝑝0𝑝

∗, 𝑠 = 𝑅𝑚𝑠
∗, 𝑟 = 𝑎𝑟∗, 𝑅𝑐 = 𝑅𝑚𝑅𝑐

∗      (8) 

 
where (u, v, w) are the velocity components along 𝑒𝑠⃗⃗⃗⃗ , 𝑒𝑟⃗⃗ ⃗⃗  and 𝑒𝜃⃗⃗⃗⃗⃗, 𝑈 is a reference velocity, 𝜈 is the 
kinematic viscosity, 𝑝 is the pressure, 𝑝0 is a reference pressure, 𝑅𝑚 and 𝑎 are respectively 
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characteristic lengths related to the radius of curvature of the tube and to the hydraulic radius of the 
cross-section. 

Assuming the ratio 휀 =
𝑎

𝑅𝑚
≪ 1, conservation equations for mass and momentum are reduced to 

the following dimensionless forms 
 
Continuity Equation 
 
𝜕(𝑟∗v∗)

𝜕𝑟∗
+
𝜕𝑤∗

𝜕𝜃
= 0             (9) 

 
Azimuthal momentum equation (es⃗⃗⃗⃗  ) 
 

v∗
𝜕𝑢∗

𝜕𝑟∗
+
𝑤∗

𝑟∗
𝜕𝑢∗

𝜕𝜃
= −{

𝑝0𝑎

𝜌𝜈𝑈
}
𝜕𝑝∗

𝜕𝑠∗
+
𝜕2𝑢∗

𝜕𝑟∗2
+

1

𝑟∗
𝜕𝑢∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢∗

𝜕𝜃2
                  (10) 

 
Radial momentum equation (er⃗⃗⃗⃗ ) 
 

v∗
𝜕v∗

𝜕𝑟∗
+
𝑤∗

𝑟∗
𝜕v∗

𝜕𝜃
−
𝑤∗2

𝑟∗
− {2𝑅𝑒2휀}

𝑢∗
2
𝑠𝑖𝑛𝜃

2𝑅𝑐
∗(𝑠∗)

= −{
𝑝0𝑎

2

𝜌𝜈2
}
𝜕𝑝∗

𝜕𝑟∗
−

1

𝑟∗
𝜕

𝜕𝜃
(
𝜕𝑤∗

𝜕𝑟∗
+
𝑤∗

𝑟∗
−

1

𝑟∗
𝜕v∗

𝜕𝜃
)               (11) 

 
Tangential momentum equation (eθ⃗⃗⃗⃗⃗) 
 

v∗
𝜕𝑤∗

𝜕𝑟∗
+
𝑤∗

𝑟∗
𝜕𝑤∗

𝜕𝜃
+
v∗𝑤∗

𝑟∗
− {2𝑅𝑒2휀}

𝑢∗
2
𝑐𝑜𝑠𝜃

2𝑅𝑐
∗(𝑠∗)

= −{
𝑝0𝑎

2

𝜌𝜈2
}
1

𝑟∗
𝜕𝑝∗

𝜕𝜃
+

𝜕

𝜕𝑟∗
(
𝜕𝑤∗

𝜕𝑟∗
+
𝑤∗

𝑟∗
−

1

𝑟∗
𝜕v∗

𝜕𝜃
)              (12) 

 
where (𝑢∗, v∗, 𝑤∗) are the non-dimensional velocity components along 𝑒𝑠⃗⃗⃗⃗ , 𝑒𝑟⃗⃗ ⃗⃗  and 𝑒𝜃⃗⃗⃗⃗⃗, 𝜌 is the fluid 

density, 𝑅𝑒 =
𝑈𝑎

𝜈
 is the Reynolds number and 𝐷 = 2𝑅𝑒2휀 the dimensionless number defined by Dean 

[13]. The no-slip boundary conditions are given by 𝑢∗ = v∗ = 𝑤∗ = 0 at the tube wall. 
In the case of a constant radius of curvature and for circular cross-section, the tube is a torus, and 

the system of Eq. (9)-(12) is identical to that used by Dean in the toroidal coordinate system. While, 
if 𝑅𝑐

∗ → ∞, one obtains the equations on the system of the cylindrical coordinates for a straight tube. 
 

3. Resolution 
 

For low values of the number 𝐷, solutions of Eq. (9)-(12) with the associated boundary conditions 
are sought in the form asymptotic expansions in 𝐷 written as 
 
𝑢∗ = 𝑢0

∗(𝑠∗, 𝑟∗, 𝜃) + 𝐷𝑢1
∗(𝑠∗, 𝑟∗, 𝜃) + 𝐷2𝑢2

∗(𝑠∗, 𝑟∗, 𝜃) + ⋯

v∗ = 𝐷v1
∗(𝑠∗, 𝑟∗, 𝜃) + 𝐷2v2

∗(𝑠∗, 𝑟∗, 𝜃) + ⋯                             

𝑤∗ = 𝐷𝑤1
∗(𝑠∗, 𝑟∗, 𝜃) + 𝐷2𝑤2

∗(𝑠∗, 𝑟∗, 𝜃) + ⋯                         

𝑝∗ = 𝑝0
∗(𝑠∗) + 𝐷𝑝1

∗(𝑠∗, 𝑟∗, 𝜃) + 𝐷2𝑝2
∗(𝑠∗, 𝑟∗, 𝜃) + ⋯          

                  (13) 

 
where index 0, 1 and 2 represent respectively the variables at zero, first and second order in 𝐷. 
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At zero order in number 𝐷, Eq. (9)-(12) are reduced to 
 

{
 
 

 
 0 = −

𝜕𝑝0
∗

𝜕𝑠∗
+
𝜕2𝑢0

∗

𝜕𝑟∗2
+

1

𝑟∗
𝜕𝑢0

∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢0

∗

𝜕𝜃2
               

0 = −
𝜕𝑝0

∗

𝜕𝑟∗
                                                              

0 = −
1

𝑟∗
𝜕𝑝0

∗

𝜕𝜃
                                                         

                   (14) 

 
The zero-order boundary conditions set vanishing values of the velocity 𝑢0

∗  at the wall. It should 
be noted at this stage that the shape of the section is not yet defined, and therefore these boundary 
conditions are not explicit. 

For the system of Eq. (14), the classical analytical solutions are those obtained in the case of a 
circular section with a parabolic velocity profile, then that generally presented in the case of 
triangular and elliptical cross-section conduits, as well as the developments obtained for the 
rectangular cross-sections and for a reduced number of other cross-section shapes [31]. Based on 
the method presented by Lekner [29] and by Letelier [30], let us note that the azimuthal pressure 
gradient at zero-order depends only on the variable 𝑠, it could, therefore, be considered a solution 
𝑢0
∗  in the form 

 

𝑢0
∗(𝑠∗, 𝑟∗, 𝜃) = (−

1

4

𝜕𝑝0
∗

𝜕𝑠∗
) [1 − 𝑟∗2 + ℎ(𝑟∗, 𝜃)]                   (15) 

 
where ℎ(𝑟∗, 𝜃) is any function satisfying the polar harmonic equation. By retaining for ℎ(𝑟∗, 𝜃) only 
the functions that cancel 𝑢0

∗  on a closed contour, we see that a wide range of functions remain 
available, including the real and imaginary parts of many analytical functions, some examples of 
which are given by Lekner [29] with ℎ(𝑟∗, 𝜃) = (𝑋∗ + 𝑖𝑌∗)𝑛 with 𝑛 ∈ ℕ, ℎ(𝑟∗, 𝜃) = 𝑠𝑖𝑛(𝑋∗ + 𝑖𝑌∗) 

and ℎ(𝑟∗, 𝜃) = 𝑒𝑖(𝑋
∗+𝑖𝑌∗), where (𝑋∗, 𝑌∗) are the dimensionless cartesian coordinates. On the other 

hand, note that when ℎ(𝑟∗, 𝜃) = 0, the section is circular. 
In what follows, we will consider ℎ(𝑟∗, 𝜃) = 𝑟∗𝛾sin (𝛾𝜃) which corresponds to the real part of 

the analytical function 𝑍∗𝛾 = (𝑋∗ + 𝑖𝑌∗)𝛾 = 𝑟∗𝛾𝑒𝛾𝑖𝜃 where 𝛾 is a positive constant, 𝑋∗ = 𝑟∗𝑠𝑖𝑛𝜃 and 
𝑌∗ = 𝑟∗𝑐𝑜𝑠𝜃. The velocity profile, in polar coordinate, based on the real part of the function 𝑍∗𝛾  can 
be written as [29] 
 

𝑢0
∗(𝑠∗, 𝑟∗, 𝜃) = (−

1

4

𝜕𝑝0
∗

𝜕𝑠∗
) [1 − 𝑟∗2 + 𝛿𝑟∗𝛾sin (𝛾𝜃)]                   (16) 

 

here, 𝛿 denotes a correction parameter and 𝑟∗ is defined as 𝑟∗ = √𝑋∗2 + 𝑌∗2. We note that at the 
limits 𝛾 → 0 and 𝛾 → ∞ we recover the circular form. The implicit polar equation for 𝑅∗(𝜃) obtained 
by setting a vanishing velocity on the tube wall is given by 
 
1 − 𝑅∗2(𝜃) + 𝛿𝑅∗𝛾(𝜃) sin(𝛾𝜃) = 0                     (17) 
 

Figure 2(a)-(c) shows a variety of cross-sectional pipe shapes obtained for different values of the 
parameters (𝛿, 𝛾) in Eq. (17).  
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(a) (b) (c) 

Fig. 2. The variety of pipe cross-sectional shapes for different values of 𝛿 and 𝛾(a): 𝛾 = 3 , 𝛿 = 0.2, (b): 
𝛾 = 4 , 𝛿 = 0.15, (c): 𝛾 = 5 , 𝛿 = 0.15 

 
At first order in number 𝐷, the system in Eq. (9)-(12) reduces to 

 
𝜕(𝑟∗v1

∗ )

𝜕𝑟∗
+
𝜕𝑤1

∗

𝜕𝜃
= 0                       (18) 

 

v1
∗ 𝜕𝑢0

∗

𝜕𝑟∗
+
𝑤1
∗

𝑟∗
𝜕𝑢0

∗

𝜕𝜃
= −{

𝑝0𝑎

𝜌𝜈𝑈
}
𝜕𝑝1

∗

𝜕𝑠∗
+
𝜕2𝑢1

∗

𝜕𝑟∗2
+

1

𝑟∗
𝜕𝑢1

∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢1

∗

𝜕𝜃2
                  (19) 

 

−
𝑢0
∗2𝑠𝑖𝑛𝜃

2𝑅𝑐
∗(𝑠∗)

= −{
𝑝0𝑎

2

𝜌𝜈2
}
𝜕𝑝1

∗

𝜕𝑟∗
−

1

𝑟∗
𝜕

𝜕𝜃
(
𝜕𝑤1

∗

𝜕𝑟∗
+
𝑤1
∗

𝑟∗
−

1

𝑟∗
𝜕v1

∗

𝜕𝜃
)                   (20) 

 

−
𝑢0
∗2𝑐𝑜𝑠𝜃

2𝑅𝑐
∗(𝑠∗)

= −{
𝑝0𝑎

2

𝜌𝜈2
}
1

𝑟∗
𝜕𝑝1

∗

𝜕𝜃
+

𝜕

𝜕𝑟∗
(
𝜕𝑤1

∗

𝜕𝑟∗
+
𝑤1
∗

𝑟∗
−

1

𝑟∗
𝜕v1

∗

𝜕𝜃
)                  (21) 

 
Eq. (18) implies the existence of a dimensionless pseudo-stream function 𝜓1

∗ defined by 
 

v1
∗ = −

1

𝑟∗
𝜕𝜓1

∗

𝜕𝜃
, 𝑤1

∗ =
𝜕𝜓1

∗

𝜕𝑟∗
                      (22) 

 
Inserting the expression in Eq. (22) in the system of Eq. (19)-(21) and eliminating the pressure 

terms between Eq. (20) and Eq. (21), give the following equations 
 
1

𝑟∗
(−

𝜕𝜓1
∗

𝜕𝜃

𝜕𝑢0
∗

𝜕𝑟∗
+
𝜕𝜓1

∗

𝜕𝑟∗
𝜕𝑢0

∗

𝜕𝜃
) = −{

𝑝0𝑎

𝜌𝜈𝑈
}
𝜕𝑝1

∗

𝜕𝑠∗
+
𝜕2𝑢1

∗

𝜕𝑟∗2
+

1

𝑟∗
𝜕𝑢1

∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢1

∗

𝜕𝜃2
                 (23) 

 
1

𝑟∗
(−

𝜕𝜓1
∗

𝜕𝜃

𝜕

𝜕𝑟∗
+
𝜕𝜓1

∗

𝜕𝑟∗
𝜕

𝜕𝜃
)∆𝜓1

∗ +
𝐷𝑢0

∗

𝑅𝑐
∗(𝑠∗)

(−
𝜕𝑢0

∗

𝜕𝑟∗
𝑐𝑜𝑠𝜃 +

𝜕𝑢0
∗

𝜕𝜃

𝑠𝑖𝑛𝜃

𝑟∗
) = ∆(∆𝜓1

∗)                (24) 

 
Replacing the expression in Eq. (16) in Eq. (24), the equation for 𝜓1

∗ can be written as 
 

∆(∆𝜓1
∗) =

1

𝑅𝑐
∗(𝑠∗)

(−
1

4
(
𝜕𝑝0

∗

𝜕𝑠∗
))

2

[(2(𝑟∗ − 𝑟∗3) +
𝛾𝛿2

2
) 𝑐𝑜𝑠(𝜃) + 𝛿(𝛾(1 − 𝑟∗2)𝑟∗𝛾−1 +

𝑟∗𝛾+1) sin((𝛾 − 1)𝜃) + 𝛿 𝑟∗𝛾+1sin((𝛾 + 1)𝜃) −
𝛿2𝛾

2
𝑟∗2𝛾−1cos((2𝛾 − 1)𝜃)]               (25) 
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with the no-slip boundary conditions 
𝜕𝜓1

∗

𝜕𝑟∗
|
𝑟∗=𝑅∗(𝜃)

= 0 and 
𝜕𝜓1

∗

𝜕𝜃
|
𝑟∗=𝑅∗(𝜃)

= 0 at the tube wall, with 

𝑅∗(𝜃) is the dimensionless polar equation of the tube wall . 
By analytically calculating the particular solutions of Eq. (25) and taking into account Michel’s 

solution [32] for the biharmonic equations in polar coordinates with periodicity condition to establish 
the solution of the homogeneous equation, we get the following form for the solution of Eq. (25) 
 

𝜓1
∗(𝑠∗, 𝑟∗, 𝜃) =

1

𝑅𝑐
∗(𝑠∗)

(−
1

4
(
𝜕𝑝0

∗

𝜕𝑠∗
))

2

(
1

32
[(
𝑟∗5

3
−
𝑟∗7

18
−

𝛿2𝑟∗2𝛾+3

(𝛾2+3𝛾+2)(𝛾+1)
) 𝑐𝑜𝑠(𝜃) + 𝛿 (

(1+𝛾)𝑟∗𝛾+5

3(𝛾+1)(𝛾+2)
−

𝑟∗𝛾+3

(𝛾+1)
) sin((𝛾 − 1)𝜃) + 𝛿

𝑟∗𝛾+5

(𝛾+3)(𝛾+2)
sin((𝛾 + 1)𝜃) +

𝛿2

4(2𝛾+1)
𝑟∗2𝛾+3cos((2𝛾 − 1)𝜃)] +

∑ {(𝐴𝑛𝑟
∗𝑛 + 𝐵𝑛𝑟

∗𝑛+2)𝑐𝑜𝑠(𝑛𝜃) + (𝐶𝑛𝑟
∗𝑛 + 𝐷𝑛𝑟

∗𝑛+2)𝑠𝑖𝑛(𝑛𝜃)}𝐾
𝑛=1 )                (26) 

 
where 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛 are unknown constants to be determined for 𝑛 = 1. . 𝐾(𝐾 ∈ ℕ). A priori, 𝐾 is 
infinite, but the sine and cosine series in Eq. (26) will be truncated to a given order, which depends 
on the considered cross-sectional shapes as well as on the precision sought. 

The difficulty in solving a non-homogeneous biharmonic equation lies in determining integration 
constants that allow the solution to satisfy the no-slip conditions at the wall. First, let us note that, 

by using Eq. (26), the no-slip conditions setting 𝜓1
∗(𝑟∗ = 𝑅∗(𝜃), 𝜃) = 0 and 

𝜕𝜓1
∗ (𝑟∗,𝜃)

𝜕𝑟∗
|
𝑟∗=𝑅∗(𝜃)

= 0 are 

given by 
 
1

32
[(
𝑅∗5(𝜃)

3
−
𝑅∗7(𝜃)

18
+

𝛿2𝑅∗2𝛾+3(𝜃)

(𝛾2+3𝛾+2)(𝛾+1)
) 𝑐𝑜𝑠(𝜃) + 𝛿 (

(1−𝛾)𝑅∗𝛾+5(𝜃)

3(𝛾+1)(𝛾+2)
+
𝑅∗𝛾+3(𝜃)

(𝛾+1)
) sin((𝛾 − 1)𝜃) +

𝛿
𝑅∗𝛾+5(𝜃)

(𝛾+3)(𝛾+2)
sin((𝛾 + 1)𝜃) −

𝛿2

4(2𝛾+1)
𝑅∗2𝛾+3(𝜃)cos((2𝛾 − 1)𝜃)] + ∑ {(𝐴𝑛𝑅

∗𝑛(𝜃) +𝐾
𝑛=1

𝐵𝑛𝑅
∗𝑛+2(𝜃))𝑐𝑜𝑠(𝑛𝜃) + (𝐶𝑛𝑅

∗𝑛(𝜃) + 𝐷𝑛𝑅
∗𝑛+2(𝜃))𝑠𝑖𝑛(𝑛𝜃)} = 0                 (27) 

 
1

32
[(
5𝑅∗4(𝜃)

3
−
7𝑅∗6(𝜃)

18
+
𝛿2(2𝛾+3)𝑅∗2𝛾+2(𝜃)

(𝛾2+3𝛾+2)(𝛾+1)
) 𝑐𝑜𝑠(𝜃) + 𝛿 (

(1−𝛾)(𝛾+5)𝑅∗𝛾+4(𝜃)

3(𝛾+1)(𝛾+2)
+
(𝛾+3)𝑅∗𝛾+2(𝜃)

(𝛾+1)
) sin((𝛾 −

1)𝜃) + 𝛿
(𝛾+5)𝑅∗𝛾+4(𝜃)

(𝛾+3)(𝛾+2)
sin((𝛾 + 1)𝜃) −

𝛿2(2𝛾+3)

4(2𝛾+1)
𝑅∗2𝛾+2(𝜃)cos((2𝛾 − 1)𝜃)] +

∑ {(𝑛𝐴𝑛𝑅
∗𝑛−1(𝜃) + (𝑛 + 2)𝐵𝑛𝑅

∗𝑛+1(𝜃))𝑐𝑜𝑠(𝑛𝜃) + (𝑛𝐶𝑛𝑅
∗𝑛−1(𝜃) + (𝑛 +𝐾

𝑛=1

2)𝐷𝑛𝑅
∗𝑛+1(𝜃))𝑠𝑖𝑛(𝑛𝜃)} = 0                     (28) 

 
By taking into account the polar equation of the tube wall 𝑟∗ = 𝑅∗(𝜃), and remarking, due again 

to the necessary periodicity in 𝜃 of the solution, that for all integer 𝑚 ∈ {1, 𝐾} the function 𝜓1
∗ must 

satisfy 
 

∫ 𝜓1
∗(𝑟∗ = 𝑅∗(𝜃), 𝜃) cos(𝑚𝜃)𝑑𝜃

2𝜋

0
= 0                    (29) 

 

∫ 𝜓1
∗(𝑟∗ = 𝑅∗(𝜃), 𝜃) sin(𝑚𝜃)𝑑𝜃

2𝜋

0
= 0                    (30) 

 

∫
𝜕𝜓1

∗

𝜕𝑟∗
(𝑟∗ = 𝑅∗(𝜃), 𝜃) cos(𝑚𝜃)𝑑𝜃 = 0

2𝜋

0
                    (31) 

 

∫
𝜕𝜓1

∗

𝜕𝑟∗
(𝑟∗ = 𝑅∗(𝜃), 𝜃) sin(𝑚𝜃)𝑑𝜃 = 0

2𝜋

0
                    (32) 
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One obtains a system of 4𝐾 algebraic equations for the 4𝐾 constants 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 𝐷𝑛 whose 
resolution, by using a symbolic mathematical software, allows to access to analytical expressions of 
these integration constants to a given order. Therefore, using Eq. (24), we have an estimate of 𝜓1

∗ at 

rank 𝐾 noted 𝜓1
∗(𝐾)

. This estimate exactly satisfies the Eq. (24) and fulfills the no-slip boundary 
conditions to a given degree of precision. 

It should be noted that the integrals in Eq. (29)-(32) may require an extended calculation time, 
especially if we consider high 𝐾 values. Therefore, it is useful to consider methods that optimize the 
computation time, and the seventh order Newton-Cotes method is used for the results presented 
here. Also, to enhance the accuracy of calculations, the last term of rank 𝐾 + 1 has been added to 
the series in Eq. (24), and a closing rule imposing that this term of rank 𝐾 + 1 cancels exactly the 

projection on cos((𝐾 + 1)𝜃) and sin((𝐾 + 1)𝜃) of the estimate of 𝜓1
∗(𝐾)

 has been introduced. 
Other methods can be used to solve Eq. (24) with the associated boundary conditions, including 

finite difference [33] or finite element methods [34], but which require the generation of appropriate 
meshes for each new geometry. Similarly, mesh-free methods based on radial fundamental solutions 
of the biharmonic equation can be used, such as the method of fundamental solutions (MFS) as in 
[35]. In our case, it has been preferred to take advantage of the availability of particular solutions 
given by exact analytical expressions and to introduce an original method to allow the satisfaction of 
the boundary conditions. By using the symbolic calculation possibilities, semi-analytical expressions 
are obtained and can be useful for optimization purposes. 

The validation of the method is carried out by calculating the values of 𝜓1
∗(𝐾)

 and its derivatives 
at the boundary of the domain to ensure that the no-slip conditions are fulfilled, knowing that the 

form used to express 𝜓1
∗(𝐾)

 satisfies the Eq. (24) inside the domain. The obtained iso contours of the 

function 𝜓1
∗(𝐾)

 are presented in Figure 3 and compared favorably with those of Dean for the circular 
cross-section (Figure 3(a)) and Cumming for an elliptical cross-section (Figure 3(b)). In the latter case, 
the estimation of the accuracy of the solution was carried out by calculating the relative error 𝐸𝑟 =
𝜓1
∗−𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔

∗

𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔
∗̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  between the Cumming solution 𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔

∗  and that obtained by the present method 𝜓1
∗ 

(where 𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔
∗̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ is the average value of 𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔

∗ ), this error is of order 10−7 as shown in Figure 4. 

 

  
(a) (b) 

Fig. 3. The iso contours of the 𝜓1
∗(𝐾)

 function with constant 𝑅𝑐
∗(𝑠∗) for: (a) Circular cross 

section, (b) Elliptical cross section 
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Fig. 4. The generated error between the Cumming solution 
𝜓𝐶𝑢𝑚𝑚𝑖𝑛𝑔
∗ , and that obtained by the semi-analytical method 𝜓1

∗ 

in terms of 𝜃 and for 𝑟∗ = 0.1 

 
The results for other geometries are presented in Figure 5 by representing respectively the iso 

contours of the 𝜓1
∗ function and the velocity field 𝑉∗⃗⃗⃗⃗⃗ = v1

∗𝑒𝑟⃗⃗ ⃗⃗ + 𝑤1
∗𝑒𝜃⃗⃗⃗⃗⃗ in each case for fixed values of 

𝑅𝑐
∗(𝑠∗), these figures show that the variation of the cross-section shapes modifies the velocity 

distribution and the form of the Dean’s vortexes.  
 

 
 

 

(a) (b) (c) 

Fig. 5. The velocity field 𝑉∗⃗⃗ ⃗⃗⃗ in each section with 𝑅𝑐
∗(𝑠∗) = 𝑐𝑠𝑡 and for (a): 𝛾 = 3 , 𝛿 = 0.2, (b): 𝛾 = 4 , 𝛿 =

0.15, (c): 𝛾 = 5 , 𝛿 = 0.15 

 
It should also be mentioned that the approach presented allows considering different form for 

the function 𝑓(𝑥∗). In the case of circular cross-sections, we present in Figure 6 the variation of the 
intensity of the maximum of the velocity on the axis defined by 𝑉𝑚𝑎𝑥

∗ (Rc
∗(s∗), 𝑋∗ = 0, 𝑌∗ = 0) =

√v1
∗2 + 𝑤1

∗2 along the curved tube. We note that the variation in the radius of curvature results in a 
variation in the magnitude of the secondary flow velocities along the curved pipe. 
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Fig. 6. The maximum of the velocity on the axis 

𝑉𝑚𝑎𝑥
∗  in terms of the Rc

∗(s∗) 

 
In addition, notice that the solutions presented here are obtained by solving equations identical 

to those of Dean, the only changes being the modifications of boundary conditions related to the 
new cross section’s shapes introduced and the changes in the zero-order solution given by Eq. (16). 
We can therefore consider that these solutions for various cross-sections shapes have the same range 
of validity as that of Dean's solution for the case of a circular section. The validity of Dean's solution 

has been limited by Dean to values of Re√휀 ≤ 34, and investigated experimentally by White (1929), 
Taylor 1929, and Adler 1934 (see Berger and Talbot [8]). However, more recently, Canton et al., [36] 
in 2017 presented a detailed investigation of the flow in a toroidal pipe. They showed in particular, 
from the analysis of more than 110 000 numerical results, that the flow could not be analyzed starting 
from Dean number only but that it is necessary to consider two independent parameters separately, 
namely the Reynolds number and the pipe curvature. They further concluded that the validity should 

be limited to Re√휀 ≤ 10 and only for very low values of curvature. For the present study, and insofar 
as the interest is mainly devoted to the effects of changes in cross section’s shapes, we use Dean's 
approach while noting that the validity of the presented solutions is more limited than suggested by 
Dean.  
 
4. Impact of The Shape of The Section 
 

To illustrate the influence of the cross-section shape on the velocity distribution in the section, 

Figure 7 shows the intensity of the vortex velocity defined by the scalar field 𝑉𝑚
∗(𝑟∗, 𝜃) = √v1

∗2 + 𝑤1
∗2 

in a cross-section. In the circular cross-section case, Figure 7(a), it is noted that the maximum of the 
vortex intensity 𝑀0 lies on the axis 𝜃 = 0 and that there are two local maxima 𝑀1 and 𝑀2 located 
symmetrically relatively to the axis 𝜃 = 0. In the case of the other sections, there are other local 
maximums in the section corresponding to the points 𝑀1, 𝑀2, 𝑀3 and 𝑀4 in Figure 7(b)-(d). 

Moreover, the shape of the cross-section will also modify the pressure-flow relationship. 
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(a) (b) 

 
 

(c) (d) 

Fig. 7. The velocity distribution 𝑉𝑚
∗  in 3𝐷 for each section (a): 𝛾 = 0, 𝛿 = 0, (b): 𝛾 = 3 , 𝛿 = 0.2, (c): 𝛾 =

4, 𝛿 = 0.15, (d): 𝛾 = 5 , 𝛿 = 0.15 

 
5. The First Order Azimuthal Velocity for Low 𝑫 Numbers and The Pressure-Flow Relationship 
 

In order to estimate the effects of tube curvature on azimuthal velocity of the flow, the first-order 
terms for azimuthal velocities are calculated using the same method as that of Dean [14], except that 
in our case the cross-section of the tube is no longer circular but is one of the shapes defined by the 
relation in Eq. (17). 

So, at first order of 𝐷, the azimuthal Eq. (23) became 
 
1

𝑟∗
(−

𝜕𝜓1
∗

𝜕𝜃

𝜕𝑢0
∗

𝜕𝑟∗
+
𝜕𝜓1

∗

𝜕𝑟∗
𝜕𝑢0

∗

𝜕𝜃
) =

𝜕2𝑢1
∗

𝜕𝑟∗2
+

1

𝑟∗
𝜕𝑢1

∗

𝜕𝑟∗
+

1

𝑟∗2
𝜕2𝑢1

∗

𝜕𝜃2
                   (33) 

 
Replacing 𝜓1

∗ and 𝑢0
∗  by their previously obtained expressions, the solution of the Eq. (33) takes 

the following form 
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𝑢1
∗(𝑠∗, 𝑟∗, 𝜃) =

1

𝑅𝑐
∗(𝑠∗)

(−
1

4
(
𝜕𝑝0

∗

𝜕𝑠∗
))

3

[∑ 𝑃𝐿
1(𝑟∗) cos(𝜆𝐿

1𝜃) + ∑ 𝑃𝐿
2(𝑟∗) sin(𝜆𝐿

2𝜃)3
𝐿=1 +3

𝐿=1

∑ {𝑃𝑛
∗1(𝑟∗) cos((𝛾 − 𝑛)𝜃) + 𝑃𝑛

∗2(𝑟∗) sin((𝛾 − 𝑛)𝜃) + 𝑃𝑛
∗∗1(𝑟∗) cos((𝛾 + 𝑛)𝜃) +𝐾

𝑛=1

𝑃𝑛
∗∗2(𝑟∗)𝑠𝑖𝑛((𝛾 + 𝑛)𝜃) + 𝑃𝑛

∗∗∗1(𝑟∗) cos(𝑛𝜃) + +𝑃𝑛
∗∗∗2(𝑟∗) sin(𝑛𝜃)} + ∑ {𝐽1𝑛𝑟

∗𝑛 cos(𝑛𝜃) +
𝐾1
𝑛=1

𝐽2𝑛𝑟
∗𝑛 sin(𝑛𝜃)}]                       (34) 

 
where 𝑃𝐿

1(𝑟∗), 𝑃𝐿
2(𝑟∗), 𝑃𝑛

∗1(𝑟∗), 𝑃𝑛
∗∗1(𝑟∗), 𝑃𝑛

∗∗∗1(𝑟∗), 𝑃𝑛
∗2(𝑟∗), 𝑃𝑛

∗∗2(𝑟∗) and 𝑃𝑛
∗∗∗2(𝑟∗) are known 

polynomials whose expressions are given in the first order azimuthal velocity for low Dean numbers 
[33-34], the 𝜆𝐿 are integers given by: 𝜆1

1 = (𝛾 − 1), 𝜆2
1 = (𝛾 + 1), 𝜆3

1 = (3𝛾 − 1), 𝜆1
2 = 1, 𝜆2

2 =
(2𝛾 − 1), 𝜆3

2 = (2𝛾 − 1), 𝐽1𝑛 and 𝐽2𝑛 are unknown constants to be determined for 𝑛 = 1. . 𝐾1(𝐾1 ∈
ℕ), with 𝐾1 a priori is infinite and also depends on the considered cross-sectional shapes as well as 
on the precision sought. 

To obtain the values of 𝐽1𝑛 and 𝐽2𝑛, we express the no-slip condition at the tube wall for 𝑢1
∗ and 

we adopt a method similar to that used for 𝜓1
∗ in Eq. (29) and (30). 

The obtained results show, in Figure 8(a)-(c), the effect of the shape of the cross-section of the 
tube on the azimuthal velocity distribution in the section. It can be seen that the considered 
geometrical shapes for 𝛾 = 3 and 𝛾 = 5 are generating non-symmetrical velocity distributions in 
contrast to the circular case. 
 

  
(a) (b) 

 
(c) 

Fig. 8. The velocity distribution 𝑢1
∗ in 3𝐷 for each section, (a): “Circular”  𝛾 = 0, 𝛿 = 0, (b): 

“triangular” 𝛾 = 3 , 𝛿 = 0.2, (c): “pentagonal” 𝛾 = 5, 𝛿 = 0.15 
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6. Conclusion 
 

An original semi-analytical method has been proposed to solve the governing equations for the 
stationary motion of an incompressible Newtonian fluid in a curved pipe with various cross-sections 
shapes and with a small variation of curvature at different orders of 𝐷 number. 

Solutions for the nonhomogeneous biharmonic equation for the secondary flows have been 
obtained by using Michel's general solution in polar coordinate for the homogeneous part and exact 
expressions for the particular solutions. The obtained results agree with the usual results for circular 
and elliptical sections cases and allow to highlight the effects related to the variation of the section 
shapes on the flow characteristics. Order one solutions for vortexes and azimuthal velocity are also 
presented. Finally, it should be noted that the original method presented here is suitable for a wide 
range of geometries for which explicit solutions are not available. 
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