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This article presents a mathematical model to calculate the cost and production of 
electrical energy of a system that combines energy storage through renewable 
sources such as wind and solar energy, applying a theoretical framework of 
mathematical aspects to evaluate a pumped storage system with Pelton turbines, 
using a novel methodology, easy to replicate. The results show that a greater increase 
in the diameter in the pipe of the pumping equipment reduces the electrical power 
supplied to the pump. On the other hand, the hydraulic losses in the pipe leading to 
the Pelton turbine are negligible for long lengths, so setting the maximum length 
instead of a variable-length with the hydraulic height does not affect the result. 
Finally, the information and explanation of each of the graphs that correlate to the 
variables of interest are shown. This seeks to offer a contribution to support 
technological development in areas that do not have electricity, taking advantage of 
natural resources.  
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1. Introduction 
 

A way to store energy at times where there are moments of overproduction in the electrical 
generation systems is pumping water from a lower reservoir level to an upper level [1]. When it is 
necessary to produce electricity again, the pumps are turned off and stored water passes through a 
pipe and reaches a generating turbine, transforming the potential and kinetic energy into electricity 
that is delivered to the electrical grid. The energy consumed by pumps can come from surpluses in 
the power grid or renewable systems as photovoltaic or wind [2].  

However, many people live without electricity, especially in rural or remote areas, which have 
searched for solutions to be able to provide electricity. This growing energy demand has led to 
important studies and projects to implement renewable energy sources, to minimize the negative 
environmental impact and the costs associated with conventional energy sources such as fossil 
fuels, which also contribute to the greenhouse effect, acid rain, and deforestation [3]. The 
International Energy Agency (IEA) gives a prediction of environmental consequences if there is no 
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awareness of using new energy alternatives which would imply a 130% increase in CO2 emissions 
and 70% increase in oil consumption in 2050, which would bring an increase in the average global 
temperature of 6°C [4]. Also, the growth in electrification rates has increased from 76% in 1990 to 
85% in 2012 worldwide [5]. 

Currently, it has been implementing the use of renewable energies through technological 
development [6], supporting the seventh of Sustainable Development goals set by the United 
Nations Development Programme (UNDP) for 2030 [7]. According to the study by Khosravi et al., 
[8], at the end of 2017, the renewable generation capacity was 2179 GW and continues with an 
annual growth of 8 to 9%. There are various types of renewable energy, where the most common 
are photovoltaic and wind, which seek to take advantage of naturally occurring resources such as 
the sun and air and through these generate a transformation that allows exploitation and uses for 
various purposes [9]. Solar energy is an abundant resource that can be harnessed with a direct 
incidence [10]. On the other hand, the conversion can be done using a hybrid photovoltaic thermal 
air, where electricity and heat can be obtained at the same time [11]. In analogy, wind can be 
related as a derivative of solar energy, because it is the effect of the heating of the atmosphere and 
the rotation of the planet. The speed with which the air moves can be harnessed to generate 
electricity through the movement of a wind turbine [12]. 

Nevertheless, the problem arises when the production of energy from renewable sources is not 
used immediately or when the generation occurs unpredictably due to the change in climatic 
conditions, generating intermittent energy delivery. These aspects of renewable energies reduce 
reliability due to a lack of control [13]. 

This is the reason why a storage system is considered, which is responsible for supplying the 
need for energy during peak demand times, where the water stored is released to a lower reservoir 
and transformed into electrical energy through a turbine. At times of low energy demand, the 
pump works to store energy in the form of water accumulated in a reservoir at a higher level, 
avoiding the intermittency generated by renewable sources [14]. Therefore, when there is 
uncertainty of availability from renewable sources, the energy stored in the reservoir is used to 
stabilize the output power, serving as a backup system when renewable energies are not available. 

When making combinations of hydroelectric systems with renewable sources, a promising 
solution for the energy balance in the future of electric energy based on renewable energy is given 
[15]. Also, hydraulic energy has proven to be reliable due to its stability in the market and its high 
growth in world demand [16]. Figure 1 shows a simplified scheme of the operation of these coupled 
generation and storage systems, showing the direction of the flow. 

The combination of renewable energy types with hydraulic energy storage system has been 
studied, giving encouraging results. It has been investigated the integration of photovoltaic system 
(PV) and pumped-storage hydroelectricity (PSH), through a techno-economic analysis, giving as 
result a saving up to 18.2% for the storage by batteries [18]. An integrated economic study has also 
been carried out on Photovoltaic arrays and wind turbine, for the supply of electric energy to a 
coastal community, where the results showed the final cost of 0.27 $/kWh, much lower than the 
0.95 $/kWh operating a diesel generator [19]. 

The objective of this work is to perform a parametric analysis of a pumped storage system 
powered by renewable energy sources, by means of graphs programmed in engineering software, 
to describe the behavior of the system through geometric, physical, and economic variables, in 
order to support remote areas that do not have access to electricity through the conventional 
power grid. It should be noted that the emphasis will be on the centrifugal pump and the Pelton 
turbine, and not on the renewable energy sources that feed the system. Likewise, this work 
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provides a complete and clear framework of the mathematical aspects to evaluate a storage system 
pumped with Pelton turbines, applying a novel methodology, easy to replicate. 

 

 
Fig. 1. Scheme of storage generation from wind and solar energy [17] 

 
2. Methodology  
 

In the development of the model, it will be assumed that renewable energy sources feed the 
pumping system and they will work intermittently for a whole month. The system proposed in this 
work is composed of two stages: first, the elevation of a quantity of water from the lower storage 
place to the upper reservoir, and subsequently, hydroelectric generation from the fall of water 
from the upper reservoir, through a generation Pelton turbine. A mathematical model will be 
presented through macroscopic energy and mass balance equation, and electric transformation 
systems. Transmission and distribution losses will not be considered.  

Finally, the term reservoir height emphasizes the difference in head between the pump 
discharge and the highest point of pumping, while hydraulic height is the difference between the 
surface of the water stored in the reservoir and the nozzle. 
 
2.1 Model for the Pumping System 
 

Fluid conduction systems within pipelines have been extensively studied, and the constitutive 
equations can be deduced simply by complying with the conservation equations of mass, 
momentum, and energy. In this analysis, the flow rate is used instead of mass flow since 
temperature and density changes are negligible because water is considered an incompressible 
fluid. The equation for Hydraulic Power required to raise the fluid in a height starts from the 
equation of scalar (one-dimensional) energy in the direction of flow, and the Darcy equation for the 
solution of the speed equation and friction losses.  

Eq. (1) is applied to obtain the dimensionless friction factor f, where the Swamee-Jain equation 
is used, valid in turbulent flow regime (5E+3 ≤Re≤ 1E+8), which has an accuracy of ±1.0% 
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concerning Colebrook-White expression. In this case, ∈ [m] is the roughness of the pipe material, D 
[m] is the internal diameter of the conduction pipeline, and Re is the dimensionless number [20]. 
 

𝑓 =
0.25

[log(
∈

3,7·𝐷
+

5,74

𝑅𝑒0,9)]
2             (1) 

 
Reynolds dimensionless number Re relates the inertial viscous forces. In general, Re<2000 

indicates a laminar flow, while a higher number is turbulence flow. Reynolds number is defined in 
Eq. (2), where ρ [kg/m³] is the density of the fluid, μ [kg/m·s] the dynamic viscosity, and V [m/s] the 
magnitude of the average velocity within the pipe [21]. 
 

𝑅𝑒 =
𝜌𝐷𝑉

𝜇
              (2) 

 
Now performing the steady-state energy balance for the conduction of water from the lower 

intake to the upper reservoir is obtained through Eq. (3). Points 𝑎 and 𝑏 are located on the fluid 
free surface in the lower and upper reservoir, respectively.  

Pressure 𝑃 [Pa], which can be considered manometric and equal to 0 Pa for points considered, 𝛾 
is related with specific weight [N/m³]. Height 𝑍 [m] corresponds to the term of gravitational 
potential energy, pipe length 𝐿 [m] is the distance between points evaluated, and the gravity 𝑔 
[m/s²]. Finally, the Pump head 𝐻𝑝 [m] is the energy added to the fluid by a pump. The Darcy-

Weisbach equation relates hydraulic losses, so it is considered for this analysis [22]. 
 
𝑃𝑎

𝛾
+ 𝑍𝑎 +

𝑉𝑎
2

2𝑔
− 𝑓

𝐿

𝐷

𝑉2

2𝑔
+ 𝐻𝑝 =

𝑃𝑏

𝛾
+ 𝑍𝑏 +

𝑉𝑏
2

2𝑔
          (3) 

 
To calculate the value of hydraulic pumping power 𝑃𝑝𝑢𝑚𝑝 [W], Eq. (4) is used, where 𝑄 [m³/s] 

relates to the flow [23]. 
 
𝑃𝑝𝑢𝑚𝑝 = 𝛾𝑄𝐻𝑝             (4) 

 
The electrical power required to supply the pump 𝑃𝑒 [W] is defined in Eq. (5), where 𝜂𝑝𝑢𝑚𝑝 is the 

pump efficiency, delivered by the manufacturer. 
 

𝑃𝑒 =
𝑃𝑝𝑢𝑚𝑝

𝜂𝑝𝑢𝑚𝑝
              (5) 

 
2.2 Model for the Pelton Turbine Generation System 
 

Pelton turbines take advantage of the energy of the fluid coming from a considerable height so 
that the flow rate is not very large. The Bieudron hydroelectric power plant, located in the Swiss 
Alps, is the largest in the world with a hydraulic height of 1883 m [24]. This is the reason why it is 
preferred instead of the Francis turbine and even the pump operating as a turbine (both require a 
higher flow rate), even though it is more expensive to install [25]. On the other hand, it is advisable 
to use a radial-flow centrifugal pump instead of a mixed-flow or axial-flow, because the radial-flow 
pump is designed to lift the fluid to considerable heights, but with a lower flow [26]. 

The equations to determine the power of hydraulic generation correspond to the well-known 
Euler equations, which are simplified expressions of the momentum and energy equations coupled 
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for incompressible fluids. If the viscous effects are not considered, it can be assumed that the 
relative velocity of the fluid after meeting the bucket does not change its magnitude, only its 
direction. This generates a momentum change on the Pelton wheel. In Figure 2, (a) shows the 
interaction scheme between the fluid and the turbine cannons, (b) presents the blade cross-section 
in one bucket. 
 

 
(a) 

 
(b) 

Fig. 2. Fluid-cannon interaction in (a) Pelton turbine and (b) Bucket cross-section [27] 

 
Eq. (6) and Eq. (7) are the mathematical expressions to calculate torque 𝑇𝑇𝑢𝑟𝑏𝑖𝑛𝑒 [Nm] and 

power 𝑃𝑇𝑢𝑟𝑏𝑖𝑛𝑒 [W] in terms of geometric parameters of the Pelton turbine, where 𝛽 [°] is the angle 
between the water flow, 𝑟𝑚 is the Pelton turbine radius, 𝑉1 [m/s] is the nozzle exit velocity 
(determined with Eq. (3)), and 𝑈 [m/s] is the tangential speed of the bucket. 
 
𝑇𝑇𝑢𝑟𝑏𝑖𝑛𝑒 = 𝜌𝑄(𝑈 − 𝑉1)(1 − cos 𝛽)𝑟𝑚          (6) 
 
𝑃𝑇𝑢𝑟𝑏𝑖𝑛𝑒 = 𝜌𝑄𝑈(𝑈 − 𝑉1)(1 − cos 𝛽)          (7) 
 
To obtain the maximum power extracted 𝑃𝑀𝑎𝑥  [W], the above equation for velocity is derived and 
equals zero. When performing this process, it is found that the maximum velocity value 𝑈𝑚𝑎𝑥 [m/s] 
is presented in Eq. (8). In this way, the maximum power would be expressed in Eq. (9). Besides, it is 
possible to express the flow rate as a function of the velocity. 
 

𝑈𝑚𝑎𝑥 =
𝑉1

2
              (8) 

 

𝑃𝑀𝑎𝑥 = −𝜌𝑄 (
𝑉1

2
)

2

(1 − cos 𝛽)           (9) 

 
2.3 Water Accumulation 
 

To determine the amount of water that is available in the upper reservoir, a mass balance is 
performed in a transitory state according to Eq. (9). As mentioned above, water is an 
incompressible fluid. Therefore, Eq. (10) can be expressed in terms of the volumetric flows of input 
and output as presented in Eq. (11). 
 

𝑚̇𝑖𝑛 − 𝑚̇𝑜𝑢𝑡 =
𝑑𝑚𝑉𝐶

𝑑𝑡
                       (10) 
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𝑄𝑖𝑛 − 𝑄𝑜𝑢𝑡 =
𝑑𝑉𝐶

𝑑𝑡
                       (11) 

 
It is possible to consider the volume 𝑉𝐶 [m³] as a function of the water level 𝑁 [m] in the 

reservoir by Eq. (12), where 𝐴(𝑁) [m²] is the variation of the cross-sectional area of the reservoir 
depending on the water level. 
 
𝑉𝐶(𝑁) = 𝑁 ∗ 𝐴(𝑁)                        (12) 
 
2.4 Operating Revenue and Sale  
 

The revenue of electric energy 𝐶𝑜𝑠𝑡𝑝 [$] used by the pumps will be calculated in Eq. (13), where 

𝑡𝑝 [hrs] is a monthly working time of the pumping system, and 𝐶𝑝 [$/kWh] is the unitary value. 

Similarly, to determine the sales value of the energy generated by the turbine system 𝐶𝑜𝑠𝑡𝑡 [$], Eq. 
(14) is applied, where 𝑡𝑡 [hrs] is a monthly working time of the turbine, and 𝐶𝑡 [$/kWh] is the 
unitary value. 
 
𝐶𝑜𝑠𝑡𝑝 = 𝑃𝑒 ∗ 𝑡𝑝 ∗ 𝐶𝑝                       (13) 

 
𝐶𝑜𝑠𝑡𝑡 = 𝑃𝑀𝑎𝑥 ∗ 𝑡𝑡 ∗ 𝐶𝑡                      (14) 
 
2.5 Initial Conditions  
 

Table 1 shows the parameters configured to obtain the calculating the performance and cost of 
electric energy and power production in a system of the pump and the Pelton turbine. Sub-index 𝑝 
denotes the variables related to the pump, while sub-index 𝑡 for the turbine.  
 

Table 1 
Parameters configurated for the analysis 

System Variable Value 

Pump 𝐷𝑝 [m] 0.6-1.0 

𝐿𝑝 [m] 100 + Reservoir height 

𝜂𝑝𝑢𝑚𝑝 [%] 85 

𝑡𝑝 [hrs] 200 

𝐶𝑝 [COP/kWh] 140-220 

Pelton Turbine 𝑓𝑡 [-] 0.02 

𝐿𝑡  [m] 1020 

𝐷1𝑡 [m] 0.9 

𝐷2𝑡 [m] 0.2 

𝛽 [°] 165 

𝑡𝑡 [hrs] 400 

𝐶𝑇 [COP/kWh] 340-500 

 
The properties used for water are density 𝜌 = 997 kg/m³, dynamic viscosity 𝜇 = 8.91E-4 kg/m·s 

at 25°C [28], specific weight 𝛾 = 9780 N/m³. The roughness ∈ is 1.5E-4 m, for galvanized steel pipe 
[23]. Pump efficiency 𝜂𝑝𝑢𝑚𝑝 of 85% is assumed. The length of the pumping system pipe 𝐿𝑝 is 

assumed to be 100 m initial, according to the horizontal pipeline in Figure 1.  
On the other hand, the cost of electricity generation and sale is taken from the energy service 

company EPM, of Colombia. Table 2 shows the variation in the price of electricity between 2012 
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and 2020, using the local currency (COP) [29]. Therefore, the unit value is considered in the range 
140-220 COP/kWh for generation and 340-500 COP/kWh for sale, to compare the consumption of 
the pump with the energy generated by the turbine. For this analysis, transmission and distribution 
losses will not be considered. 
 
3. Results  
3.1 Pump System 
 

Considering the mathematical model, a code is developed in Engineering Equation Solver (EES) 
that allows to simultaneously solve the equations defined in the prior section. The results are 
presented using graphs, where the trend is observed as the parameters of flow, reservoir heigh, 
speed of exit of the nozzle, the cost of production of energy, and the cost of sale are modified.  

Figure 3 shows the power required by the pump system [MW] for different flow rates [m³/s], 
maintaining a height difference value from the lower to the upper reservoir equal to 400 m, using 
Eq. (1)-(5). The blue bar graph refers to hydraulic power, while the red dot graph is electrical power. 
Both have a growing trend but no linear tendency, where the electrical and hydraulic power 
required by the pump increases much more often than the flow rate. In an analysis, the power 
difference, although it seems to be increasing, is conditioned by the efficiency of the pump. Also, 
the pump requires more power to raise a greater flow. If a flow of 3 m³/s is pumped, at least 18.5 
MW of power is required, while the flow rate is 1.5 m³/s, the power would be 8 MW, which means 
that this must be the power delivered to the centrifugal pump or a group of these. The flow 
pumped to the upper reservoir can have considerable variations depending on the amount of water 
and energy that is required to be stored in the upper part.  
 

 
Fig. 3. Electrical and hydraulic power of the pumping system 

 
The following is a comparison between the consumed electric power [MW] with the variation of 

the reservoir height [m]. Eq. (1)-(5) were used. Figure 4 kept the pipe diameter constant at 0.6 m, 
while Figure 5 was 1.0 m. Both graphs show different colored scatter curves for each of the 
analyzed flow rates, from 1 m³/s to 4 m³/s in intervals of 1 m³/s, where a linearly increasing 
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behavior is observed. It is possible to see that the higher the flow rate, the more power the pump 
consumes, regardless of the pipe diameter selected. On the other hand, it can be noted that when 
using a larger diameter (Figure 5), the electrical power supplied is lower. This is because the 
hydraulic losses decrease, showing that if a higher flow rate is required, it is advisable to use larger 
diameters to reduce the electrical power input. The pipeline length is set at 100 m plus the 
reservoir height, where this initial power is to overcome the hydraulic losses of the initial distance 
before pumping to a specific reservoir height. Finally, a gradual difference increase considerably in 
the power input is observed as the flow demand and reservoir height increase. Looking at Figure 4, 
for the 400 m reservoir height, the difference between the 4 and 3 m³/s curves is 10.85 MW, while 
in Figure 5 it is 5.06 MW. 

It should be clarified that the diameters analyzed are not practical, so they are assumed to be 
the sum of the diameters used for the number of pumps being operated. Considering the high 
powers required, this situation should not be replaced by a single pump, so it is suggested to use 
parallel systems that reduce the flow rate that each pump must drive and therefore proportionally 
reduce the power of each. The algebraic sum of the pump powers must be equal to the total 
hydraulic power demanded by the system to transport a certain amount of flow and elevation. 
Finally, it is emphasized that the pumping head must be greater than the hydraulic height of the 
Pelton turbine. 

Figure 6 shows the growth of hydraulic losses (using the Darcy-Weisbach equation) [m] for 
different values of reservoir height [m]. The variation in pipe length was kept the same as in Figure 
4 and Figure 5. Eq. (1)-(3) was used to construct the graph. Four curves of different colors are 
observed, where each one represents a different flow rate.  
 

 
Fig. 4. Electrical power consumed with the variation of the flow, using 𝐷𝑝=0.6 m 
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Fig. 5. Electrical power consumed with the variation of the flow, using 𝐷𝑝=1.0 m 

 

 
Fig. 6. Variation of hydraulic losses by reservoir height 

 
In detail, the hydraulic losses tend to increase as the reservoir height increases, because the 

length of the pipe is proportional to the losses. On the other hand, using a constant pipe diameter, 
the increase in flow rate causes the losses to increase considerably. This is since the velocity 
increases with the square of the flow rate because they are related, increasing the turbulence. 
Consequently, when analyzing the 3 and 4 m³/s curves for a reservoir height of 400 m, an additional 
101.1 m of pumping is required, while for the same height between the 1 and 2 m³/s curves, the 
difference is 42.73 m. Finally, it is mentioned that the hydraulic losses when the reservoir height is 
0 m are those required to overcome the friction of the initial 100 m of the pipeline. It is observed 
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that the effect of the flow rate is considerable when at 21 m of the pumped head (121 m of pipe 
length) the losses are 55.96 m at 4 m³/s, which is like having a pumped head of 400 m (500 m of 
pipe length), where 57.18 m at 2 m³/s are required. 
 
3.2 Pelton Turbine 
 

Figure 7 shows the change in nozzle velocity (V1 in Figure 2) [m/s] and hydraulic losses [m] with 
the turbine hydraulic height [m], using Eq. (3). Three curves can be observed, representing the 
velocity, the losses with a constant (1020 m), and variable pipe length, depending on the hydraulic 
height, where the trend is increasing in the analyzed range. Hydraulic height corresponds to the 
vertical distance from the highest point of the upper reservoir to the water outlet at the nozzle of 
the Pelton wheel. The non-linear effect of the velocity increase at this point is mainly due to the 
existence of viscous dissipation phenomena inside the fluid and to friction losses due to rubbing 
with the pipe. These losses are encompassed by the friction factor 𝑓𝑡. It can be detailed that the 
nozzle velocity increases slowly at high heads, while the losses tend to increase. As can be seen, 
when using the variable height, there is a difference between the hydraulic losses, which is 
minimized as the hydraulic height increases. For example, for a height of 538.4 m (velocity of 100 
m/s), there is a loss difference of 13.69 m between the curves. This may seem like a lot, but it 
represents an error of 2.6%, with the real head being 524.7 m. The constant pipe length was used 
for the velocity curve. However, using this methodology for higher heights is feasible if it is desired 
to maintain the pipe length and evaluate other variables of interest. On the other hand, when 
comparing the present graph with Figure 6, the hydraulic losses are much lower, because gravity 
and flow direction go in the same direction and this helps the fluid, minimizing the losses. 

Figure 8 presents the hydraulic power generated [MW] for the variation of hydraulic height [m], 
for different nozzle diameters. Eq. (3) and (9) were used to generate the graph, where the nozzle 
velocity was varied between 0-100 m/s. A group of curves pertaining to the nozzle diameter 
analyzed is observed. The trend for each curve is exponential, where it is observed that as more 
hydraulic height the power generated increases. Each curve was made for nozzle diameters of 0.1 
m, 0.2 m, 0.4 m, 0.6 m, and 0.8 m, showing that the 0.4 m nozzle allows obtaining a hydraulic 
power up to 24.63 MW at 500 m hydraulic height, being the highest of all, where it is followed by 
the 0.2 m nozzle with 15.39 MW, nozzle that remained constant for the other analyzed graphs. On 
the other hand, it is not justifiable to have 0.8 m and 0.1 m diameter nozzles, since they allow 
obtaining a maximum of 4 MW, wasting up to 11.4 MW with respect to the 0.2 m nozzle. Finally, 
when comparing with Figure 5, it is observed that the power generated is lower than the power 
consumed by the pump because the hydraulic losses are higher for the turbomachine. Likewise, for 
the following analysis, the nozzle diameter of 0.2 m will be maintained. Finally, it is mentioned 
again that the hydraulic height must be less than the head pumped by the turbomachine. 
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Fig. 7. Nozzle output velocity and hydraulic losses as a function of hydraulic height 

 

 
Fig. 8. Generated hydraulic power as a function of hydraulic height 

 
3.3 Economic Analysis 
 

Below is the financial analysis of the electric power consumption of the centrifugal pump. Figure 
9 shows the variation of the operating cost [COP-million] with the variation in the flow rate [m³/s], 
for different purchase prices for generation only, not including transmission losses, shown in more 
detail in Table 2. Eq. (1)-(5) and Eq. (13) were used for the calculation, keeping the reservoir height 
constant at 400 m and the parameters of Table 1, highlighting the monthly operating time of 200 
hours, more than 6 hours per day. Five curves associated with a price for consumed electricity 
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(kWh) are shown for Colombian currency (COP). A non-linear increasing behavior is observed, which 
shows the increase in the operating cost of the pump by requiring a greater flow demand. It is 
predictable to determine that the higher the cost of energy, the higher the operating cost, so the 
increase is proportional if the price doubles, since the electrical power analyzed is the same for all 
five cases, starting from the graph shown in Figure 3. On the other hand, an exponential increase 
can be noticed. Finally, at 220 $/kWh, a maximum operating cost of COP 812.4 million is estimated 
if the electricity grid were used, so this amount must be recovered with the Pelton turbine to offset 
the cost and generate profits.  
 

Table 2 
Variation in the price of electricity between 2012 and 2020 

Year Cost of generation [COP/kWh] Cost of sale [COP/kWh] 

2012 134.28 337.34 
2013 138.14 334.81 
2014 143.77 354.20 
2015 161.84 394.60 
2016 165.38 437.01 
2017 168.00 435.32 
2018 168.49 461.90 
2019 201.84 481.17 
2020 216.46 534.43 

 
Similarly, Figure 10 shows the variation of the operating cost [COP-millions] for the variation of 

the reservoir height [m]. The flow rate was kept constant at 3 m³/s. An increasing linear behavior is 
observed, so the increase in cost is proportional to the height at which the fluid is pumped. As in 
Figure 6, when the reservoir height is zero, the operating cost is between 126 and 200 million COP, 
because it is the cost of the initial 100 m length of the pipe. Finally, the cost when the height is 400 
m is equivalent to the cost of 3 m³/s shown in the graph of Figure 9. 

 
Fig. 9. Cost of operation as a function of the flow rate variation, for different 
unit values of energy cost 
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Fig. 10. Cost of operation as a function of the reservoir height, for different unit 
values of energy cost 

 
The next figures show the financial analysis of the Pelton turbine profit, employing Eq. (3), (9), 

and (14). Figure 11 shows the variation of the operating cost [COP-millions] with the flow [m³/s] of 
the Pelton turbine, for different sales prices, according to the balance of the sales of the last 8 years 
In Colombia. In this case, 400 hours of work per month are assumed, equivalent to 13 hours per 
day. A group of five curves associated with the sale price of electricity for the Colombian currency 
can be displayed. It is observed that each one of the electricity generation profit curves increases 
exponentially with the increase in the flow rate (which is proportional to the increase in hydraulic 
height), being more noticeable between flows of 2 and 3 m³/s. This is because the hydraulic losses 
are negligible. After all, water goes in the same direction as gravity. Also, the trend is proportional to 
the hydraulic power generated, which can be seen in Figure 8. The maximum profit (if it is sold at 
500 $/kWh), if 3 m³/s circulates at the output is COP 2681 million, this for a hydraulic height of 491 
m. 

On the other hand, when comparing the cost of sale and the cost of operation of the pump, 
encouraging results can be obtained. In Figure 9, the maximum operating cost of the pump is COP 
812.4 million (at 220 $/kWh, 3 m³/s, reservoir height 400 m), while the minimum profits generated 
from the Pelton turbine is COP 1306 million (at 340 $/kWh, 2.68 m³/s, hydraulic height of 393 m), 
giving a difference of COP 493.6 million of profits at least for similar heights.  

Finally, Figure 12 shows a similar scheme, but the variation is made about the hydraulic height. 
For this graph, the outflow was kept constant at 3 m³/s, showing the curves with the same sales 
values as in Figure 11. An increasing linear behavior is observed, which increases in proportion to 
the price. Unlike in Figure 10, when the hydraulic height is zero there are no gains because the 
energy of the water (kinetic and potential) does not produce work in the Pelton turbine. As the 
height increases, the energy contained in the water passes directly to the turbine to transform it 
into electrical power, so the energy generated is used for sale or consumption itself. For the data in 
the analysis, it is possible to obtain profits between 1931 and 2840 million COP, but this at a 
hydraulic height of 520 m. If the turbine is kept close to 400 m of pumping difference (Figure 10), at 
a consumption price of 220 $/kWh, the electricity cost is 738 million COP, while the turbine at a 
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hydraulic height of 395 m, at a sale price of 340 $/kWh it is obtained from COP 1.465 million, 
obtaining profits of COP 727 million. 
 

 
Fig. 11. Energy sales value in function of the flow rate, for different unit energy 
values 

 

 
Fig. 12. Energy sales value in function of the hydraulic height, for different unit 
energy values 
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4. Conclusions 
 

A mathematical model is proposed for energy storage through a water reservoir using 
renewable energy; Likewise, the analysis of the variation of consumptions and power generation 
according to the height of the pumping and generation system, respectively.  

For the pumping equipment, it is evident that increasing the diameter of the pipe that leads the 
water to the reservoir, allows reducing the electrical power of the pump for the same flow. A 
reservoir height of 400 m and a flow rate of 4 m³/s, for a diameter of 0.6 m, the power consumed is 
29.31 MW, while a diameter of 1.0 m is 19.3 MW, obtaining a saving of 10 MW. 

For the Pelton turbine, hydraulic losses are shown to be relatively insignificant, so the analysis 
can be simplified by establishing a constant pipe length with minimal error, even if the hydraulic 
height is less. If you have a flow velocity of 100 m/s, with a fixed pipe length of 1020 m, it is 
obtained that a hydraulic height of 538.4 m generates hydraulic losses of 28.2 m, while a variable 
pipe length gives as a result, a hydraulic height of 524.7 m and losses of 14.51 m, obtaining an error 
of only 2.6%. Finally, the diameter of the nozzle is relevant to the power generated. When carrying 
out a parametric study, it is shown that having a hydraulic height of 500 m, the 0.4 m diameter 
nozzle produces about 24 MW, well above the 0.1 m and 0.8 m nozzles that reached a maximum of 
4 MW. 

In the economic analysis, the electrical consumption of the pump, and the benefit of the Pelton 
turbine are investigated. Specifically, the operation of the pump at 220 $/kWh, 3 m³/s, reservoir 
height 400 m, represents a cost of 812.4 million COP, while a similar point of operation of the 
turbine at 340 $/kWh, 2.68 m³/s, hydraulic height of 393 m yields profits of 1306 million COP, giving 
a difference of COP 493.6 million of profits at least for similar heights. 

On the other hand, electricity generation can be carried out using turbines other than the 
Pelton type, which use lower hydraulic height but consume greater flow. In this way it is possible to 
have systems with shorter conduit pipes, but with a larger diameter.  

Finally, the use of hybrid systems of renewable energy sources with hydraulic storage systems 
has been shown in the literature. The impact is that remote populations that do not have direct 
access to conventional grid supply can take advantage of the energy sources available in the area. 
The pumped storage system becomes relevant as a means to store energy. When there is a high 
demand from renewable sources, the surplus energy is used to operate the centrifugal pump, while 
when there is low demand, the Pelton turbine is put into operation, using the reserved water as 
feed, stabilizing the output energy that will be used by the population. 
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