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It is shown that concentration polarization affects the size of the Knudsen layer and the 
mechanism of mass transfer in the Knudsen layer is established. Based on the analysis of 
the selectivity patterns of ultrafiltration membranes, an equation was obtained for 
calculating the total probability of particle drift through the boundary diffusion layer and 
penetration into the Knudsen layer region and an equation for calculating the diffusion 
coefficient determined by the value of the derivative of the chemical potential in 
concentration. An equation is derived for determining the flow of particles to the 
membrane surface in the Knudsen layer by its thickness using the free path length of 
particles, the average velocity of thermal motion of molecules, the average residence 
time of particles in the Knudsen layer. The probability of particles passing through the 
pore is estimated, taking into account the influence of the activation energy for the 
passage of the solvent and the ratio of the interparticle distance in the pore to the free 
path length, and the selectivity of the membrane is estimated. An equation is obtained 
for calculating the length of the dissolution front in a micellar solution inside a membrane 
pore. An equation is obtained for calculating the kinetic factor in a micellar solution inside 
a membrane pore, taking into account the mass transfer coefficient along the interface, 
the diffusion coefficient, as well as the concentration of micelles in the medium and the 
solubilization rate constant. An effective design of a membrane apparatus for water 
purification is proposed. 
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1. Introduction 
 

Membrane technology is attracting increasing attention in the field of separation due to its high 
efficiency, energy conservation, environmental protection and other advantages [1]. However, in the 
relevant theories of mass transfer, especially in limited conditions, there is a lack of understanding 
of the general mechanisms of mass transfer and control methods, which seriously limits the design 
and development of appropriate membrane materials. The mechanism of limited mass transfer, 
influencing factors, manufacturing methods and types of preparatory materials are briefly described. 
Membrane technology is known as a cheaper alternative approach to produce high purity substances 
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[2]. The article discusses the state of advanced ceramic-based membranes in the field of oxygen 
separation at high temperature, including emerging issues related to selectivity and membrane 
separation. Kumar and Suneetha [3] analyzed the effect of diffusion on heat and mass transfer 
inherent in thermally radiating Williamson nanofluid over a stretchable surface through a porous 
medium under a convective boundary condition in the presence of thermal radiation and a chemical 
reaction. The coefficients of Brownian diffusion and thermophoresis are also taken into account. 

Membrane technology is gradually being used as an alternative to the traditional separation and 
purification method in various industries [4]. Important performance indicators such as penetrant 
flow and rejection are closely related to fluid dynamics, mass transfer, and solutes. The relationship 
between concentration polarization and hydrodynamics in various configurations is discussed. The 
influence of process variables on the membrane characteristics and the interaction of the solute with 
the solvent membrane is also considered. According to Abubakar and Ahmad [5], the characteristics 
of membrane pores were determined by the multipoint BET method. The microstructure of locally 
produced baked clay from Nigeria was recorded using FESEM. Membranes made of clay were used 
to treat wastewater from the tannery. Polysulfone is a widely used material for ultrafiltration 
membranes, which has outstanding mechanical properties, high chemical resistance, good thermal 
stability and a wide operating pH range [6]. Mixing with hydrophilic material as additives such as 
cellulose has been intensively studied to improve membrane hydrophilicity. An attempt was made 
to develop a modified nanocomposite membrane made of graphene oxide as a potential adsorbent 
for the removal of lead ions by continuous adsorption [7]. The effect of the dynamic adsorption 
process was investigated together with the effect of flow rate, initial lead concentration and layer 
height. In the article by Lounder et al., [8], membranes are manufactured by UV treatment of 
amphiphilic copolymers with a high content of zwitterion with the possibility of crosslinking to 
stabilize selective membrane layers, prevent excessive swelling and dissolution of copolymers. The 
mass fraction of zwitterion allows you to adjust the characteristics of the membrane, while the 
effective pore size and permeability increase with increasing content of zwitterion. Membranes have 
limited viability and suffer from instability and swelling due to their hydrophilic nature [9]. In this 
work, the permeability and rejection characteristics of multilayer membranes were improved by 
functionalization with ethylenediamine and polyethylene amine. Polyamide membranes 
manufactured by the method of interfacial polymerization with the participation of surfactants have 
demonstrated the potential of excellent membrane characteristics [10]. The presence of surfactants 
accelerates the diffusion of amine into the organic phase, causing a more complete reaction. In the 
study by Satayev et al., [11], a mathematical model was developed for the dependence of the internal 
diffusion coefficient and hydrodynamic resistance on the structure and shape of the pores of a 
polymer membrane. In the article by Luo et al., [12], for the first time it was reported about the 
creation of a selective membrane layer against the deposition of dyes based on a stable boroxine 
mesh. The pore size of the selective layer can be adjusted by changing reaction conditions such as 
concentration, temperature and degree of dilution. In the study by Gowda et al., [13], the ability of 
the tested cells to create defects on the membrane surface through contact zones was recognized 
for the first time. It is proposed to modify the design of the tested cell, which reduce the contact 
zones, thereby potentially preserving the selectivity of the membrane. 

Membrane ultrafiltration has become increasingly important as a simple and convenient process 
for concentrating, purifying and fractionating solutions of medium and high molecular weight 
solutes, and colloids, as well as for purifying water and other solvents containing solutes [14]. The 
emergence of this new method of molecular separation for both laboratory and industrial 
applications is almost entirely due to the development of a family of polymer membranes of a unique 
structure that demonstrate extremely high hydraulic permeability combined with the ability to retain 
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even fairly small molecules of solutes. A large number of processes associated with the transfer of 
heat or mass between a solid and a liquid are characterized by a thin boundary layer near the wall 
[15]. The boundary layer has a significant resistance to heat and mass transfer and is often a speed 
limiting factor. Any attempt to reduce the thickness of the boundary layer, for example, working in 
turbulent flow conditions, will improve the transfer rate. Another way to improve performance is to 
remove the boundary layer using an ultrafiltration boundary layer removal device. 

Models of mass transfer through membranes are divided into those in which the membrane is 
the main transport resistance, and others in which additional resistances are formed by boundary 
layers of concentration and layers of particles [16]. In this work, researchers mainly use porous 
membranes, for which a model for mass transfer controlled by a membrane has been developed. 
Concentration boundary layers can be formed if permeable components are diffusionally transported 
along a gradient from the bulk concentration to the wall concentration, or if impermeable 
components are concentrated on the membrane surface. By establishing a mass flow balance around 
the differential cross-section of the membrane (membrane element), equations describing the 
removal rates of solvents and dissolved or dispersed molecules and their dependence on geometric 
and operating parameters are derived. The article by Espinoza-Gómez et al., [17] presents a method 
for determining pore diameters and efficient transport through membranes using a mixture of 
oligosaccharides. The results are compared with the Maxwell–Stefan equations. The solute 
distribution coefficients are a function of the pore diameter according to the Ferry equation. Thus, 
with the pore diameter as the only unknown parameter, the rejection is described and the pore 
diameter is obtained using the Marquardt–Levenberg optimization procedure. The study by Aimar et 
al., [18] suggests various aspects that need to be considered in order to understand and analyze the 
contamination and concentration polarization of porous membranes. In the first part, the properties 
of liquids and membranes are described and the orders of magnitude of flows and forces are given. 
Then the transfer phenomena and interactions that play a role in the mechanisms at the 
liquid/membrane interface are listed. Then the modeling of these various phenomena is considered, 
which allows us to offer a comparison between different restriction mechanisms. Fedosov et al., [19] 
proposed a mathematical model for separating liquids containing acrylic dispersions and returning 
expensive technological components dissolved in them to the production cycle. The main limiting 
factor is the formation of a sediment layer on the membrane surface. This process is not stationary, 
since the thickness of the sediment layer varies both during the separation process and depending 
on the length of the membrane module. The influence of the sediment layer on the hydrodynamics 
and efficiency of mass transfer, its productivity and the quality of cleaning is determined. The 
calculation of the sediment layer and its effect on the separation process is performed using the 
microprocess method. This method is based on the balance of materials and energy and takes into 
account the viscosity and diffusion coefficients, which vary depending on the temperature and 
composition of the mixture. The dependences of the sediment thickness on the time and length of 
the membrane module and the selectivity coefficients on the concentration of the colloidal solution 
were obtained to determine the effective parameters of the baromembrane installation. 

To achieve a certain separation using a membrane process, the first step is to develop a suitable 
membrane [20]. However, during the actual separation, for example, a pressure-controlled process, 
the characteristics of the membrane (or, better, the performance of the system) can vary greatly over 
time, and a typical behavior over time can often be observed: the flow through the membrane 
decreases over time. This behavior is mainly due to concentration polarization and clogging. The 
concentration polarization coefficient is a measure of the degree of concentration polarization in a 
membrane separation system [21]. In general, the concentration polarization coefficient shows the 
degree of loss of the driving force of penetration in relation to the total driving force between the 
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volumes of the liquid phase on the supply side and on the penetration side. Respectively, scientists 
have investigated and schematically presented the drops of the driving force along the direction of 
penetration in the case of hydrogen penetration through the membranes, as well as the cases of 
direct and reverse penetration. Bryll and Ślęzak [22] investigated the membrane transport of 
aqueous solutions without electrolytes in a single-membrane system with a membrane installed 
horizontally. The aim of the study is to analyze the influence of volumetric flows on the formation of 
concentration boundary layers. A mathematical model is presented for calculating the dependences 
of the concentration polarization coefficient (ζs) on the volumetric flow (Jvm), osmotic force (Δπ) and 
hydrostatic force (ΔP) of various values. The property ζs = f(Jvm ) for Jvm > 0 and for Jvm ≈ 0 and the 
property ζs = f(ΔC1) are calculated. In addition, the results of the simultaneous influence of ΔP and Δπ 
on the value of the coefficient ζs when Jvm = 0 and Jvm ≈ 0 are investigated, and a graphical 
representation of the dependencies obtained during the study is presented. Mathematical 
dependences between the coefficient ζs and the Rayleigh number of concentration (RC), providing an 
appropriate graphical representation, were also studied. In experimental testing, aqueous solutions 
of glucose and ethanol were used. According to Dmitriev and Kuznetsova [23], the applicability of the 
electrodiffusion method to the determination of mass transfer coefficients in the channels of flat-
chamber membrane installations is discussed. Experimental and theoretical results are compared. 
Both similarities and differences between the equations describing processes on permeable and 
impermeable surfaces are noted. The conditions for the applicability of the electrodiffusion method 
to the modeling of reverse osmosis and ultrafiltration in flat channels of membrane installations are 
established. A discrete multilayer model of the deposition of solutes inside the pores of the 
membrane during ultrafiltration is proposed [24]. The model takes into account the time-dependent 
steric exclusion of solutes at the entrance to the pore and the difference between the deposition 
coefficients for the first and higher layers caused by the action of two-layer electrostatic repulsion 
forces between suspended and precipitated solutes. The defining differential equations are solved 
numerically for 2- and 3-layer deposition on the pore wall. In addition, a much simpler approximate 
solution with an error of less than 10% for the main practical scenario was obtained by the 
generalized averaging method for variable parameters. The curves of the compromise between 
permeability and selectivity for a single-layer coating (Langmuir adsorption), two-layer and three-
layer cases at different values of the deposition coefficient from the upper to the first layer and the 
initial pore radius are calculated and compared. It is shown that the value of the deposition 
coefficient for higher layers of precipitated solutes can significantly affect the performance of the 
membrane. For the case of a single-layer coating, simple algebraic equations are derived to find the 
rejection coefficient and its minimum. They imply that the rejection coefficient can follow three 
scenarios: monotonically decreasing, monotonically increasing, or having a minimum. It is proposed 
to use a set of derived equations to determine the initial, minimum and steady-state values of the 
rejection coefficient and permeate flow along with the experimental selectivity-permeability 
compromise curve to find unknown physico-chemical and geometric parameters necessary to 
describe the ultrafiltration process of interest, optimize its technological parameters and change the 
membrane manufacturing process in order to obtain a more efficient membrane. In the article by Yi 
et al., [25], an ultrafiltration cup with a dead end was continuously used to study the mechanisms 
underlying membrane fouling caused by a gel layer. Anionic polyacrylamide was used as a model 
contaminant for the gelation process in various ultrafiltration processes using two types of 
ultrafiltration membranes, for example, polyvinylidene fluoride (PVDF) (OM) membranes and 
TiO2/Al2O3-PVDF membranes (MM); then a gelation model was created and systematically evaluated. 
The results show that the gelation process during ultrafiltration can be divided into three stages: 
“slow-fast-slow” flow attenuation curve. The value of the R2 simulation curve still exceeded 0.90 for 
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both ohms and MM. Based on current knowledge, the proposed mechanism of gel layer formation 
and the mathematical model were feasible. According to Baikov and Bil'Dyukevich [26], a semi-
integral method for determining the polarization of ultrafiltration is proposed and the specific 
features of the latter in laminar ultrafiltration in a flat channel are discussed. Diffusion in porous 
solids can take place by one of three mechanisms or by several of them at once [27]. These 
mechanisms are as follows: ordinary ("volumetric"), Knudsen and surface diffusion. In the absence of 
surface diffusion, the location of porous walls is not significant if the pores are large relative to the 
mean free path of the molecules, and the process is similar to conventional molecular diffusion 
contained in the pores. Knudsen diffusion occurs in pores, with small pore sizes. The effect of 
temperature and solvent on the structure and permeability of membranes limited, for example, by 
fluctuation bonds with limited degrees of freedom of volume was investigated by Pandey et al., [28] 
using Monte Carlo simulation. The model in the study by Liu et al., [29] proposed by Cohen is used to 
describe the diffusion process through polymer membranes subjected to externally applied tensile 
loads. This approach, based on the theory of continuum mechanics, is compared with a model 
developed using mesoscopic theory. 

The purpose of the research by Mohammadi et al., [30] was to obtain information for further 
development of a model of the ultrafiltration process. The process of formation of deposits on 
membranes during the treatment of wastewater containing emulsions and suspensions was studied, 
model wastewater included emulsions formed with the use of oil and gelatin. Therefore, modeling 
of diffusion processes in such membranes should rely more on the principles of molecular dynamics 
and generalized Maxwell-Stefan relations [31]. The framework of the mesoscopic approach, when 
strictly applied, requires the use of stochastic integral differential equations taking into account 
nonequilibrium statistical mechanisms. These equations are obtained in the limit of infinitely long-
range order for intermolecular forces. However, studies by Snyder et al., [32] and Horntrop et al., 
[33], as well as numerical experiments with models of relaxation transfer nuclei and detailed 
computer modeling have shown that the mesoscopic approach can be extended to the short-range 
order of action of intermolecular forces. A method has been developed by Geraldes and De Pinho 
[34] for determining the mass transfer coefficient based on a change in the regeneration rate for 
membranes with a large surface area and high regeneration rates. The method was used to measure 
the mass transfer coefficients for the spiral module during nanofiltration. The aim of the work by 
Cherevko et al., [35] was to describe diffusion in a membrane system associated with reversible 
chemical reactions in physical terms. Chemical reactions were modeled as intermolecular 
interactions. Thermodynamics of irreversible processes has been used to analyze all processes. The 
analysis of problems of diffusion through membranes, including a realistic boundary condition of the 
flow, is presented [36]. Membrane analysis is applied in the case of operations involving 
geomembranes. 

The analysis of experimental and theoretical material on membrane processes has shown that 
the process of penetration of matter into the pores of membranes can be divided into several stages 
characterized by different probabilistic estimates. The substance enters from the depth of the 
continuous medium into the boundary diffusion layer, which is identified as diffusion transfer. The 
substance penetrates to the membrane surface through the Knudsen layer with a thickness of the 
order of the free path of molecules. In the Knudsen layer, the laws of diffusion transfer are not valid. 
The substance penetrates into the "entrance" of the pores on the surface of the membrane and 
diffuses inside the pores. The results obtained in this direction are preliminary. However, it is the 
constructive optimization of membrane apparatuses that promotes membrane regeneration, 
increases the productivity of the membrane apparatus and the efficiency of concentration of 
solutions that determines the intensity of mass transfer in membrane processes. Taking into account 
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the influence of parameters characterized by the value of the Knudsen layer, the full probability of 
particle drift through the boundary diffusion layer and the diffusion coefficient determined by the 
value of the derivative of the chemical potential in concentration, the free path length of particles, 
the average speed of thermal motion of molecules, the influence of the activation energy for the 
passage of the solvent, the length of the dissolution front in the micellar solution inside the 
membrane pore are necessary when modeling processes and devices, calculation and design of 
membrane equipment. 
 
2. Methodology 
 

In order to study the ultrafiltration treatment of water, we used the ultrafiltration unit shown in 
Figure 1. 

The membrane apparatus consists of a rectangular body 0.7 m long, 0.25 m wide, 0.2 m high. The 
main part of the membrane apparatus is a membrane block made of 6 parallel rectangular membrane 
elements, between which parallel flow channels of 1.5-10-3m are formed, oriented from the inlet 
pipe of the separated mixture to the outlet pipe of the concentrate, the membrane elements consist 
of ribbed plates, porous substrates and semipermeable membranes, and the edges of both surfaces 
of the plate are arranged crosswise relative to each other at an angle of 145o. 

Knowledge of the membrane structure is of great importance in solving the problems of 
developing a quantitative theory of membrane processes and their successful implementation. 

The method by Dytnersky [37] was used to estimate the total porosity. The membrane sample, 

pre-weighed, is saturated with a wetting liquid and re-weighed, after which it is calculated о 
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The pore radius was determined by the flow rate of the liquid forced through the membrane. 

Measure the volume Vр liquid passing through the membrane during  at a known constant pressure 
drop on the membrane, after which r is calculated using the Poiseuille equation 
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The area S of the membrane surface required for the filtration process is determined by the 

formula 
 
S=1,5 (V/v)s,              (3) 
 
Concentration polarization is determined by the formula [38] 
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Considering that true selectivity φи = 1, get 
 

CP =


1exp
G

,              (5) 

 
Fig. 1. Experimental installation for water purification to produce 
steam. 1 – membrane apparatus; 2 – container for the initial aqueous 
solution; 3 – container for purified water; 4 – container for permeate 

 
The conducted studies of mass transfer for flat membrane channels allowed us to obtain the 

following equations for determining the mass transfer coefficient [39] 
 
Sh=0,023 Re0,8 Sc1/3,             (6) 
 
where 
 

Re=
v

wd э ;   Sc=
D

U
;   Sh=

D
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            (7) 

 
The average velocity of the flow through the channels slit - shaped in cross - section was 

determined by the formula given in the work [40] 
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To intensify the process of purification of aqueous solutions by ultrafiltration, we have proposed 

a more advanced design of the membrane apparatus, which allows to increase the productivity of 
the apparatus and the efficiency of separation of the mixture, eliminate stagnant zones, simplify the 
design of the apparatus by reducing the influence of concentration polarization [41]. One of the 
designs that meets the above requirements is a membrane apparatus developed by us with fixed 
membrane elements [41]. 
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Figure 2 schematically shows the proposed apparatus, a longitudinal section; Figure 3 – section 
A-A; Figure 4 – ribbed surfaces of the membrane element plate. 

The problem is solved by the fact that in a membrane apparatus containing a housing with the 
inlet pipes of the separated mixture and the concentrate outlet located on its opposite walls, a lid 
with a permeate outlet pipe, a membrane block made of parallel rectangular membrane elements, 
between which parallel flow channels are formed, oriented from the inlet pipe of the separated 
mixture to the outlet pipe of the concentrate, membrane elements consist of ribbed plates, porous 
substrates and semipermeable membranes, moreover, the edges of both surfaces of the plate are 
arranged crosswise relative to each other at an angle of 140-150о. 
 

 
Fig. 2. Membrane apparatus with fixed membrane elements. 1 – housing; 
2 – pipe for the input of the separated mixture; 3 - pipe for the output of 
concentrate; 4 - membrane block; 5 – lid; 6 - pipe for the output of 
permeate; 7 – plates; 8 - porous substrates; 9 – membranes; 10 and 11 - 
left and right parts of the plate; 12 – ribs; 13 and 14 - channels for the 
output of permeate; 15 – gasket; 16 - guide rod; 17 - diffuser 

 
The membrane apparatus consists of a rectangular housing 1 with a nozzle 2 for the input of the 

separated mixture, a nozzle 3 for the output of the concentrate, a membrane unit 4. The housing 1 
is closed with a lid 5 with a nozzle 6 for the output of permeate. The membrane element consists of 
a plate 7, porous substrates 8 and membranes 9. The plate 7 consists of a left 10 and right 11 parts 
with ribs 12, channels 13 and 14 for the output of permeate. Housing 1, membrane block 4, cover 5 
is bolted through gasket 15. The lower part of the membrane block is fastened with a guide rod 16. 
A diffuser 17 is installed in the housing 1 opposite the inlet pipe 2. 
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Fig. 3. Membrane apparatus in section A-A 

 

 
Fig. 4. Ribbed surface of the membrane 
element plate 

 
The membrane apparatus works as follows. 

The separated mixture through the nozzle 2, located in the housing 1, enters the membrane block 
4 through the diffuser 17, the lower part of which is fastened with a guide rod 16 and is directed into 
the space between the membrane elements. Moving along the membranes 9 between the ribs 12, 
the mixture under pressure passes through the membranes 9, porous substrates 8 and through the 
channels 13 and 14 of the plate 7 is removed under the lid 5 and directed through the nozzle 6 to 
bring the permeate out. The concentrate is removed from the device through the nozzle 3. When the 
separated mixture passes between the inclined edges 12 of the plate 7, due to the fact that the edges 
of the surfaces of the plates 10 and 11 are arranged crosswise relative to each other at an angle of 
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140-150o, the resulting flows intersect and turbulate. The occurrence of turbulence of flows provides 
a decrease in the level of concentration polarization and an increase in the productivity of the 
membrane apparatus and the efficiency of concentration of solutions. 
 
3. Results 
3.1 Model of Selectivity of Membrane Processes and Dissolution of Impurities in a Membrane Pore in 
a Medium with Surface-Active Micelles 
3.1.1 Probabilistic model of selectivity of membrane processes 
 

The calculation of the selectivity characteristics of membrane separation of mixtures, based on 
the basic physico-chemical characteristics of the solution, permeate and retant, is a difficult task due 
to a large number of influencing factors [37]. In a study by Smirnov and Bartov [42], a probabilistic 
approach was effectively used to solve this problem. At the same time, estimates of the selectivity of 
nanofiltration membranes for individual ions were obtained. In this paper, we use a probabilistic 
approach to theoretically evaluate the selectivity of ultrafiltration membranes, in which the 
mechanism of the separation process differs significantly from the mechanism of separation in 
nanomembranes. 

The process of penetration of a substance into the pores of ultrafiltration membranes can be 
divided into several stages characterized by different probabilistic estimates (Figure 5). 

Firstly, the substance enters from the depth of the continuous medium into the boundary 
diffusion layer. This stage is identified as diffusion transfer. 

Secondly, the substance penetrates to the membrane surface through the Knudsen layer with a 
thickness of the order of the free path of molecules. In the Knudsen layer, the laws of diffusion 
transfer are not valid. Thirdly, the substance penetrates into the "exit" of the pores on the surface of 
the membrane. And finally, fourthly, the substance diffuses inside the pores. 
 

 
Fig. 5. Diagram of the membrane separation process 
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For each of these stages, their own estimates of the probability of penetration of particles of the 
separated solution are performed. 
 
Zone I. 
 

In the diffusion boundary layer, to estimate the probability of a particle drifting over a distance 
over time, we use the formula of the probability density of Brownian motion 
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Integrating the probability density of the Brownian walk over the residence time of particles in 

the diffusion boundary layer  , we obtain an estimate of the average density of the probability 
distribution of drift in the diffusion boundary layer 
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To simplify the calculations, we transform expression (10) using an asymptotic estimate of the 

probability integral 
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The full probability of particle drift through the boundary diffusion layer and penetration into the 

region of the Knudsen layer can be estimated by the formula 
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The thickness of the Knudsen layer is estimated using the Knudsen number in the form [43] 
 

Kn1 hh = ,                        (14) 

 
Since the estimate of the smallness of the diffusion coefficient is correct 1D , we obtain an 

estimate of the integral (13) using the method [42,43] 
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Adjusted for the concentration polarization factor, there is 
 

( )




























−−














−=









D

h

D

h

h

DD

C

C
P

s 4
exp

4

Kn
exp

Kn

124 22

33

1
1

,                 (16) 

 
The concentration polarization coefficient will be evaluated according to the recommendations 

of Karapetyants [44]. Then we get 
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where h thickness of the viscous sublayer [37]. 

 
Zone II. 
 

To obtain a probabilistic estimate in zone II, consider the geometry of particle motion in the 
Knudsen layer (Figure 6). 
 

 
Fig. 6. A diagram of a random walk of particles in 
the Knudsen layer 

 
Being at a distance not exceeding the free path length from the surface of the membrane, the 

particle can appear at any point of the ball of radius during the characteristic free path time   (Figure 
6). Therefore, the probability of collision of a particle located at a distance s  from the surface of the 
membrane with the surface can be estimated by the ratio of the volume of the cone with the 

generate   and the height s  to the volume of the ball with the radius  
 

( )




2
2

s
sP

−
= .                       (18) 
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Integrating the height of the Knudsen layer, we obtain a simple estimate 
 

4

Kn
2 =P .                        (19) 

 
Based on the estimate (19), it is also easy to obtain an expression for the flow of particles of the 

separated substance in the Knudsen layer. 
For the free run length, we use the well-known formula [42] 

 

)(2 2 pnkT

kT

+
=


 ,                      (20) 

 
Average speed of thermal motion of molecules 
 

m

kT
V

3
= ,                        (21) 

 
Average residence time in the Knudsen layer [45] 
 

( )pnkT

mkT

+
=

26
 .                      (22) 

 
Integrating the thickness of the Knudsen layer using the relations (20), (21), (22), we obtain for 

the flow of particles to the surface of the membrane in the Knudsen layer 
 

( )pnkT

nkT
j

+
=

2,
24

1


 .                      (23) 

 
Based on an estimate of the Knudsen number 
 

h


=Kn                         (24) 

 
obtain 
 

Kn
4

,

nh
j = .                        

(25) 
 
Zone III. 
 

The simplest estimate of the probability of penetration into the pore for a particle that has 
reached the surface of the membrane can be obtained through the specific surface of the pores of 
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the membrane. For regular cylindrical pores S , this estimate coincides with the porosity of the 

membrane  . Taking into account the curvature coefficient of the pores q , we obtain [43] 

q
P S


 ==3

.                        (26) 

 
Thus, we obtain an estimate of the full probability of particles drifting to the membrane surface 

from the depth of the solution and their penetration into the pores of the membrane 
 

321 PPPPS = .                        (27) 
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The molecular diffusion coefficient present in formula (28) in the vicinity of the membrane differs 

from the tabular one, since the imperfection of the solution cannot be neglected in this area. 
Therefore, we obtain its refined estimate from the following considerations [44]. 
We use the expression for the chemical potential of the separated substance from the theory of 

dilute solutions 
 

( )2
1ln CСRT AX −++=   ,                     (29) 

 
To correct for imperfection, the ratio can be used [44] 
 

 XXAXAX  −= 2                       (30) 

 

Since the solution is taken diluted, we assume that 1C  and the interaction between the 
molecules A and A can be neglected. 

Then we can write an approximate equality 
 

( )CCRT AX 21ln −++=   .                     (31) 

 
In accordance with the provisions of the thermodynamics of dilute solutions, the diffusion 

coefficient is determined by the value of the derivative of the chemical potential in concentration 
[44]. Then we get 
 

( )C
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212 −=−=
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Hence follows 
 

( )CDD AXi 21−= ,                       (33) 
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As noted by Smirnov and Bartov [42], estimating the probability of particles passing through the 

pore is currently too difficult a task, for which no sufficiently substantiated recommendations have 
yet been developed. The estimates given in the study by Smirnov and Bartov [42] can be used. At the 
same time, knowledge of the fine structure of the adsorption layer inside the pore is required, which 
is hardly available in engineering calculations. However, in our opinion, in the case of ultrafiltration, 
the tunneling effect can be neglected, which manifests itself only at the quantum mechanical level. 
Indeed, overcoming the potential barrier occurs as a result of internal autocatalysis, i.e., the 
socialization of external quantum electronic levels with a decrease in the energy barrier. 

Lightweight transfer membranes represent a promising group of membranes for achieving high 
ion separation accuracy, especially ions with similar sizes and charges [46]. Gelation is an effective 
means of improving membrane performance by balancing the mobility of transport carriers and 
stability in the membrane. This work serves as a demonstration of the creation of highly efficient 
selective membranes with facilitated transfer by gelation. According to Satayev et al., [47], a 
mathematical simulation of the ultrafiltration of a solution of the polymer methoxyanabazine 
C11H16N2O was developed. The study by Aguiar et al., [48] is devoted to thin-film composite 
ultrafiltration membranes in which the selective layers consist of zwitterion-containing hydrogels, 
which leads to increased permeability, selectivity and resistance to contamination. In the study by 
Lazarev et al., [49], a mathematical description of the formation of a sediment layer on the 
membrane surface due to concentration polarization was performed based on a semi-integral 
method for solving the convective diffusion equation, optimizing the ultrafiltration process and 
determining the sediment layer on the membrane surface, as well as calculating the operating time 
of the membrane and the volume of filtrate in steady state before regeneration. 

Then only the summand can be preserved in the Arrhenius-Gamow formula. describing the effect 

of activation energy actE for solvent passage 
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E
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To estimate the frequency factor, we use the ratio of the interparticle distance in the pore to the 

free path length. Since in the solvent flow outside the membrane, the interparticle distance is 
estimated by the formula 
 

3
11 Cle  ,                        (35) 

 
then inside the pore the appropriate estimate should take into account the free volume of the flow 
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Hence follows 
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Now the theoretical assessment of membrane selectivity can be written as 
 

IVS PP= .                        (38) 

 
To fully verify the adequacy of this model, it is necessary to compare it with a large amount of 

experimental data. Then it will be possible to refine some estimates using correction coefficients. 
Figure 7 shows some results of numerical experiments for the following values of the model 
parameters 
 

-410Kn  ; 23 1010 −− h м; 
65 1010 −− h ;  910−D м2/s;   

05,001,0 AX   2051 C  моl/м3  ; 210−G  м/s;  2,002,0  ;  5,1q ;   

10 s. 
 

The calculation results are generally in qualitative agreement with the known patterns of 
ultrafiltration and experimental data [46-49]. 
 

 
Fig. 7. Characteristic curves of a numerical experiment based 
on a probabilistic selectivity model. Dependence of 

selectivity on porosity. 1 - 51 =C  mol/m3; 2 - 31 =C  

mol/m3; 3 - 101 =C  mol/m3; 4 - 161 =C  mol/m3 
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3.2 Modeling of the Dissolution of an Impurity in a Membrane Pore in a Medium with Surface-Active 
Micelles 
 

Surfactants are used in membrane technologies to create an environment that promotes 
accelerated dissolution of droplets of substances with low solubility penetrating into the membrane 
pores. This method is used in soil purification from organic solvents, separation of water-organic 
impurities, in oil production, pharmaceutical industry, etc. [44,45]. 

Surfactants, as a rule, form local formations in the solvent - micelles. Micelles capture both 
partially dissolved impurity molecules directly from the solution and adsorb small droplets of the 
insoluble part of the impurity in the medium. 

It is established that, in general, the solubilization process occurs in several stages and its full 
description today seems difficult. 

In this paper, a simplified model of the process of dissolving an impurity drop in a membrane pore 
is proposed, taking into account the presence of surfactant micelles in the solution. 

At the same time, we believe that the solubilization process occurs mainly by the reaction-
diffusion mechanism, i.e. the molecules of the solute diffuse to the surface of the micelle and enter 
into a solubilization reaction on its surface. 

The corresponding mathematical model of this process looks as follows [45] 
 

CCk
t

a
ma=




,                        (39) 

 
According to the accepted diffusion-reaction mechanism of dissolution, it is possible to write 

down the diffusion equation of an impurity substance in a membrane pore, taking into account 
solubilization 
 

2

2

z
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C
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,                       (40) 

 
Taking into account the ratio (39), we obtain the following reaction-diffusion equation for the 

solubilization of a drop in a pore membrane 
 

CCk
z

C
D

t

C
ma−
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2

2

,                      (41) 

 
where z  - longitudinal coordinate (along the pore axis – Figure 8). 
 

 
Fig. 8. Diagram of the solubilization process in a 
pore membrane 
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The boundary conditions are as follows 
 

eqCt
d

C =







,

2
,                       (42) 

 

0,
2

=







t

d
a ,                        (43) 

 

If we introduce the idea of the micellar capture front, i.e. the distance f  from the droplet in the 

vapor, which is affected by the impurity in the membrane pore, then the boundary conditions can be 
supplemented by the relations [50,51] 
 

( ) 0, =tfС ,                        (44) 

 

( ) 0, =tfa  .                        (45) 

 
Eq. (41), provided that the concentration of micelles in the solution is constant, has a traveling 

wave type solution. 
Indeed, we introduce a self-similar variable 

 
wtz += ,                        (46) 

 
Then, Eq. (41) is transformed to the form 
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The general solution of this equation has the form 
 

( ) ( ) 2211 expexp CCC += ,                     (48) 

 
where 
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From the limitation condition of the solution, we obtain 
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Introduce the notation 
 

D

CDkww ma

2

42 +−
= .                      (51) 

 
From the balance ratios, it is possible to obtain a relationship between the time of complete 

dissolution of the drop   and the length of the dissolution trace f . 

Indeed, the mass of the dissolved substance, taking into account the micellar capture in the 
dissolution trace, is equal to 
 


−

=




wf

CdSM
0

,                       (52) 

 
On the other hand, this mass is equal to the mass of the dissolved drop 
 

dSM = ,                        (53) 

 
So, we get: 
 

( )( ) dwfCeq  =−+ 1exp( .                     (54) 

 
Taking a certain average value as the velocity of the dissolution front, we obtain 
 



f
w = .                        (55) 

 

( )( ) dfCeq  =−12exp .                      (56) 

 
From here we get an estimate of the length of the dissolution front 
 














+ 1ln

2

1
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d
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,                      (57) 

 
An estimate of the average velocity of the dissolution front can be obtained from the following 

considerations.   - the mass transfer coefficient along the interfacial surface of the drop-micellar 

solution. 
Then Fick's law is valid for the flow of a dissolving substance j  
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Thus, we obtain a formula for calculating the length of the dissolution front in a micellar solution 

inside a membrane pore – the ratio (57), where: w  
 

w .                        (59) 

 
Thus, we obtain a formula for calculating the length of the dissolution front in a micellar solution 

inside a membrane pore – the ratio (57), where 
 

D

CDk ma

2

42 +−
=


 .                      (60) 

 
In the study by Rho et al., [52], it was found that the decrease in diffusion coefficients was 

noticeably pronounced when membranes rich in ionizable functional groups with strong negative 
charges were used, indicating increased electrostatic repulsion. The aim of the study by Momeni et 
al., [53] was to investigate momentum, heat and mass transfer using 3D CFD modeling for a module 
with a hollow fiber membrane. The three-dimensional equations of momentum, heat transfer and 
mass transfer were combined and solved using the finite volume method using the Comsol 
Multiphase software. Computational fluid dynamics modeling was performed to obtain high-
precision data on the hydrodynamics and mass transfer behavior of membrane channels filled with 
separators [54]. Modeling was used to study the effect of geometric parameters of gaskets on 
pressure loss and concentration polarization in membrane channels. In a study by Yang et al., [55], 
overcoming the limitation of mass transfer caused by agglomeration of the catalyst powder was 
studied. Powder catalysts based on perovskite were embedded in a polyacrylonitrile ultrafiltration 
membrane with phase transformation. Hollow fiber membrane contactors are a promising 
technology for the removal and recovery of ammonia from liquid wastewater [56]. However, a better 
understanding is required. 

Figure 9 shows the dependence of the parameter   from the mass transfer coefficient along the 

interface  , and in Figure 10, the dependence of the wavefront length on the coefficient  . 

The numerical experiment was carried out at the following parameter values 
 

см /10210 23 −− = ; смD /10~ 26− ; 
c

Ck ma

1
10~ ; мd 310~ −  

 
The calculation results are generally in qualitative agreement with the known patterns of 

ultrafiltration and experimental data [52-56]. 
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Fig. 9. Dependence of the parameter on the mass transfer 
coefficient 
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Fig. 10. Dependence of the wavefront length on the mass 
transfer coefficient 

 
4. Conclusions 
 

A probabilistic approach was used to theoretically evaluate the selectivity of ultrafiltration 
membranes, in which the mechanism of the separation process differs significantly from the 
mechanism of separation in nanomembranes. Adjusted for the concentration polarization factor, an 
equation is obtained for calculating the total probability of particle drift through the boundary 
diffusion layer and penetration into the region of the Knudsen layer. 

Integrating the thickness of the Knudsen layer using the ratios for calculating the free path of 
molecules, the average speed of thermal motion of molecules, the average residence time in the 
Knudsen layer, an equation is obtained for calculating the flow of particles to the membrane surface 
in the Knudsen layer. 

An estimate of the total probability of particles drifting to the membrane surface from the depth 
of the solution and their penetration into the pores of the membrane is obtained, taking into account 
the molecular diffusion coefficient in the vicinity of the membrane, which differs from the tabular 
one, since the imperfection of the solution cannot be neglected in this area. 

An equation is obtained for calculating the diffusion coefficient taking into account the molecular 
diffusion coefficient in an ideal system, as well as equations for calculating permeability in pores, 
taking into account the influence of the activation energy for the passage of the solvent. 

A theoretical assessment of membrane selectivity is given based on the full probability of particles 
drifting to the membrane surface from the depth of the solution and their penetration into the pores 
of the membrane. The characteristic curves of the numerical experiment based on the probabilistic 
selectivity model and the dependence of selectivity on porosity are determined. 
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A formula has been obtained for calculating the length of the dissolution front in a micellar 
solution inside a membrane pore, taking into account the diffusion and mass transfer coefficients. 
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