Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 86, Issue 2 (2021) 50-55

Journal of Advanced Research in Fluid
” Mechanics and Thermal Sciences

Journal homepage: www.akademiabaru.com/arfmts.html
ISSN: 2289-7879

A Haar Wavelet Series Solution of Heat Equation with Involution

Burma Saparoval, Roza Mamytova?, Nurjamal Kurbanbaeva?, Anvarjon Akhatjonovich Ahmedov3*

1 Uzgen Institute of Technology and Education, Uzgen, Kyrgyzstan
2 QOsh State University, Osh, Kyrgyzstan
3 Pusat Sains Matematik, Universiti Malaysia Pahang, Lebuhraya Tun Razak, 26300 Gambang, Kuantan, Pahang, Malaysia

ARTICLE INFO ABSTRACT

Article history: It is well known that the wavelets have widely applied to solve mathematical problems
Received 2 June 2021 connected with the differential and integral equations. The application of the wavelets
Received in revised form 15 July 2021 possesses several important properties, such as orthogonality, compact support, exact

Accepted 19 July 2021

representation of polynomials at certain degree and the ability to represent functions
Available online 20 August 2021

on different levels of resolution. In this paper, new methods based on wavelet
expansion are considered to solve problems arising in approximation of the solution of
Keywords: heat equation with involution. We have developed new numerical techniques to solve
Heat equation; Haar wavelet; involution;  heat equation with involution and obtained new approximative representation for

approximation; numerical analysis solution of heat equations.

1. Introduction

The wavelets have wide application in engineering sciences and can be applied to solve
mathematical problems connected with the differential and integral equations. The application of
the wavelets possesses several important properties, such as orthogonality, compact support, exact
representation of polynomials at certain degree and the ability to represent functions on different
levels of resolution. Haar wavelets are orthonormal wavelets with a compact support. Haar wavelet
method is an effective tool for solving ordinary and partial differential equations. There are many
researchers who uses Haar wavelets to solve differential and integral equations notably papers [1-3].
A computational method for solving Poisson equations and biharmonic equations which are based
on the use of Haar wavelets is investigated in Shi and Cao [4]. The method of two-dimensional Haar
wavelets has been applied to obtain the solution of the partial differential equations in Lepik [5]. A
collocation method based on Haar wavelet and Kronecker tensor product for solving three-
dimensional partial differential equations is presented in Lepik [6], where the proposed method is
originated from the idea of approximating a sixth-order mixed derivative by a series of Haar wavelet
basis functions, which is suitable for numerical solution of all kinds of three-dimensional Poisson and
Helmholtz equations.
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In this paper, new methods based on wavelet expansion are considered to approximate the
solution of heat equation with involution. The output is a new approximative representation of
solution for heat equations.

2. Haar Wavelets

There are two functions that play a primary role in wavelet analysis, i.e., the scaling function given
by

1,if0<x <1,
0, elsewhere,

600 = | ()

and the wavelet

Y=1-10<x<, )

0, otherwise.

These two functions generate a family of functions that can be used to reconstruct signals. Let M
be any positive integer. We divide the interval [0,1] into 2M equal subintervals. We intend to do ]
levels of resolutions, hence we let 2M = 2/+1,

The Haar wavelet is system of functions defined by the following

k k+0.5
j . 1)2_] S x < 2
h, = lpj,k(x) = ZEIIJ(ZJx - k) =4_1 k+0.5 <y < k+1 a)

2] =X = 2] 7
0, otherwise,

where n=2/+k+1,j=0,1,2...J,k =0,1,2,..2/ — 1. The Haar wavelet system (3) form an
orthonormal basis for L, (R). The wavelet expansion of f € L,[0,1] is given by

f(x) = Z%o:O anhn(x);
where
ay = [} f(Oha(x)dx.

The integration of Haar wavelets is given by

1
(a—=1)!

Py i(x) = [{(x =D h(Ddr,a = 1,2, ..n,i = 1,2,... 2M. (4)

3. Heat Equation
Consider a uniform rod of length 1 with non-uniform temperature lying on the x —axis from x =

0 to x = 1. By uniform rod, we mean the density p, specific heat ¢, thermal conductivity K, are
constant. Assume the sides of the rod are insulated and only the ends may be exposed. Let denote
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by u(t, x) a temperature throughout the slice of the rod at the point x and time t. Further we assume
that the heating process is restricted to the interval 0 <t < T, where T is sufficiently big positive
number. We consider the second order linear heat equation with involution of the following form

o%u(t, x)

x>

Z—l:(T—t,X)= +f(t,x),0<t<T,0< x<1

(5)

u(0,x)=0, xe[0,1], (6)

u(t,0)=u(t,1) =0,t [0,1]. (7)

To solve the problem (5)-(7), we use the method of approximation by wavelets. Assume that
u(t,x) = v(t) - w(x).

We have

u(t,x)‘t:O =v(0)-w(x)=0=v(0)=0;

u(t, x)|x=0 = v(t) -w(0) = 0= w(0) =0;
u(t,0)lx=1 = v(t) - w(1) = 0= w(l) =0;

By substituting a function u(t, x) = v(t) - w(x), into the Eq. (5), we obtain

dv(T-1)
dt

(x)+v(t) d;v)\igx) = Av(t)-w(X)

From here

1 dv(T-t) 1 Cdfw(x) ) _
v(t) dt _W(X)[Aw(x) dx? j_'u’

where 1 - certain constant. Thus, if the solution of the problem (5)-(7) is represented as u(t,x) =
v(t) - w(x),then the functions v(t) and w(x) are solutions to the following spectral problems:

dv(T -t

% = v (t), v(0)=0,
and

W09 () k<103
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w(0)=w(1) =0,
where y = u — A. The spectral problem

dv(T —t
Ha =m0 y(0)-o

has an infinite set of eigenvalues

n 1\7
= —1 - |, 20,1,2,...,
o = )(“2% n

and their corresponding eigenfunctions

vn(t)z\Esin(nJrlJﬁt n=0,1,..
T 2)T

which form an orthonormal basis of the spaceL,(0,T). We use expansions of the functions u(t, x)

and f(t, x) in the system {sin (n + l) n—t} for fixed x € [0,1], as follows
2/ Tlp=o

u(t,x) =Yg up(x) - sin (n + )7:

F(62) = By fu() - sin (n +2) &

By substitution to the Eq. (5) we obtain

Z;f’:l((—l)” (n+ ) up, (x )—A)sm(n+ ) =y 1fn(x)sm<n+ )

By comparing the terms on the left and right sides we obtain

D" (n+3) Zup (o) - 22D = 1 (x)
1, (0) =222 = .

We assume that the solution is represented by Haar wavelets (3) as follows

d?up (x) _
dx?

M ahi(x)

By integrating the Eq. (11) in the interval [0, x] we have

dun(x) dun(O)
; - 12Ml a; Pll( ) +—

Up(x) = l2i\/11 a; P> (x) +u, (0)

(8)

(9)

(10)

(11)
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where P;; (x) and P;,(x) are defined as in Eq. (4). Substitute to ordinary differential equations
n 1\ y2m 2M _
(=1 (n+3) 282 ;P (6) — B2 ;P () = fu(x)

After we simplify
2M _1\n \r . _
M a (07 (n+ ) P00 - Pa®) = o)
We evaluate the latter in the following collocation points x; = %,l =1,2,..,2M.

214 ((_1)11 (Tl + %) ~Pip(x) — Pi1(xz)) = fo(x1)
The evaluation at collocation points leads to
U=Pa (12)
U = (un (1), upn (x2), oo, U () )7,
a = (a,,ay, ..,a,)7,

<P21(x1) Pzz(x1)>
P = : : .
P21(x1) - p2axr)

By solving the system, we obtain
a=P U
which substitute into the Eq. (11) yields the following

dzun (x)
dx?

= HP™1U,

where we denoted

<h1(x1) hz(?ﬁ))
H = : : .
hy(x) - h(x)

4. Conclusion

We have developed new methods based on wavelet expansion are considered to solve problems
arising in approximation of the solution of heat equation with involution. New numerical techniques
are modified to solve heat equation with involution and obtained new approximative representation
for solution of heat equations.
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