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The purpose of this research is to present dual solution for combined free and forced 
convection flow towards a non-isothermal permeable inclined cylinder containing 
gyrotactic microorganism. Though several researches were done on dual solutions for 
mixed convection and also along the vertical cylinder for the numerous engineering 
applications but very few works have done on dual solutions for mixed convection with 
gyrotactic microorganisms. Two steps are performed here to carry out numerical 
calculations. Firstly, the governing partial differential equations are simplified into set 
of coupled non-linear ordinary differential equations using similarity transformations 
and then solved numerically using bvp4c function from MATLAB. Dual solutions are 
observed for heat, mass and density of motile microorganism transfer rate and also for 
velocity, temperature, concentration, and microorganism profile beyond a critical 
point. The research is reached to excellent argument by comparison in few cases 
between the results obtained from MATLAB and Maple algorithm. The heat, mass and 
motile microorganism transfer rate decreases from free to mixed convection regime 
and then increases to forced convection regime with the influence of different flow 
control parameters. The results also indicate that dual solutions for different flow 
profiles exist only in free convection dominated regime. 
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1. Introduction 
 

In the last few decades, the combined (free and forced) or mixed convection problems have 
attracted a great deal of attention from researchers because of its wide range of applications in 
scientific fields such as engineering, physics, biology, fluid mechanics, and also industrial applications 
like heat exchanges placed in a low velocity environment, solar collectors exposed to wind currents, 
atmospheric boundary layer flows, nuclear reactors cooled during emergency shutdown, and various 
electronic equipment. Mixed convection flow occurs when forced and free convection structures 
substantially contribute to heat transfer. Several studies were done on mixed convection flow 
through porous media by many researchers [1-3]. Very recently mixed convection through porous 
media with heat generation is studied in several researches [4-6]. Gangadhar et al., [7] studied mixed 
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convection boundary layer flow for casson fluid, Zhao [8] investigated the convection for viscoelastic 
fluid and Bakar and Roslan [9] studied mixed convection in Lid-Driven Cavity in the presence of Heat 
Generation. 

Flow over vertical cylinder has become great interest to the authors because of its wide range of 
applications in insulation of vertical porous pipes, connection with oil/gas lines, underground 
electrical power transmission lines, and disposal of radioactive waste, polymer process, heating or 
cool of sheets/films. Popiel [10], Loganathan and Eswari [11] observed natural convection flow for 
cylindrical surfaces. Sewucipto and Yuwono [12] observed influence of upstream installation for 
cylindrical surface. Rashidi et al., [13] and Dhanai et al., [14] studied combined free and forced or 
mixed convective nanofluid flow over inclined surfaces and very recently Rihan [15] and Mkhatshwa 
et al., [16] studied mixed convection flow over vertical cylinder. Convection with power law wall 
temperature distribution were studied by Ali [17] and Ferdows et al., [18] where Ferdows et al., [18] 
investigated wall temperature variations for natural convection along vertical plate and Muñoz-Cobo 
et al., [19], Kim et al., [20] investigated for cylindrical surfaces. 

The study of microorganism has become greater attention of researchers to observe the 
development of microorganisms in bioconvection. Major applications of bioconvection phenomena 
are noticed in many Microsystems and some noticeable applications in the fields of biomedicine 
(nanodrug delivery, cancer therapeutics), bio-Microsystems (enzyme biosensors, biotechnology). 
Bioconvection can be categorized as development process in the field of fluid flow, which acts with 
the steps of self-propelled up swimming microorganisms such as algae and bacteria that contain 
oxytaxis, gyrotaxis or gravitaxis organisms. As motile microorganisms are denser than their 
surrounded liquid and generally swim in the upward direction which produces different flow profiles 
into the system. The benefits of adding motile microorganisms to the suspension include enhanced 
mass transfer, microscale mixing, and anticipated improved stability of the fluid. The stability and 
development of gyrotactic microorganism in a depth cavity were observed by Gorai and Hill [21-22]. 
Mixed convection nanofluid flow containing gyrotactic microorganisms is observed by several 
researchers [23-26]. In recent works, Sudhagar et al., [27], Mallikarjuna et al., [28], and Rashad and 
Nabwey [29], explored mixed convection nanofluid flow over vertical circular cylinder containing 
gyrotactic microorganisms, Mahdy and Nabwey [30] studied time-mixed convection nanofluid flow 
for rotating sphere containing motile microorganisms. 

In convective heat transfer for solving highly complex non-linear problems sometimes we get 
multiple (dual) solutions. In many cases it is important to compute unstable states along with stable 
one, since unstable solutions often interact with stable solutions which produce indescribable 
phenomena. The study on the presence of dual solutions in mixed convective boundary layer flows 
may bring new vision on engineering applications [31]. Probably, Ridha and Curie [32] was the first 
who found existence of dual solution for opposing flow at first. After that Subhashini et al., [33] 
extended that research for assisting flow. Dual solutions for mixed convection boundary layer flow 
were firstly investigated by Ingham [34] and also Merkin [35]. Rostami et al., [36] and Salleh et al., 
[37] studied mixed convection in the presence nanofluid. Very recently Khan et al., [38] also 
presented dual solution for mixed convection with silica–alumina hybrid nanofluid for curved surface. 

The objective of this article is to present dual solution for combined free and forced convection 
over inclined cylinder containing gyrotactic microorganism. Though Rostami et al., [36], Salleh et al., 
[37], Khan et al., [39], and Shu et al., [40] investigated dual solutions for mixed convection and also 
along the vertical cylinder but according to the authors’ knowledge very few works by Sudhagar et 
al., [27] and Ferdows et al., [41] have done on dual solutions for mixed convection with gyrotactic 
microorganisms [39-40]. So, the presented results of dual solution in case of mixed convection over 
inclined cylinder are entirely unique.  
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2. Methodology 
2.1 Mathematical Formulation 
 

Consider the steady free forced convection boundary layer flow over an inclined cylinder of radius 
𝑟0 implanted in a saturated permeable medium containing gyrotactic microorganism as shown in 
Figure 1. It is assumed that the mainstream velocity U(x) and cylinder surface is maintained in 
constant temperature 𝑇𝑤 , Concentration of fluid 𝐶𝑤 and motile microorganism concentration 𝑛𝑤, 
while far from the surface of cylinder the velocity, temperature and concentrations are 𝑢∞ ,𝑇∞ , 𝐶∞, 
and 𝑛∞. The axial and radial coordinates are considered to be x and r where x-axis measured vertically 
upward along the axis of the cylinder and r-axis measured normal to x-axis. The gravitational 
acceleration g acts in the downward direction in opposition to the x-direction. 
 

 
Fig. 1. Physical model and Coordinate system 

 
Under the assumptions along with the physical phenomena and Boussinesq approximations, the 

governing equations are: 
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With the boundary conditions are of the form: 
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2.2 Numerical Procedure 
 

Using similarity transformations, the governing partial differential equations were converted into 
ordinary differential equations and then numerically solved by using by MATLAB bvp4c solver. In this 
method, using the different initial guesses of   ,,,,,,, ff we can able to find the first and 

second solution. In the context of bvp4c function described above we need to transform the 
governing Eq. (10) - (13) into first order differential equation letting 𝜂 = 𝑥 and 
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The boundary conditions (14) and (15) become considering 𝑦𝑎 be the left boundary, 𝑦𝑏 be the 

right boundary 
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For the validation of the results the differential equations are again solved numerically using 

Maple 14.0 with the help of dsolve command where asymptotic boundary conditions (14) and (15) 
are replaced by using a value of 5 for the similarity variable 𝜂𝑚𝑎𝑥 = 5. The obtaining results for both 
cases as shown in Table 1 shows good agreement and exactness of numerical calculations. 
 

Table 1 

Effect of Mixed Convection parameter  on -  when 

 

𝞴 )0( −  (Matlab Bvp4c) )0( − (Maple 14.0) 

 First Solution
 

First Solution
 

0.0 1.4543 1.4550 
0.3 1.0922 1.0929 
0.5 0.9937 0.9941 
0.8 1.1238 1.1239 
1.0 1.3520 1.3520 

 )0( 

0.0,0.0,0.0,0.0,
4

,1.0,2.0,6.0,5.0 21 ========= APeLeLbmNN
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For further confirmation, the present results for the special case are validated against the results 
of investigations by Chamkha and Khaled [43], Gorla et al., [44] and Nima et al., [45] shown in Table 
2.  

 
Table 2 
Comparison of 𝒇′(𝟎) for the values of 

 

 Chamkha and 
Khaled [43] 
When B=0 

Gorla et al., [44] 
When B=0 

Nima et al., [45] 
When 𝜀=1 

Present result 
(First Solution) 

)0(f   1.0000 1.0000 1.0000 1.0000 

 
A stability analysis described by Sparrow et al., [46], Weidman et al., [47] and very recently 

Postelnicu and Pop [48] reveal that upper branch (first solution) solutions are stable and physically 
accomplishable, while lower branch solutions (second solution) are unstable and therefore, not 
physically accomplishable. As their researches are in similar physical situation, so we will not repeat 
that analysis here in this paper. All the figures show that dual solutions for all values of 𝜆𝑐 ≤ 𝞴 where 
𝜆𝑐 is the critical value. 
 
3. Results 
3.1 Analysis of Velocity Profile 
 

In Figure 2(a), dual solution for velocity profile  against  for several values of mixed 

convection parameter  is shown. Mixed convection parameter  covers entire regime of mixed 

convection from pure free convection (when = 0) to pure forced convection (when = 1). 
Velocity profile increases with the growing values of curvature parameter γ in Figure 2(b). Velocity 
profile decreases with the increases of curvature parameter. For the higher values of curvature 
parameter, the radius of cylinder decreases. Less contact within surface area produces less amount 
of resistance towards fluid particles, as a result the velocity profile shows a stimulant value. It is 
noticed in Figure 2(a) and Figure 2(b) that first solution is stable as the velocity profile went into 
positive range and the second solution is unstable as the velocity profile went out negative. The 
velocity flow profiles provide the existence of the dual solution when 𝜆 > 𝜆𝐶. 
 

  
(a) (b) 

Fig. 2. Velocity profile with different values of (a) Mixed Convection parameter 𝜆 (b) Curvature parameter γ 
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3.2 Heat Transfer Rate and Temperature Profile 
 

Variation of Nusselt number with 𝛌 for different values of 𝛾 is shown in Figure 3(a). So, it is seen 
that dual solution exists for the temperature profile 𝛌 > 𝜆𝑐  where 𝜆𝑐 = 0.31, 0.28, 0.24 when 𝛾 =
0.3, 0.4, 0.5 respectively. Nusselt number decreases from free convection to mixed convection 
regime, after that it gradually increases to forced convective regime with the growing values of 
curvature parameter 𝛌. It is also noticed that dual solution exists in free convective regime. We know 
that increase in curvature parameter cause decrease in radius of curvature because of which velocity 
of fluid particles enhances. As a result, average kinetic energy increase which causes an increment in 
temperature profile. So, Figure 3(a) and Figure 4(a) illustrate heat transfer rate and temperature 
profile increase for the higher values of 𝛌 for the first solution but opposite phenomena are observed 
for second solution. 

In Figure 3(b) variation of heat transfer rate with 𝛌 different values of power law exponent m is 
shown where heat transfer rate increases with the increasing values of m. Dual solution exists for 𝛌 
> 𝜆𝑐 where 𝜆𝑐 = 0.20, 0.25, 0.28 when 𝑚 = 0.6, 0.8, 1.0 respectively. The temperature profile as 
well as the thermal boundary layer thickness reduces in Figure 4(b) with the increase of power law 
index, m because fluid velocity increases for low viscosity which lessens fluid temperature. In 
summary to increase the value of m is to increase the heat transfer rate and to decrease the thermal 
boundary layer. So, it is clearly stated that second solutions observed in Figure 3(b) and Figure 4(b) 
are not physically realizable. 
 

  
(a) (b) 

Fig. 3. Heat transfer rate with mixed convection parameter 𝝺 for different values of (a) Curvature 

parameter γ (b) Power law exponent m 
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(a) (b) 

Fig. 4. Temperature profile with different values of (a) Curvature parameter γ (b) Power law exponent m 

 
3.3 Mass Transfer Rate and Concentration Profile 
 

Variation of Sherwood number with 𝛌 for different values of 𝛾 is shown in Figure 5(a) the dual 
solution is observed for the concentration profile 𝛌> 𝜆𝑐  where 𝜆𝑐 = 0.10, 0.17 when 𝛾 = 0.2, 0.5 
respectively. At this point 𝜆𝑐 unique solution exists. It is also observed that the Sherwood number 
decreases in free convection regime both for first and second solution, after that it increases from 
mixed convective to forced convective regime with the increasing values of 𝛌 and 𝛾 for the first 
solution. In Figure 6(a) existence of dual solution of concentration profile when 𝛌> 𝜆𝑐 for the 
values𝛾 = 0.1, 0.5, 1.0 is shown. Boundary layer thickness of concentration profile increases with the 
increasing values of 𝛾 for the first solution and decreases for the second solution. 

Effect of power law exponent m on Mass transfer rate with the variation of 𝛌 is observed in Figure 
5(b) provides the existence of the dual solution for the variation of power law exponent m when𝜆 >
𝜆𝐶. For m = 0.6, 0.8, 1.0 we get the critical points 𝜆𝐶 = 0.03, 0.07,0.10 where unique solutions exist. 
For the first solution mass transfer rate increases with m. Decreasing of boundary layer thickness of 
concentration profile is observed for Lewis parameter Le in Figure 6(b). Unstable phenomena is seen 
for the second solutions. 
 

  
(a) (b) 

Fig. 5. Mass transfer rate with mixed convection parameter 𝝺 for different values of (a) Curvature 
parameter γ (b) Power law exponent m 
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(a) (b) 

Fig. 6. Concentration profile with different values of (a) Curvature parameter γ (b) Lewis Parameter Le 

 
3.4 Motile Microorganism Transfer Rate and Microorganism Profiles 
 

Dual solutions for Motile Microorganism transfer rate with mixed convection parameter 𝝺 are 
observed in Figure 7(a) and Figure 7(b). The dual solutions are observed for the microorganism profile 
𝛌> 𝜆𝑐  where 𝜆𝑐 = 0.28, 0.27, 0.26 when 𝛾 = 0.1, 0.2, 0.3 and also when m = 0.8, 0.9, 1.0,𝜆𝑐 =
0.25, 0.26, 0.27. As motile microorganism density is higher than the liquid and they normally swim in 
upward way for the exterior of the cylinder wall, so growing values of curvature parameter increases 
motile microorganism transfer rate and decreases boundary layer thickness of microorganism profile 
which are presented in Figure 7(a) and Figure 8(a) for the stable solutions. Motile microorganism 
transfer rate increases also for power law exponent m. which is illustrated in Figure 7(b). 
 

  
(a) (b) 

Fig. 7. Microorganism transfer rate with mixed convection parameter 𝝺 for different values of (a) Curvature 
Parameter γ (b) Power law exponent m 

 
In Figure 8(b) and Figure 8(c) existence of dual solution of microorganism profile when 𝛌> 𝜆𝑐 for 

the values Lb = 0.1, 0.5, 0.8 and Pe = 0.1, 0.3, 0.5 is shown. In both figure we can see boundary layer 
thickness of microorganism profile decreases with the growing values of Lb and Pe. Increasing the 
bioconvection Lewis number Lb causes decrement of motile microorganism diffusivity, which results 
in microorganism’s concentration reduction. On the other hand, increasing bioconvection peclet 
number rises the mobility of fluid causes quantity of motile microorganism’s thickness reduces, 
hence microorganism’s diffusivity and their concentration decreases. It is also noticed that first 
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solution is stable as the Microorganism profile went into positive range and the second solution is 
unstable as the profile went out negative. 
 

  
(a) (b) 

 
(c) 

Fig. 8. Microorganism profile with different values of (a) Curvature parameter γ (b) Bioconvection Lewis 
Number (c) Bioconvection Peclet number Pe 

 
4. Conclusion 
 

The steady mixed convection boundary layer flow with gyrotactic microorganism past an inclined 
cylinder is analyzed. Results indicate that multiple solutions exist in free convection dominated 
regime. Critical point separated upper branch and lower branch solutions. Stable solutions were 
indicated by upper branch and unstable solutions were also indicated by lower branch. The 
consequences of various flow influencing parameters have been thoroughly discussed in detail. The 
key reviews are condensed as follows 

i. The variation of nusselt number indicates that dual solution exists for temperature profile λ>
𝜆𝑐 where the critical value 𝜆𝑐 = 0.31, 0.28,0.24 for the curvature parameter 𝛾 = 0.3, 0. 4, 0.5 
and the critical value 𝜆𝑐 = 0.20, 0.25, 0.28 for the exponent 𝑚 = 0.6, 0.8, 1.0. 

ii. The variation of Sherwood number shows the existence of dual solution in concentration 
profile when 𝛌> 𝜆𝑐 = 0.10, 0.17. for 𝛾 = 0.2, 0.5 and 𝜆𝑐 = 0.03, 0.07, 0.10 for the 𝑚 =
0.6, 0.8, 1.0 respectively. 

iii. The variations of density number of microorganisms show the dual solution of Microorganism 
profile arise when λ > 𝜆𝑐 = 0.25, 0.26, 0.27 for 𝛾 = 0.1, 0.2, 0.3 and 𝜆𝑐 = 0.25, 0.26, 0.27 for 
the 𝑚 = 0.8, 0.9, 1.0 respectively. 
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