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improves the approximate solution series and broadens the convergence field of RDTM.
The numerical results obtained are compared to RDTM and other results from previous
works. The results show that the proposed method is very efficient and has high accuracy.

Keywords: The main advantage of the proposed method is that it is based on a few straightforward
Unsteady; convection-diffusion; steps and does not generate secular terms or depend on a perturbation parameter. We
Yang transform; RDTM; Padé also provided a powerful and attractive mathematical tool for solving linear and nonlinear
approximation; accuracy equations.

1. Introduction

This work is interested in two unsteady state two-dimensional initial-boundary value problems,
which were formulated as follows

Problem-I: Linear transport (convection-diffusion) equation:

a a a 92 92

o+ B+ Byﬁ— Uy — aya—y‘; =0, (x,y,t) €[0,L] x [0,L] X [0,T] (1)
with initial condition

u(x,y,0) =0,(x,y),0<x,y<1L, (2)
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and the boundary conditions

u(x,0,t) = fo(x,t),u(x,L,t) = fi(x,t),0<x<L,t=>0 }

3
u(0,y,t) =g,y t),u(L,y,t) =g1(y,),0<y <Lt >0 (3)

where u(x, y, t) is a transported variable 5, and j3,, are arbitrary constants which show the speed of
convection and diffusion coefficients a, and a,, are positive constants and f, f1, go, g1 and @, are
known functions.

Problem-II: Nonlinear Burgers equation:

ou ou ou 1 [(0%u , 0%u
E'{'CKU&‘F(ZUE—E(Q-FW)—O, (4)

(x,y,t) €[0,L] x[0,L] x [0,T],

ov ov ov 1 (0%v  9%*v
E'{'(XU&‘FCXU@—E(ﬁ a—yz)—O, (5)
with initial conditions
u(x, }’» 0) = al(xJ }’)}
xX,y) € (),
v(x,7,0) = ay(x,y)§ &

and Dirichlet boundary conditions

U,(X, 4 t) = bl(xl Y, t),

x,y) EQt>0,
w%%o=bxm%o}(Y)

where Q = {(x,¥):a < x < b,c <y < d} is the computational domain and 0 is its boundary,
u(x,y,t) and v(x,y,t) are the velocity components to be determined, a,,a,, b; and b, are the

. . . . . 1 .
known functions, u; is unsteady term, uu, is the nonlinear convection term, ™ (uxx + uyy) is the

diffusion termu, = 2, v, =2 u, =2y, =2y, =2 ov ou =
T et Tt T e T T e Y T ey X T

a,vy = 5,uxx = ﬁ,uw = ﬁ' VUyx =
0%v 0%v
a2’y T g2
These problems are essential examples of partial differential equations that are represent a wide
range of phenomena such as heat transfer, mass transfer, petroleum reservoir modeling, subsurface
pollution remediation, continuum mechanics, shock waves, acoustic waves, gas dynamics, elasticity,
and so on [1-4]. There is a wide body of literature on many forms of transport equations that are
solved using various numerical and analytical approaches, for example: Tanaka and Chen [5] studied
coupling dual reciprocity boundary element method and differential quadrature method for time-
dependent diffusion problems. Bahadir [6] applied fully implicit finite-difference scheme for solving
two-dimensional Burgers equations. Al-Saif and Al-Kanani [7] suggested alternative direction implicit
formulation of the differential quadrature method for solving the unsteady state two-dimensional
convection-diffusion equations. Abdou and Soliman [8] used variational iteration method for solving
Burger's and coupled Burger's equations. Djidjeli et al., [9] studied global and compact meshless

schemes for the unsteady convection-diffusion equation. Sharma and Methi [10] presented

and Re is the Reynolds number.
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homotopy perturbation method approach for the solution of equation to unsteady flow of a
polytropic gas. You [11] proposed a high-order pade' ADI method for solving unsteady convection-
diffusion equations. There are several, modern analytical methods, for example, reduced differential
transform method (RDTM), was suggested by the Turkish mathematician Keskin and Oturanc [12] for
the first time in 2009. It has received much attention since it has been applied to solve a wide variety
of problems by many authors [13-18]. The Yang transform (YT) is suggested by Yang [19] in 2016,
which is applied to solve the steady heat transfer problem, and it is used by several researchers in
[20,21]. Henri Padé (1863-1953) presented an approximation technique in his doctoral thesis in 1892
which is called Padé approximation. It has received much attention since it has been applied to solve
a wide variety of problems by many authors [22-25].

Therefore, in this study, we present a hybrid method that combines (RDTM, Padé approximation,
and Yang transform) to find analytical solutions for PDE. The summary of the suggested method is
that the solution to PDE is obtained in convergent series forms using YRDTM. After that, we create
its Padé approximate function in order [L/M] to convert the power series solution obtained by
YRDTM into a meromorphic function. The values for L and M are selected at random. At this stage,
the Padé approximant improves the accuracy and convergence of the truncated series solution by
expanding the domain of that solution. This is a method that we call PYRDTM. Furthermore, unlike
other semi-analytical methods such as homotopy perturbation method (HPM) and homotopy
analysis method (HAM), or variational iteration method (VIM), Padé-Yang reduced differential
transform method (PYRDTM) does not require a perturbation parameter to work and does not
generate secular terms (noise terms). To solve three test problems, we presented the PYRDTM as a
handy tool with great potential to solve linear or nonlinear unsteady state two-dimensional
convection-diffusion equations and compared its efficiency and accuracy with other methods such
as discrete Adomian decomposition method (DADM) and Bahadir. The numerical results we obtained
showed the efficiency, activity, and accuracy of PYRDTM for solving the unsteady-state two-
dimensional convection-diffusion equation.

2. Yang Transform

The integral transforms play a significant role in a variety of scientific disciplines and works of
literature; they are used extensively in mathematical physics, optics, mathematical engineering, and
other disciplines to solve differential equations such as those Mellin, Hankel, Sumudu, Laplace, and
Fourier [26,27]. Recently, Yang [19] proposed a new integral transform named the Yang Transform,
which was first applied to the steady-state heat transfer equation.
Definition 2.1

A new integral transform called Yang transform of the function u(t) is denoted by Y{u(t)} or T(s)
and is defined as [19]

w
Y[u(®)] =T(s) = [, esu(t)dtt >0, (7)
Provided the integral exists for some s, where s € (—t4, t,).

If we substitute _?t = x then Eq. (7) becomes,

Y[u@®)] =T(s) = sfooo e *u(sx)dx,x > 0. (8)
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Theorem (1): Yang Transform of Derivatives [19]

If Y[u(t)] = T(s) then

Ly [ 2] = TED iy, 0),
Y [azu(x O] _ Ts)  ux0)  du(x0)

ot2 T g2 s at ’
™ u(x,t) T(xS)  wn—1 .—nt+k+1 090u,0) _
ii. Y [ Py ] = k=0 S ok vn =1,2,3,4,..

2.1 Some Functions' Yang Transform

Yang transform of some useful functions is given below.

i. Y{1}=s

i. Y{t}=s?

ii.  Y{t"}=n!-s""!
iv. Y{e%}= —

v. Y{sin at} = 1+a252
vi. Y{cos at} = W

e . _ as
vii.  Y{sin at} = —1_a5252
viii. . Y{cos at} = —-—.

3. Reduced Differential Transform Method

In 2009, the Turkish mathematician Keskin and Oturanc [12] suggested the reduced differential
transform method (RDTM) to study the analytical solutions of the linear and nonlinear wave
equation. The basic definitions and operations of two-dimensional reduced differential transform
method are introduced as follows [14,18].

Definition 3.1
If function u(x, y, t) is analytic and differentiated continuously with respect to time and space in the
domain of interest, then let

_lrok
Uk(x: y) ~ [ﬁu(_x’ Y, t)]t=0 ’

where, the t-dimensional spectrum function Uy, (x, y) is the transformed function. In this paper, the
lower case u(x,y,t) represents the original function, while the upper case Uy (x,y)stand for the
transformed function.

Definition 3.2
The differential inverse transform of U, (x,y) is defined as;

u(x,y,t) = Eizo U, ) (t — to)*, (10)
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then by combining Eqg. (9) and Eqg. (10), we obtain

_yo 1[0 k
uCry,0) = 5o  [zru@y.0| _ th (11)
Note that the function u(x, y, t) can be written in a finite series as follows:

Un (0,9, 1) = Yz Up(x, ) — t0)* + Ry(x, 3, 8). (12)

Where the tail function R, (x, y,t), is negligibly small. Therefore, the exact solution of problem is
given u(x! y; t) = limn—woun(x; y, t)

Table 1
The fundamental operations of RDTM
Functional Form Transformed Form
u(x,y,t) 1ok
Ur(x,y) = E[Wu(x, y,t) .
w(x,y, t) = au(x'y' t) i Bv(x'y' t) Wk(x' y) = aUk(x' }’) i BVk(x'y)
w(x,y,t) = u(x,y, )v(x,y,t) Wi (x,¥) = X7 Ve (0, ) Up—r (%, y)
= Z?O:O Ur(x' y)Vk—r(x' y)
a" (k+1)!
W(x;y;t) =ﬁu(x,}’; t) Wk(xly) ZTUR+T(x’y)
02 9
W(x;y;t)=a_yzu(x,}’;t) Wk(x;}’)=a_yzuk(x;3’)
62 2
w(x,y,t) = Wu(x, y,t) Wi (x,y) = WUk(x, y)

4. The Padé Approximants

Suppose that, we are given a power series Z;";ocixi, representing a function f(x), so that

f(x) =YY%, cxt, (13)

The Padé approximant is a rational fraction and the notation for such the Padé approximant is [22]

AL
[L/M] = 2£22, (14)

where A; (x) is a polynomial of degree at most L and By, (x) is a polynomial of degree at most M.
We have

f(x) =Cyp+cix+ CZX2 + C3x3 + c4x4’ + -
AL (x) = ag + ayx + axx? + azx® + -+ agxt, (1s)
By(x) = by + by1x + bzxz + b3x3 + . beM

Notice that in Eq. (14) there are L+ 1 numerator coefficients and M + 1 denominator

coefficients. Since we can clearly multiply the numerator and denominator by a constant and leave
[L, M] unchanged, we impose the normalization condition
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So, there are L + 1 independent numerator coefficients and M independent denominator
coefficients, making L + M + 1 unknown coefficients in all. This number suggests that normally the
[L, M] ought to fit the power series (13) through the orders 1, x, x?, ..., x:*M. By using the conclusion
given by Baker and Graves-Morris [22], we know that the [L,M] approximantis uniquely
determined.

In the notation of formal power series,

2 L

I i aptaix+ax“+---+apx L+M+1

Yiso Cixt = ~ —+ o(x ). (17)
1+b1x+byx4+--+byx

By cross-multiplying Eq. (17), we find that

(1 + byx + byx? + -+ byxM)(co + c1x + %% + c3x® + eux* + ) = ap + ayx + ax® + - +
a,xt + o(xltM+1) (18)

From Eq. (18), the set of equations can be found.

(CO = ao,
c1 + Coby = a4,
CZ + Clbl + Cobz = az, (19)

(553 + aL_1b1 + -+ CObL =a,
and

Cry1 + by + -+ cp_yi1by =0,
Crez + Cpyaby + -+ cLopyr2by =0,

(20)
Crem + Cram—1by + -+ c by =0,

where ¢, = 0 forn < 0andb; = 0 forj > M.

If Eg. (19) and Eqg. (20) are non-singular, then we can solve them directly

CL-M+1 CL-M+2 CL+1
; : _ 5 : oo L )
[L/M] _ 2j=MCj—MX] Zj:M-1Cj—M+1x] 2j=onxJ
- CL-m+1 CL-m+2 ° CL41 '
CL+1 CL+1 vt CL+M
xM xM-1 .. 1

If the lower index on a sum exceeds the upper, the sum is replaced by zero. Alternate forms are
_ VL-M j - T - _ vl j T -
[L/M] = j=0 cix! + x* M+1WL/MWL/%/IWL/M = Zj:g cjxl + xL+n+1W(L+M)/MWL/%/IW(L+n)/M )

for
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[CL—M+1 — XCL_m+2 " CL — XCrL41
WL/M = S . S ,
| €L — XCp4q t CLem+1 — XCram
CL-M+1
CL—M+2
CL

The construction[L/M] of approximants can be made only by algebraic operations [22]. Each
choice of L degree of the numerator and M degree of the denominator, leads to an approximant.
The significant difficulty in applying the technique is how to direct the choice to obtain the best
approximant. This needs the use of a criterion for the choice depending on the shape of the solution.
A criterion that has worked well here is the choice of [L/M] approximant.

5. The Hybrid Method Algorithm

Consider a general nonlinear non-homogenous partial differential equation with initial conditions
of the form:

Lu(x,y, t) + Ru(x,y, t) + Nu(x,y, t) = glx,y,t), (21)
with initial condition

u(x,y,0) = h(x,y), (22)

] . . . . . . N .
where L = Py R is a linear differential operator which has partial derivatives, N is
nonlinear operator and g(x, y, t) is source term.

Taking the Yang transform on both sides to Eq. (21), to get:
Y[ Lu(Cx,y, )] + Y[R u(x,y, )] + Y[Nu(x,y,t)] = Y[g(x,y,t)]. (23)

Using the differentiation property of the Yang transform to Eq. (23) and above the initial
conditions, we have:

Y[u(x,y, t)] = sY[g(x,y, )] + sh(x,y) — sY[R u(x,y, t) + Nu(x,y, t)], (24)
applying the inverse Yang transform on both sides to Eq. (24) to find
u(xy,t) =G,y t) — Y sV [Ru(x, y, t) + Nu(x,y, )]} (25)

where G(x,y,t) represents the term arising from the source term and the prescribed initial
conditions. Now, we apply the reduced differential transform method:

U(x,y,0) = G(x,y,t), (26)

Ulx,y,k+1) = =Y YsY[RU(x,y,k) + NU(x,y,k)]}, (27)
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where RU(x,y, k), NU(x,y, k) are the transformations of the functions Ru(x, y, t), Nu(x,y, t),
respectively.

This is coupling of the Yang transform and the reduced differential transform method, then by
YRDTM, we have the solution of Eq. (21), with initial condition (22) in the form of infinite series as
follows:

ulx,y,t) = Y=o Ulx,y, k).

After that, we applied its Padé approximant of an order [L/M] on the power series solution by
following the same steps mentioned earlier in Eq. (4). The values L and M are arbitrarily selected. At
this stage, the Padé approximant improves the accuracy, and convergence of the truncated series
solution by expanding the domain of that solution.

6. Application

In this part, we will illustrate the efficiency and accuracy of the PYRDTM discussed in previous
sections using three test problems for the unsteady state two-dimensional convection-diffusion
equation.

Problem | (The unsteady state two-dimensional convection - diffusion equation) [28]

Consider Eq. (1) with B, = B, = —1, and L = 1.Then Eq. (1) can be written as:

ou ou ou 0%u 0%u
5 0y, t) =—(x,y,0) —@(x,y, t) = o ——(x,y,1) = aya—yz(x,y, t) =0, (28)
with initial condition u(x,y,0) = a(e ™ ** + e %), 0<x,y < 1,t > 0, (29)
/ 1+./1+4b
where, ¢, = % >0,c, = b s
X ay

By taking the Yang transform on both sides to Eq. (28) subject to initial condition (29), we have

Y[u(x,y,t)] = Su(0) + SY [— + =+, Z;‘ + a, Ziylzl], (30)
by applying the inverse Yang transform to Eq. (30), we have
u(x,y,t) =u(0)+Y?! (SY — + + o, 322 + a, Z%D, (32)
applying the reduced differential transform method to Eq. (31), we have
Ux,yk+1)=Y (SY[ U(x, y,k)+ U(x y,k)+ax6 U, y,k) + @y 52 2U(x y,k)]) (32)
with U(x,y,0) = aebt(e % + e~%Y). (33)
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From relationships (32)

Ux,y,1) = Y1 (5 Y

and (33), we obtain

[0 P a B )
_EU(x,y,O) +EU(x,y,0) +axﬁU(x,y,O) +aya—yzU(x,y,0)<

=at (cx,B e"*+ ¢, Ee_Cy'y),

Ux,y,2) =Y (SY

9 ) a ) )
_aU(x,y, 1) +EU(x,y, 1) +axﬁU(x,y, 1) +ay6—yZU(x,y, 1)_

t? —Co- —co
= S a(c} fre " + cgle™?),

(34)

(35)

0 0 9] 0
—vyv-1 R
U(x,y,3) =Y (S Y [ax U(x,y,2) + 3y U(x,y,2) + a, 352 Ux,y,2) +a, 377 Ulx,y, 2)]),

_t 3 p3
- Za(cx ,B
the solutions series obt

u(x)y;t) _Zk OU(x Y

e~ 4 3 8e YY),
ained by YRDTM is

k)

=a(e* +e YY)+ at (¢ f e+, Ee'cyy)+a (c 2B2e™x* 4 c2Ere YY)+,

The [L/M]t-Padé approximant of (37), with L = 1,M = 2

(36)

(37)

[ﬁ]u (x,y,t) = (Za (((—40{,%6,? +12azc; + (12a2 ayci — 12akcy, — 12a, )ck + (—24aya,ck +
24a,cy + 4)ci — 6¢)E (ayayct —aye, —2)c2 + 6c2c, 8% + € )t +

21 2 1 -2 3
12¢,€ (axcx —L0yC) —C t ZCY)> e~ 20X ¢ ((axcx 3aic; + (—6atayci +

6azcy +3a,)ck + (12a,a,ci — 12a,c, — 1)ci + 12¢, (cyay axCy )Ecx

12c2c,8%¢, — 4c33,53) t =3¢, B (ayci — 4ayc —cy + 4cy)) e CxXe 2y 4

B2ci(3 +

(a2 — c)t)(e 3% + e” YY) + 282 (3 + (ayci — cy)t)))/

(( 2(cka? — 2a,c3 + ((—3axayc32, +3a,cy +1)c2 + (Bayc2 — 3¢y )ey +
EZ) 822 + 2(ay ek + ayci — oy — ¢y)(akeq — 2axci + (—4aya,ci +
4aycy, + 1)z + (4ayck — 4cy)cx + c2)t — 6azcy + 12a,c2 + (24a,cycl —

24a,cy, — 6)cE + (—24ay,ci + 24cy ), — (60282 ) e VY XX 4 c2(6 + cZBPE% +
B*(—4ayci +4c)t)e2x¥ + ¢f (6 + cj&t? + 8 (—4aycj + 4c, )t) e72Y7)),

where &= (a, ¢y, — 1), and f = (ayc, — 1).

Problem (ll) (System of two-dimensional Burgers’ equations) [29]

Consider the Eq. (4) and Eq. (5), with @ = 1. Then these equations become

a—”+ Ztvs=—(
oy

0’u | 9%u
Py 2
Re \dx2 = 0y?2

2 2
L a”+v"_”=Ri("_”+"_”),

dx dy

e \0x%2 = 09y?

(38)

(39)
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with initial conditions

1

3
PI-1: u(x,y,0) = i —[1+exp(a)(xy)) ,v(x,y,0) = —[1+exp(w(x,y))] , (40)
by taking the Yang transform on both sides to Eq. (39) subject to initial condition (40), we have
ou 1 (0%u . d%u
Y[u(x,y,t)] = Su(0) + SY [—u—— UE+E(ﬁ+a_yz)]’ (41)
0%u . 9%u
VIuny, ] = Su(0) +5Y [-uf - v+ (55 + )] (42)
by applying the inverse Yang transform to Eq. (41) and Eq. (42), we have
_ ou o%u . 9%u
u(x,y,t) =u(0) +Y (S Y [—ua —v— + (axz + a_yZ)]) (43)
- -1 o 1 (P O
v(x,y,t) =v(0)+Y (S Y[ U— vay +— (ax2 + 6y2)])' (44)
applying the reduced differential transform method to Eq. (43) and Eq. (44), we obtain
Uryk+1)=Y71(s [— T Uy, r)iu<x Yok =7) = Zheo V6, ,1) 5 UG,k —
1
)+ (U@ + 72Uy 0)]), (45)

Vix,y,k+1)=Y1 (SY[—Z’; o Ulx, y,r)iV(x yvk—1r)— Yk, V(x,y,r)%V(x,y,k —
)+ L ( _V(x,y,k) k))]) (46)

with
1
U(x,y,0) = u(x, y,O)———%—+, (47)
3 1
V(x,v,0) =v(x,y,0) = " + s (48)

from relationships (45), (46), (47), and (48) give us the values of U(x, y, k) and V(x, y, k) as follows:

1

U(x, yJO)—-—w—J,, (49)
U(x,y,1) = —Re e®®¥) /128(w™)?t, (50)
U(x,y,2) = —Re?2e“®Y) (—w™)/8192(w*)3t?, (51)
and
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3.1
V(x,y,0) = " + ot (52)
V(x,y,1) = Re e®™¥) /128(w*)?t, (53)
V(x,y,2) = Re?e®™Y)(—»™)/8192(w™*)? t?, (54)
the solution obtained by YRDTM is
(03, 8) = oy k) = 2 = o 4 TRy el o,
ulx, y,t) = Y=o UG, k) = 4 4wt | 128(wh)? 8192(w*)3
= 23 — 1/4[1 + exp(w(x,y) — (Re/32)t)]. (55)
(7,0 = T2 V(x,y, k) = 2 4 4 Ree?™ | Re?e?™D(-07) 5,
vy t) = Lg=oV (X, . k) = 4 4wt 128(wt)? 8192(w*)3
= 23 + 1/4[1 + exp(w(x,y) — (Re/32)t)]. (56)

All of the [L/M]t-Padé approximant of (55) and (56), with L = 3, M = 2 yield

], oo

(288Re?t2—73728Ret+5898240)e?@*Y) +(~Re3t3+1440Re?t?~36864Ret+9830400) e®*Y) +192Re?t?+ 49152Re t+3932160
((384Rezt2—98304Ret+786432O)ez“’(x'y)+(2304Re2t2+15728640)e‘”("'3’)+ 384Re2t2+98304Ret+7864320

)

2], e =

(288Re?t2—~73728Ret+5898240)e?“*¥) +(Re3t3+2016Re?t%+36864Ret+ 13762560) e®*Y) +384Re?t 2+ 98304Ret+7864320
((384Re2tz—98304Ret+7864320)e2“’(’5'3’)+(2304Rezt2+15728640)e‘”(x'y)+ 384Re?t2+98304Re t+7864320

)

where w(x,y) = @, w” =1—exp (w(x,y))andwt =1+ exp (w(x,y)).

Problem (ll) (System of two-dimensional Burgers’ equations)

Consider the same system that is given in Eq. (39) with initial conditions:

PlI-2: u(x,y,0) = $*SY,v(x,y,0) = (§* + 25*C*)(SY + 257 C?), (57)
Where §* = sin(mtx),SY = sin(wy), C* = cos (nwx), C¥ = cos (my). (58)

By taking the Yang transform on both sides to Eq. (39) subject to the initial condition (57), we have

) ] 1 (0%u 92

Y[u(x,y,t)] = Su(0) + SY [—uﬁ— v£+ﬁ(a_;+a_;)]' (59)
] o 1 (0%v 02

Y[v(x,y,t)] = Sv(0) + SY [—ué— ”ﬁ“‘;(ﬁﬁ_y’;)} (60)

by applying the inverse Yang transform to Eq. (59) and Eq. (60), we have
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u(x,y,t) =u(0) + Y1 (S Y [—uZ—Z - + (g; + 3271:)]), (61)
v(x,y,t) = v(0) + Y1 (S Y [—uZ—Z — vg—; + R—le (% + 327127)])’ (62)

applying the reduced differential transform method to Eq. (61) and Eq. (62), we have

U,y k+1)=Y"1 <5Y[—Z’ﬁ=0 U(x,y,r):—xU(x,y,k ) V(x,y,r)%U(x,y,k -r)+

— ( LUy, k) +— U(x v, k))D (63)
Veyk+1) =Y (sY |- Bk, U(x ) gV Gy k=) = Bk V(.1 5V Gy, k = 1) +
(V0 + V(6. 0)]), (64)
with
U(x,y,0) = S*S, (65)
V(x,,0) = (¥ +25%C)(SY + 25¥C?), (66)

from relationships (63), (64), (65) and (66), give us the values of U(x,y, k) and V(x, y, k) as follows:

U(x,y,0) = S*S, (67)

U(x,y,1) = —t nS*[2ReCYS*C*(SY + 25YCY) + 2ReS*SY (C¥)? — ReSY (C¥)? + ReS*SY(CY +
ReCY + 2mSY]/Re (68)

and

V(x,v,0) = (5% + 25*C*)(SY + 257 (), (69)

V(xy,0) = —t/Re [4n <(Re (2(57)2C% + 1= (3) (C2((C™)? = (s9H)?) (€*)? = (5)?)
— (3) ReC?((C¥)? = (5%)%)? + (3) ReS*SY ((C¥)? = (S¥)?) + ((%) ReS*CY +
2n) 25%C* + (G) Res¥C* + (3) n) ¢* — (3) ReC? (€)? - 2)) 257CY
+ReS” (2(5)%C* + 1= (3) (€92 = (5) (€H? = (59))?) (€*)? - (8¥)* -
(3) ResYCY(€%)? = (5%)% = (5) ReS*(CY = D(CY + D((C¥)? = (5%)?)
2 (% (Res*c? +(3) n)) (S¥)2C* + ((%) 1S — (3) ReC*(C” — D(C? + 1))sx
— (3) Res?c7((c¥)? - 2))]. (70)
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The solution obtained by YRDTM is
w (%, y,t) = Yo Ux, 3, k). (71)
v(x,y,t) = Y oV(x,y,k). (72)

All of the [L/M]t-Padé approximant of (71) and (72), with L =0,M = 1

[ﬁ] u(x,y,t) = (ReS*(57)2)/(ReSY + nRe(CYS*SY) + 2mRe S*SY(C?)? + 2mRe SYS*C*CY —
mRe C*(CY)?+4mRe S*C*SY (CY)? + 2m%SY + Re mC¥)t), (73)

[%] v(x,y,t) = (S)2(S¥)2Re + 4Re(S¥)2CY (SY)? + 4Re(S¥)2(SY)2(CY)?
+ 4Re(SY)2(S¥)2C* + 16Re (S¥)2(SY)2CXCY + 16Re C*(S¥)2(CY)2(SY)?
1 2Re (SY)2S*C* + 16Re (SF)2(SY)2CY (C¥)? + 16Re (S)2(SY)2(CY)2(C¥)2)
/(Re S*SY + 2Re SYS*CY + 2Re SYS*C* + 4Re S*CXSYCY + 2nRe ((C*)2
—(S%)2)S T + 47Re ((C)? — (S*)2)SY + 81Re((CY)? — (SV)2))SY CY
+ Re S*C* + 2mReSYC”Y + 2mRe SY(CY)? — 8wReSY (S*)2(C*)%((CY)% — (§¥)%)
—2mRe SYCY((C*)? — (§%)*)*((€?)* = (§¥)?) —mRe SYCY((C*)* — (§%)%)* —
4mRe((C¥)? — (S¥)2)2SY(CY)? — 2mRe CX(S)2(CY)? — 2mRe((CY)? —
(57)2)SY((C*)* = (§%)%) — 4mRe (C*)*SYCY((CY)* = (SY)*)(C*)? -
TReS*C*(CY)? — 2mSYRe(C¥)2(CY)? + 2n2S%SY + 10m25*SYCY +
10m2SYS*CE + 32m2SYSECESYCY + 4mReS*CY (SY)2((C¥)? — (S¥)2) +
81Re SYC*((CY)? — (SY)2)(S¥)? + 8mRe ((C¥)? — 4Re SYCYC*(S¥)2)(S¥)2C* +
2ReS*C*CY(SY)2 + 27Re C*(S*)2(SY)? + 8nRe C*SY (S¥)2(CY)D)P). (74)

7. Results and Discussions

The proposed PYRDTM is a powerful new method to find the analytical solutions for three test
problems for the unsteady state two-dimensional convection-diffusion equations. All calculations are
run by Maple 2016 software.

Figure 1 to Figure 3 show the exact solution, PYRDTM solution and absolute errors at
(t =01la,=a,= 0.1)and (t = 0.5,R = 100) respectively for problems (1) and (ll); it should be
note that all figures calculated at Padé [1/2] for problem (l) at three iteration and at Padé [3/2] for
problem (ll) at five iterations.

Figure 4 show the PYRDTM [0/1] of u and PYRDTM [0/2] of v at (t = 0.01, R = 1) for problems
(1) with second initial condition PII-2.
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Fig. 1. (A) Exact solution, (B) PYRDTM solution [1/2], (C) Absolute error at t = 0.1 and a,, =
a, = 0.1, Problem (1)
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Fig. 2. (A) Exact solution (B) PYRDTM [3/2] solution (C) Absolute error att = 0.5 and R = 100,
problem (ll)
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Fig. 3. (A) Exact solution (B) PYRDTM [3/2] solution (C) Absolute error att = 0.5 and R = 100,
problem (Il)
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Fig. 4. (A) PYRDTM [0/1] solution of u, (B) PYRDTM [0/2] solutionof vatt =

0.01andR =

1, Problem (I1)

Table 1 show the comparison of numerical results in terms of the largest errors and CPU time
between PYRDTM [1/2], RDTM, MDQM [3] and LDQM [3] at (t = 0.1, a, = a,, = 0.1) for different
values of h. The results confirm that the three-iteration PYRDTM is more accurate and has a lower
CPU time than other methods.

Table 1

Comparison of errors and CPU time between LDQM, BDQM, RDTM and PYRDTM [1/2] at t = 0.1 and
ay = a, = 0.1, Problem (1)

h LDQM [3] BDQM [3] PYRDTM RDTM

Loo CPU Loo CPU Loo CPU Loo CPU
025 257E—06 0509 4.16E—07 0509 1.04E—09 0.016 1.03E—02 0.031
017 138E—05 0.619 564E—06 0.619 104E—09 0016  1.05E—02  0.031
0.125 3.22E—05 0.772 795E—-06 0772 104E—09 0.016 1.08E—02 0.031
0.1 535E—05 1.047 9.18E—06 1.047 104E—09 0.031 1.13E—02  0.047

Table 2 to Table 5 show the comparison of absolute errors between PYRDTM, RDTM, Bahadir [6],
ELMFS [30] and DADM [31]. Therefore, the absolute error results confirm that the four-iteration

PYRDTM is performs better than RDTM, Bahadir [6], ELMFS [30], and DADM [31].

Table 2

Comparison of absolute errors among different methods and PYRDTM [3/2] for u(x,y,t) at R =
100 and t = 0.01, Problem (ll)

(x,y) PYRDTM RDTM ELMFS [30] DADM [31] Bahadir [6]
(0.1,0.1) 1.80E — 17 1.53E — 15 7.58E — 04 5.91E — 05 7.24E — 05
(0.5,0.1) 2.07E — 16 1.31E — 15 8.37E — 05 4.84E — 06 2.43E — 05
(0.9,0.1) 1.43E — 18 1.46E — 17 6.01E — 05 3.41E — 08 8.39E — 06
(0.3,0.3) 1.80E — 17 1.53E — 15 2.98E — 05 5.91E — 05 8.25E — 05
(0.7,0.3) 2.07E — 16 1.31E — 15 2.17E — 05 4.84E — 06 3.43E — 05
(0.1,0.5) 2.18E — 16 1.31E — 15 1.27E — 05 1.64E — 06 5.62E — 05
(0.5,0.5) 1.80E — 17 1.53E — 15 2.68E — 05 5.91E — 05 7.33E — 05
(0.9,0.5) 2.07E — 16 1.31E — 15 3.68E — 05
(0.3,0.7) 2.18E — 16 1.31E — 15 7.19E — 05
(0.7,0.7) 1.80E — 17 1.53E — 15 3.53E — 05
(0.1,0.9) 1.51E — 18 1.47E — 17 6.74E — 05
(0.5,0.9) 2.18E — 16 1.31E — 15 1.29E — 05
(0.9,0.9) 1.80E — 17 1.53E — 15 3.62E — 04
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Table 3

Comparison of absolute errors among different methods and PYRDTM [3/2] for u(x,y,t) at R =
100 and t = 0.5, Proplem (ll)

(x,y) PYRDTM RDTM ELMFS [30] DADM [31] Bahadir [6]
(0.1,0.1) 8.87F — 06 9.61F — 04 9.12EF — 04 2.78F — 4 5.13E — 4
(0.5,0.1) 1.02E — 06 1.83E — 05 1.17E — 04 4.52E — 4 8.86F — 4
(0.9,0.1) 6.97E — 09 1.86E — 07 7.65E — 06 3.37E — 6 6.53E —5
(0.3,0.3) 8.87E — 06 9.61F — 04 9.48E — 04 2.78E — 4 7.32E — 4
(0.7,0.3) 1.02E — 06 1.83E — 05 5.40E — 05 4,52E — 4 6.27E — 4
(0.1,0.5) 1.29E — 05 2.09E — 05 4.84E — 06 2.87F — 4 4.02E — 4
(0.5,0.5) 8.87E — 06 9.61F — 04 3.39F — 04 2.78E — 4 347E — 4
(0.9,0.5) 1.02E — 06 1.83E — 05 5.60E — 05 e
(0.3,0.7) 1.29E — 05 2.09E — 05 1.51F — 05 ———- ———-
(0.7,0.7) 8.87F — 06 9.61F — 04 345E —-04 - ———-
(0.1,0.9) 9.36F — 08 2.92F — 07 3.92E — 05 ———- ———-
(0.5,0.9) 1.29E — 05 2.09E — 05 8.93E — 05 - -
(0.9,0.9) 8.87EF — 06 9.61F — 04 4.44F — 04 - -

Table 4

Comparison of absolute errors among different methods and PYRDTM [3/2] for v(x,y,t) at R =
100 and t = 0.01, Problem (ll)

(x,y) PYRDTM RDTM ELMFS [30] DADM [31] Bahadir [6]
(0.1,0.1) 1.80F — 17 1.53F — 15 5.51F — 04 5.91F — 05 8.36E — 05
(0.5,0.1) 2.07F — 16 1.31E — 15 1.84EF — 05 4.84F — 06 5.14E — 05
(0.9,0.1) 1.43E — 18 1.46E — 17 1.06E — 04 3.41F — 08 7.03E — 06
(0.3,0.3) 1.80F — 17 1.53E — 15 1.65E — 05 5.91E — 05 6.15E — 05
(0.7,0.3) 2.07E — 16 1.31F — 15 5.37E — 06 4.84E — 06 5.41F — 05
(0.1,0.5) 2.18F — 16 1.31F — 15 8.13E — 05 1.64E — 06 7.35E — 05
(0.5,0.5) 1.80F — 17 1.53F — 15 2.92E — 05 5.91F — 05 8.51E — 05
(0.9,0.5) 2.07E — 16 1.31F — 15 1.46E — 05 -—- -
(0.3,0.7) 2.18F — 16 1.31E — 15 246E —-05 - -
(0.7,0.7) 1.80E —17  1.53E — 15 1.52E — 05
(0.1,0.9) 1.51F — 18 1.47E — 17 7.84E — 05 -— -
(0.5,0.9) 2.18F — 16 1.31E — 15 297E — 05 -—-- -——-
(0.9,0.9) 1.80F — 17 1.53F — 15 2.74F — 04 -—-- -——-

Table 5

Comparison of absolute errors
100 and t = 0.5, Problem (Il)

among different

methods and PYRDTM [3/2] for v(x,y,t) at R =

(x,7) PYRDTM RDTM ELMFS [30] DADM [31] Bahadir [6]
(0.1,0.1) 8.87E — 06 9.61E — 04 4.93E — 04 2.78E — 04 6.17E — 04
(0.5,0.1) 1.02E — 06 1.83E — 05 1.24E — 04 4.52E — 04 4.67E — 04
(0.9,0.1) 6.97E — 09 1.86E — 07 2.60E — 04 3.37E — 06 1.70E — 05
(0.3,0.3) 8.87E — 06 9.61E — 04 1.16E — 03 2.78E — 04 6.25E — 04
(0.7,0.3) 1.02E — 06 1.83E — 05 1.23E — 04 4.52E — 04 4.66E — 04
(0.1,0.5) 1.29E — 05 2.09E — 05 3.01E — 04 2.87E — 04 8.72E — 04
(0.5,0.5) 8.87E — 06 9.61E — 04 4.73E — 04 2.78E — 04 6.23E — 04
(0.9,0.5) 1.02E — 06 1.83E — 05 8.09E — 05
(0.3,0.7) 1.29E — 05 2.09E — 05 1.86E — 04
(0.7,0.7) 8.87E — 06 9.61E — 04 3.58E — 04
(0.1,0.9) 9.36E — 08 2.92E — 07 2.15E — 04
(0.5,0.9) 1.29E — 05 2.09E — 05 9.33E — 05
(0.9,0.9) 8.87E — 06 9.61E — 04 3.79E — 04
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Table 6 shows a comparison between PYRDTM [3/2] and RDTM with ADM [32] for five iterations.
Therefore, the absolute error results confirm that the five-iteration PYRDTM is performs better than
RDTM and ADM.

Table 7 and Table 8 show L, and L, of u and v respectively, of problem (Il) at Padé [3/2] and
(R =100,t = 1). The result confirms that the PYRDTM more accurate compared to other methods.

Table 6
Comparison of absolute errors between PYRDTM [3/2], RDTM and ADM atR = 100 and t = 0.5,
Problem (Il)
(x,y) 5—thu 5—thv

PYRDTM RDTM ADM [32] PYRDTM RDTM ADM [32]
(0.1,1) 2.68E — 08 8.38E — 08 1.82E — 05 2.68E — 08 8.38E — 08 1.82E — 05
(0.2,1) 9.36F — 08 2.92E — 07 6.36E — 05 9.36E — 08 2.92E — 07 6.37E — 05
(0.3,1) 3.26E — 07 1.01E — 06 2.22E — 04 3.26E — 07 1.01E — 06 2.22F — 04
(0.4,1) 1.13E - 06 3.40E — 06 7.72E — 04 1.13E - 06 3.40E — 06 7.75E — 04
(0.5,1) 3.89EF — 06 1.04E — 05 2.67E — 03 3.89E — 06 1.04E — 05 1.82E — 05
Table 7
Comparison of errors between PYRDTM [3/2], RDTM and EXP-FDE at R = 100 and t = 1, Problem (II),
foru
PYRDTM u RDTM u Exp-FDE u [33]
Grid L2 Loo L2 Loo L2 Loo
4x4 3.24E — 03 6.39E — 03 4.48E —02 7.81E — 02 8.57E — 02 9.70E — 02
8x8 2.60E — 03 6.39E — 03 3.56F — 02 7.81E — 02 4.94F — 02 4.69E — 02
16x16 2.50E — 03 6.39E — 03 3.68E — 02 8.98E — 02 1.92E — 02 2.05FE — 02
32x32 2.45E — 03 6.39E — 03 3.62E — 02 1.12E - 01 8.68F — 03 9.07E — 03
Table 8
Comparison of errors between PYRDTM [3/2], RDTM and EXP-FDE at R = 100 and t = 1, Problem (II),
forv
PYRDTM v RDTM v Exp-FDE v [33]
Grid L2 Loo L2 Loo L2 Loo
4x4 3.24F — 03 6.39E — 03 448F — 02 7.81E — 02 8.57E — 02 9.70E — 02
8x8 2.60F — 03 6.39E — 03 3.56F — 02 7.81E — 02 4.94F — 02 4.69F — 02
16x16 2.50F — 03 6.39E — 03 3.68E — 02 8.98F — 02 1.92EF — 02 2.05E — 02
32x32 2.45F — 03 6.39E — 03 3.62E — 02 1.12E - 01 8.69E — 03 9.08F — 03

Table 9 shows the values of u and v that obtained by using PYRDTM [1/2] are identical with those
are given by using RDTM and MQ [32] at least two digits of problem (Il) with second initial condition
PlI-2. According to the calculations shown in the tables and figures, the PYRDTM procedures are very
effective in resolving linear and nonlinear unsteady state two-dimensional convection-diffusion
equations; they are also the most efficient; they also provide high-precision solutions since they
produce good results with few iterations of solutions and smaller errors with little CPU time.
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Table 9
Comparison of the values of u and v between PYRDTM [1/2],RDTM and MQ at R=1and t =
0.01, Problem (1)

u v

(x,y) PYRDTM RDTM MQ [34] PYRDTM RDTM MQ [34]
(0.1,0.1) 0.71971 0.07346 0.07251 0.43781 0.43295 0.43085
(0.2,0.8) 0.27969 0.27574 0.27778 —0.14893 —0.10644 —0.12409
(0.4,0.4) 0.72242 0.72437 0.72174 1.59935 1.68179 1.65244
(0.7,0.1) 0.20515 0.20741 0.20484 0.56924 0.07022 0.06702
(0.9,0.9) 0.79363 0.79369 0.07945 0.15746 0.01013 0.01334

8. Conclusion

In this work, the PYRDTM has been successfully applied to find analytical solutions for the
unsteady state two-dimensional convection-diffusion equation. This technique, which we name
PYRDTM, considerably improves the convergence rate of the RDTM truncated series solution. The
efficiency and accuracy of the suggested method are illustrated by three test problems. When
compared to the most well-known methodologies such as the discrete Adomian decomposition
method (DADM) and the Adomian decomposition method (ADM). The results show that PYRDTM is
more efficient and accurate. Also, the suggested method's advantage is that it provides a high-
accuracy solution with fewer iterations and fewer errors with little CPU time. The suggested method
significantly improved the results of the classical RDTM method in error and CPU time. The most
important part of this study is that the suggested method is suitable for solving both linear and
nonlinear problems.
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