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This study presents a numerical simulation of the three dimensional laminar forced 
convection between two elliptical horizontal cylinders with variable thermophysical 
properties using a program generated in FORTRAN language. The inner cylinder is 
uniformly heated whereas the outer cylinder is adiabatic. The flow and thermal fields 
are modeled by the continuity, momentum and energy equations with appropriate 
initial and boundary conditions using an elliptical coordinate system. The model 
equations are numerically solved by a finite volume numerical method with second 
order accurate spatiotemporal discretization. The variations of axial velocity, 
temperature and Nusselt number have been studied in three cases of forced 
convection, which are 100, 200 and 300 of Reynolds values. The results obtained show 
that the change in flow regime with increasing Reynolds number value has a significant 
effect on the value of Nusselt number, rather the heat exchange coefficient. Where 
Re=300 gives the best heat exchange. 
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1. Introduction 
 

For the previous few decades, fluid dynamics and heat transfer have a lot of application in 
engineering and industries such as nuclear reactor, oil exploration, cosmetic products, wire drawing, 
construction equipment, electronic devices, heat exchangers and thermal power plants. [1-9]. 
Convection is the most common type of heat transfer in fluids, which are flows in/around various 
shapes [10-11], and the cylinders are considered one of the most widely used forms [12-16]. For this 
reason, the research on the convection heat transfer in cylinders has received special attention [17-
23]. Lin Riyi et al., [24] have studied the forced convection in a vertical eccentric ring with different 
ratios of radius and eccentricity (normalized by the difference in radius). Physical experiments and 
numerical simulations were carried out with a constant inner tube inlet temperature and hot water 
flow. The results show that with increasing radius ratios, the convective heat transfer coefficient 
increases, and for a radius ratio of 1.875, the heat transfer coefficient increases with increasing 
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eccentricity. Othmane et al., [25] have proposed a numerical study of coupled heat and mass transfer 
with phase change in an inclined channel. This channel is formed by two flat plates covered by a thin 
film of water and crossed by an ascending laminar flow of humid air. The plates are brought to a 
constant temperature (Tw) and to the corresponding saturation concentration (ωw). The finite volume 
method was used to numerically solve the system of equations constituted by those of Navier-Stokes, 
energy and concentration. The velocity-pressure coupling is processed by the SIMPLER algorithm. 
The results show that the thermal and mass Archimedean forces detect the flow near the walls of 
the channel and thus induce a reversal of the latter. The magnitude of this reversal strongly depends 
on the angle of inclination of the channel. A rollover map was established for different angles of 
inclination. Jacques Charraudeau [26] is researching the influence of gradients of physical properties 
in forced convection application to the case of a tube. The system of dynamic and thermal boundary 
layer equations in the case of an incompressible flow with a linear initial velocity distribution and low 
variable physical property gradients was used. Dynamic viscosity and thermal conductivity were 
assumed to be a linear function of temperature. After explaining the relative variations of speed and 
temperature profiles resulting from the existence of variable physical properties, he specified the 
exact dependence of variations in wall friction and heat flux as a function of the Prandtl number, and 
he gave the contribution of each physical property gradient. Then, the author showed the possibilities 
of using the theoretical results by an application carried out in the case of the tube. Heat transfer 
rates for flow through a convergent-divergent channel have been analyzed by Wang and Chen [27] 
using a simple coordinate transformation method and the implicit Spline alternating direction 
method. The effects of wavy geometry, Reynolds number and Prandtl number on skin friction and 
Nusselt number were investigated. The results show that the amplitudes of Nusselt number and skin 
friction coefficient increase with increasing Reynolds number and amplitude-wavelength ratio. Mete 
Avcı and Orhan Aydın [28] analytically analyzed the heat transfer for forced convection in 
hydrodynamically and thermally fully developed flows of viscous dissipating gases in annular micro 
ducts between two concentric micro cylinders. Viscous dissipation effect, velocity slip and wall jump 
temperature are taken into consideration. Two different cases of thermal boundary conditions were 
considered. In the first, the heat flow is uniform at the outer wall and adiabatic to the inner wall, and 
in the second the heat flow is uniform at the inner wall and adiabatic to the outer wall. Solutions for 
velocity and temperature distributions and Nusselt number are obtained for different values of 
aspect ratio, and Knudsen and Brinkman numbers. Terhmina and Mojtabi [29] have numerically 
studied the laminar flow of forced convection at the entrance of an annular space, bounded by two 
coaxial and isothermal cylinders for unestablished velocity and temperature regimes. Fluid enters the 
annular space with uniform velocity and temperature. The results obtained with Peclet numbers, and 
ratios, radii, allow the correlation of heat transfer. Zerari Khalil [30] performed a numerical simulation 
on the effect of thermophysical properties on mixed convection in the annular space between two 
horizontal elliptical cylinders. The finite volume method with second-order spatio-temporal 
discretization was used to solve the modulus equations. It is concluded that consideration of mixed 
convection with varying physical properties gives physical meaning to flow and thermal fields that 
are qualitatively and quantitatively different from those of forced convection with temperature 
dependent properties and case of mixed convection with constant properties, the Nusselt number 
obtained is also higher in this case. The heat transfer enhancement obtained by considering natural 
convection within mixed convection with temperature-dependent physical properties increases with 
increasing Grashof number which is proportional to the heat flux imposed on the surface of the inner 
cylinder. The fluid thermophysical properties can influence the forced convection, which in turn 
affects fluid flow velocity and fluid temperature.  
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From the literature, there have been no previous studies of forced convection with low Reynolds, 
with the exception of Zerari Khalil study [30], but his work was limited for the forced convection only 
in Re=100. Therefore, this work shows the effect of low Reynolds (Re=100, 200 and 300) number in 
laminar forced convection. So, three cases of 3D laminar forced convection between two elliptical 
horizontal cylinders with variable thermophysical properties were numerically studied, which are 
100, 200 and 300 of Reynolds values. The inner cylinder is uniformly heated whereas the outer 
cylinder is adiabatic. The flow and thermal fields are modeled and the equations are numerically 
solved by a finite volume method with second order accurate spatiotemporal discretization. The 
variations of axial velocity, temperature and Nusselt number have been presented and discussed. 
 
2. Mathematical Formulation  
2.1 Problem Description  
 

We consider a forced convective flow in the annular space between two horizontal and concentric 
elliptical cylinders with variable properties. The inner cylinder is static and heated by a constant heat 
flux. The outer cylinder is static and adiabatic. The elliptical radii of the inner and outer cylinders are 
0.5 and 1.0, respectively. The half-focal distance of the ellipses of the straight section of the duct is 
equal to 0.0045m. The length of the conduit is 100. At the inlet of the conduit, the fluid (water) has 
a constant axial velocity equal to (2.231 × 10-2 m/s for Re=100) (4.462 × 10-2 m/s for Re=200) (6.693 
× 10-2 m/s for Re=300) and a uniform temperature equal to 20°C. A diagram of the problem is shown 
in Figure 1. 

 

 
Fig. 1. Figure Geometry and boundary conditions of the problem 

 
2.2 Table Style and Format 
 

At  t=0  we have  
 

0,0,0,0 TTVVV z ====   
 
At  t >0    we have the conservation equations 
 
Continuity  
 

1

ℎ1ℎ1
[
𝜕(ℎ2𝑉)

𝜕
+

𝜕(ℎ1𝑉)

𝜕
+

𝜕(ℎ1ℎ2𝑉𝑧)

𝜕𝑧
] = 0                                                                                                 (1) 
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Momentum according to ε 
 

𝜕(𝜌𝑉)

𝜕𝑡
+

1

ℎ1ℎ2
[
𝜕(𝜌ℎ2𝑉𝑉)

𝜕
+

𝜕(𝜌ℎ1𝑉𝑉)

𝜕
+

𝜕(𝜌ℎ1ℎ2𝑉𝑧𝑉)

𝜕𝑧
+ 𝜌𝑉𝑉

𝜕ℎ1

𝜕
− 𝜌𝑉

2
𝜕ℎ2

𝜕
]                                             

= −
1

ℎ1

𝜕𝑃ℎ

𝜕
+

1

ℎ1ℎ2
[

𝜕

𝜕
(2µ

𝜕𝑉
𝜕

) +
𝜕

𝜕
(µ

𝜕𝑉
𝜕

) +
𝜕

𝜕𝑧
(µℎ1ℎ2

𝜕𝑉
𝜕𝑧

) − 2µ
1

ℎ1ℎ2
𝑉

𝜕ℎ2

𝜕

𝜕ℎ2

𝜕
                                 

+
𝜕

𝜕
(2µ

𝑉

ℎ1

𝜕ℎ1

𝜕
) −

𝜕

𝜕
(µ

𝑉
ℎ1

𝜕ℎ1

𝜕
) + µ

𝜕

𝜕
(

𝑉

ℎ2
)

𝜕ℎ1

𝜕
+ µ

𝜕

𝜕
(

𝑉
ℎ1

)
𝜕ℎ1

𝜕
+

𝜕

𝜕𝑧
(µℎ2

𝑉𝑧

𝜕
)                                       

−2µ
1

ℎ2

𝜕𝑉

𝜕

𝜕ℎ2

𝜕
+

𝜕

𝜕
(µℎ1

𝜕

𝜕
(

𝑉

ℎ2
))] + 𝜌ß(𝑇 − 𝑇0)

1

√ℎ1ℎ2

𝑐𝑜𝑠ℎ()𝑠𝑖𝑛()𝑔                                                     (2)

 

 
Momentum according to η  
 

𝜕(𝜌𝑉)

𝜕𝑡
+

1

ℎ1ℎ2
[
𝜕(𝜌ℎ2𝑉𝑉)

𝜕
+

𝜕(𝜌ℎ1𝑉𝑉)

𝜕
+

𝜕(𝜌ℎ1ℎ2𝑉𝑧𝑉)

𝜕𝑧
+ 𝜌𝑉𝑉

𝜕ℎ2

𝜕

− 𝜌𝑉
2

𝜕ℎ1

𝜕
]                                                                                                                                (3) 

= −
1

ℎ2

𝜕𝑃ℎ

𝜕
+

1

ℎ1ℎ2
[

𝜕

𝜕
(µ

𝜕𝑉

𝜕
) +

𝜕

𝜕
(2µ

𝜕𝑉

𝜕
) +



𝜕𝑧
(µℎ1ℎ2

𝜕𝑉

𝜕𝑧
)

−2µ
1

ℎ1ℎ2
𝑉

𝜕ℎ1

𝜕

𝜕ℎ1

𝜕
+

𝜕

𝜕𝑧
(µℎ1

𝜕𝑉𝑧

𝜕
) +

𝜕

𝜕
(µℎ2

𝜕

𝜕
(

𝑉
ℎ1

)) −
𝜕

𝜕
(µ

𝑉

ℎ2

𝜕ℎ2

𝜕
) + µ

𝜕

𝜕
(

𝑉

ℎ2
)

𝜕ℎ2

𝜕

+µ
𝜕

𝜕
(

𝑉
ℎ1

)
𝜕ℎ2

𝜕𝑒
− 2µ

1

ℎ1

𝜕𝑉
𝜕

𝜕ℎ1

𝜕
+

𝜕

𝜕
(2µ

𝑉
ℎ2

𝜕ℎ2

𝜕
)] + 𝜌ß(𝑇 − 𝑇0)

1

√ℎ1ℎ2

𝑠𝑖𝑛ℎ()𝑐𝑜𝑠()𝑔

 

 
Momentum according to z  
 

𝜕(𝜌𝑉𝑧)

𝜕𝑡
+

1

ℎ1ℎ2
[
𝜕(𝜌ℎ2𝑉𝑒𝑉𝑧)

𝜕
+

𝜕(𝜌0ℎ1𝑉𝑉𝑧)

𝜕
+

𝜕(𝜌0ℎ1ℎ2𝑉𝑧𝑉𝑧)

𝜕𝑧
]

= −
𝜕𝑃ℎ

𝜕𝑧
+

1

ℎ1ℎ2
[

𝜕

𝜕
(µ

𝜕𝑉𝑧

𝜕𝑒
) +

𝜕

𝜕
(µ

𝜕𝑉𝑧

𝜕
) +

𝜕

𝜕𝑧
(2µℎ1ℎ2

𝜕𝑉𝑧

𝜕𝑧
)

+
𝜕

𝜕
(µℎ2

𝜕𝑉
𝜕𝑧

) +
𝜕

𝜕
(µℎ1

𝜕𝑉

𝜕𝑧
)]                                                                                                                     (4)

 

 
Energy  
 

𝐶𝑝

𝜕(𝜌𝑇)

𝜕𝑡
+ 𝐶𝑝

1

ℎ1ℎ2
[
𝜕(𝜌ℎ2𝑉𝑇)

𝜕
+

𝜕(𝜌ℎ1𝑉𝑇)

𝜕
+

𝜕(𝜌ℎ1ℎ2𝑉𝑧𝑇)

𝜕𝑧
]

=
1

ℎ1ℎ2
[

𝜕

𝜕
(𝑘

𝜕𝑇

𝜕
) +

𝜕

𝜕
(𝑘

𝜕𝑇

𝜕
) +

𝜕

𝜕𝑧
(𝑘ℎ1ℎ2

𝜕𝑇

𝜕𝑧
)]                                                                                   (5)

 

 
Initial and boundary conditions 
 
t =0      𝑉𝑧  =  𝑉=𝑉=0,  T=𝑇0  (Initial condition) 



Journal of Advanced Research in Fluid Mechanics and Thermal Sciences 

Volume 100, Issue 2 (2022) 96-112 

 

100 
 

t > 0      =0.5,     𝑉𝑧 = 𝑉=𝑉=0         𝑞𝑤 = −
1

ℎ1
𝑘

𝜕𝑇

𝜕
              (On inner cylinder wall)                               (6) 

 

t > 0      =1,        𝑉𝑧 =𝑉=𝑉=−
1

ℎ1
𝑘

𝜕𝑇

𝜕
 = 0                               (On outer cylinder wall)                               (7) 

 
t > 0     Z =0,       𝑉𝑧 =𝑉0      ,𝑉=𝑉=0          T=𝑇0                      (At conduit entrance)                                   (8) 

 

𝑡 > 0,   𝑧 = 𝐿   ,
𝜕𝑉𝑧

𝜕𝑧
=

𝜕𝑉

𝜕𝑧
=

𝜕𝑉𝑧

𝜕𝑧
=

𝜕

𝜕𝑧
(𝑘

𝜕𝑇

𝜕𝑧
) = 0                (At conduit outlet)                                       (9) 

 
Dimensionless variables and thermophysical properties are normalized by their characteristic 

scales to obtain dimensionless quantities which are presented in Table 1.  
 

  Table 1 
  Dimensionless thermophysical variables and properties 

ℎ1
∗ =

ℎ1

𝑎
ℎ2

∗ =
ℎ2

𝑎
, 𝑧∗ =

𝑧

𝑎
𝑡∗ =

𝑉0𝑡

𝑎
, 𝑉𝜀

∗ =
𝑉𝜀

𝑉0
𝑉𝜂

∗ =
𝑉𝜂

𝑉0
, 𝑉𝑧

∗ =
𝑉𝑧

𝑉0
𝑇∗ =

𝑇−𝑇0
𝑞𝑤𝑎

𝑘0

, 𝑃∗ =
𝑃−𝑃0

𝜌0𝑉0
2 𝜇∗ =

𝜇

𝜇0
, 𝑘∗ =

𝐾

𝐾0
𝐿∗ =

𝐿

𝑎
 

 
2.3 Dimensionless Form of Mathematical Model Equations 
 

Continuity  
 

1

ℎ1
∗ℎ2

∗ [
𝜕(ℎ2

∗𝑉
∗)

𝜕
+

𝜕(ℎ1
∗𝑉

∗)

𝜕
+

𝜕(ℎ1
∗ℎ2

∗𝑉𝑧
∗)

𝜕𝑧∗
] = 0                                                                                          (10) 

 
Momentum according to ε 
 

𝜕𝑉𝜀
∗

𝜕𝑡∗
+

1

ℎ1
∗ℎ2

∗ [
𝜕(ℎ2

∗𝑉𝜀
∗𝑉𝜀

∗)

𝜕𝜀
+

𝜕(ℎ1
∗𝑉𝜂

∗𝑉𝜀
∗)

𝜕𝜂
+

𝜕(ℎ1
∗ℎ2

∗𝑉𝑧
∗𝑉𝜀

∗)

𝜕𝑧∗
+ 𝑉𝜀

∗𝑉𝜂
∗

𝜕ℎ1
∗

𝜕𝜂
− 𝑉𝜂

∗2 𝜕ℎ2
∗

𝜕𝜀
]

= −
1

ℎ1
∗

𝜕𝑃∗

𝜕𝜀
+

1

𝑅𝑒ℎ1
∗ ℎ2

∗ [
𝜕

𝜕𝜀
(2𝜇∗

𝜕𝑉𝜀
∗

𝜕𝜀
) +

𝜕

𝜕𝜂
(𝜇∗

𝜕𝑉𝜀
∗

𝜕𝜂
) +

𝜕

𝜕𝑧∗
(𝜇∗ℎ1

∗ℎ2
∗

𝜕𝑉𝜀
∗

𝜕𝑧∗
) − 2𝜇∗

1

ℎ1
∗ℎ2

∗ 𝑉𝜀
∗

𝜕ℎ2
∗

𝜕𝜀

𝜕ℎ2
∗

𝜕𝜀

+
𝜕

𝜕𝜀
(2𝜇∗

𝑉𝜂
∗

ℎ1
∗

𝜕ℎ1
∗

𝜕𝜂
) −

𝜕

𝜕𝜂
(𝜇∗

𝑉𝜀
∗

ℎ1
∗

𝜕ℎ1
∗

𝜕𝜂
) + 𝜇∗

𝜕

𝜕𝜀
(

𝑉𝜂
∗

ℎ2
∗ )

𝜕ℎ1
∗

𝜕𝜂
+ 𝜇∗

𝜕

𝜕𝜂
(

𝑉𝜀
∗

ℎ1
∗ )

𝜕ℎ1
∗

𝜕𝜂
+

𝜕

𝜕𝑧∗
(𝜇∗ℎ2

∗
𝑉𝑧

∗

𝜕𝜀
)

−2𝜇∗
1

ℎ2
∗

𝜕𝑉𝜂
∗

𝜕𝜂

𝜕ℎ2
∗

𝜕𝜀
+

𝜕

𝜕𝜂
(𝜇∗ℎ1

∗
𝜕

𝜕𝜀
(

𝑉𝜂
∗

ℎ2
∗ ))] +

𝐺𝑟

𝑅𝑒2
𝑇∗

1

√ℎ1
∗ℎ2

∗
𝑐𝑜𝑠ℎ(𝜀) 𝑠𝑖𝑛(𝜂)                                       (11)

 

 
Momentum according to η  
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𝜕𝑉𝜂
∗

𝜕𝑡∗
+

1

ℎ1
∗ℎ2

∗ [
𝜕(ℎ2

∗𝑉𝜀
∗𝑉𝜂

∗)

𝜕𝜀
+

𝜕(ℎ1
∗𝑉𝜂

∗𝑉𝜂
∗)

𝜕𝜂
+

𝜕(ℎ1
∗ℎ2

∗𝑉𝑧
∗𝑉𝜂

∗)

𝜕𝑧∗
+ 𝑉𝜀

∗𝑉𝜂
∗

𝜕ℎ2
∗

𝜕𝜀
− 𝑉𝜀

∗2 𝜕ℎ1
∗

𝜕𝜂
]

= −
1

ℎ2
∗

𝜕𝑃∗

𝜕𝜂
+

1

Re ℎ1
∗ℎ2

∗ [
𝜕

𝜕𝜀
(𝜇∗

𝜕𝑉𝜂
∗

𝜕𝜀
) +

𝜕

𝜕𝜂
(2𝜇∗

𝜕𝑉𝜂
∗

𝜕𝜂
) +

𝜕

𝜕𝑧∗
(𝜇∗ℎ1

∗ℎ2
∗

𝜕𝑉𝜂
∗

𝜕𝑧∗
) −

2𝜇∗
1

ℎ1
∗ℎ2

∗ 𝑉𝜂
∗

𝜕ℎ1
∗

𝜕𝜂

𝜕ℎ1
∗

𝜕𝜂
+

𝜕

𝜕𝑧∗
(𝜇∗ℎ1

∗
𝜕𝑉𝑧

∗

𝜕𝜂
) +

𝜕

𝜕𝜀
(𝜇∗ℎ2

∗
𝜕

𝜕𝜂
(

𝑉𝜀
∗

ℎ1
∗ )) −

𝜕

𝜕𝜀
(𝜇∗

𝑉𝜂
∗

ℎ2
∗

𝜕ℎ2
∗

𝜕𝜀
) + 𝜇∗

𝜕

𝜕𝜀
(

𝑉𝜂
∗

ℎ2
∗ )

𝜕ℎ2
∗

𝜕𝜀

+𝜇∗
𝜕

𝜕𝜂
(

𝑉𝜀
∗

ℎ1
∗ )

ℎ2
∗

𝜕𝜀
− 2𝜇∗

1

ℎ1
∗

𝜕𝑉𝜀
∗

𝜕𝜀

𝜕ℎ1
∗

𝜕𝜂
+

𝜕

𝜕𝜂
(2𝜇∗

𝑉𝜀
∗

ℎ2
∗

𝜕ℎ2
∗

𝜕𝜀
)] +

𝐺𝑟

𝑅𝑒2
𝑇∗

1

√ℎ1
∗ℎ2

∗
𝑠𝑖𝑛ℎ(𝜀) 𝑐𝑜𝑠(𝜂)            (12)

 

 
Momentum according to z  
 

𝜕𝑉𝑧
∗

𝜕𝑡∗
+

1

ℎ1
∗ℎ2

∗ [
𝜕(ℎ2

∗𝑉
∗𝑉𝑧

∗)

𝜕
+

𝜕(ℎ1
∗𝑉

∗𝑉𝑧
∗)

𝜕
+

𝜕(ℎ1
∗ℎ2

∗𝑉𝑧
∗𝑉𝑧

∗)

𝜕𝑧∗
]

= −
𝜕𝑃∗

𝜕𝑧∗
+

1

𝑅𝑒ℎ1
∗ℎ2

∗ [
𝜕

𝜕
(µ∗

𝜕𝑉𝑧
∗

𝜕
) +

𝜕

𝜕
(µ∗

𝜕𝑉𝑧
∗

𝜕
) +

𝜕

𝜕𝑧∗
(2µ∗ℎ1

∗ℎ2
∗

𝜕𝑉𝑧
∗

𝜕𝑧∗
)

+
𝜕

𝜕
(µ∗ℎ2

∗
𝜕𝑉

∗

𝜕𝑧∗
) +

𝜕

𝜕
(µ∗ℎ1

∗
𝜕𝑉

∗

𝜕𝑧∗
)]                                                                                                             (13)

 

 
Energy 
 

𝜕𝑇∗

𝜕𝑡∗
+

1

ℎ1
∗ℎ2

∗ [
𝜕(ℎ2

∗𝑉
∗𝑇∗)

𝜕
+

𝜕(ℎ1
∗𝑉

∗𝑇∗)

𝜕
+

𝜕(ℎ1
∗ℎ2

∗𝑉𝑧
∗𝑇∗)

𝜕𝑧∗
]

=
1

𝑅𝑒 𝑃𝑟 ℎ1
∗ℎ2

∗ [
𝜕

𝜕
(𝑘∗

𝜕𝑇∗

𝜕
) +

𝜕

𝜕
(𝑘∗

𝜕𝑇∗

𝜕
) +

𝜕

𝜕𝑧∗
(𝑘∗ℎ1

∗ℎ2
∗

𝜕𝑇∗

𝜕𝑧∗
)]                                                       (14)

 

 
Initial and boundary conditions 
 
𝑡∗ = 0,   𝑉

∗ = 𝑉
∗ = 𝑉𝑧

∗ = 𝑇∗ = 0                                                                                                                  (15)

𝑡∗ > 0,    = 0.5, 𝑉
∗ = 𝑉

∗ = 𝑉𝑧
∗ = 0, −

1

ℎ1
∗ 𝑘∗

𝜕𝑇∗

𝜕
= 1                                                            (16)

𝑡∗ > 0,    = 1,    𝑉
∗ = 𝑉

∗ = 𝑉𝑧
∗ = −

1

ℎ1
∗ 𝑘∗

𝜕𝑇∗

𝜕
= 0                                                                                 (17)

𝑡∗ > 0, 𝑧∗ = 0,   𝑉
∗ = 𝑉

∗ = 0,    𝑉𝑧
∗ = 1,    𝑇∗ = 0                                                                            (18)

𝑡∗ > 0,   𝑧∗ = 𝐿∗ = 100,     
𝜕𝑉

∗

𝜕𝑧∗
=

𝜕𝑉
∗

𝜕𝑧∗
=

𝜕𝑉𝑧
∗

𝜕𝑧∗
=

𝜕

𝜕𝑧∗
(𝑘∗

𝜕𝑇∗

𝜕𝑧∗
) = 0                                                    (19)

 

 
Some constants, reference values and control parameters (dynamic and thermal) are specified in 

Table 2. 
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Table 2  
Thermophysical properties and control parameters 
a              0.0045 m 
g              9.81 m/s2 
β              1.8 × 10-4 /K 
μ0            1.006×10-3 kg/m.s 
v0            1.006 × 10-6 m2/s 

K0           0.597 W/m・K 
V0            2.231 × 10-2 m/s,2× 2.231 × 10-2 m/s,3× 2.231 × 10-2 m/s 
T0            293 K 
ρ0            1000.52 kg/m3 

Cp            4182 J/kg・K 

 
2.4 Modeling of Variable Physical Properties 
 

Polynomial fittings, quite precise, to model the variations of viscosity and thermal conductivity 
with temperature. These fittings are precise to the following functions [19] 
           
𝜇(T) = 1.79 × 10−3 − 5.861 × 10−5(T − 273.15) + 1.260 × 10−6 
× (T − 273.15)2 − 1.736 × 10−8(T − 273.15)3 + 1.420 × 10−10                                                    (20) 
× (T − 273.15)4 − 6.177 × 10−13(T − 273.15)5 + 1.092 × 10−15 
×  (T − 273.15)6 
       
𝑘(𝑇) = −1.050 + 0.0108𝑇 − 2.172 × 10−5𝑇2 + 1.389 × 10−8𝑇3                                                    (21) 
 
2.5 Finite Volume Method 
 

The finite volume method consists in discretizing the physical domain under study into a 
computational domain which consists of a finite number of volumes. Each volume will be marked by 
a node and limited by six faces. Figure 2 illustrates a typical control volume. Point P at the center of 
the typical control volume is surrounded in each direction by two faces and two nodes in each 
direction. 

For the radial direction, the points at the nodes are noted N, S and the faces are identified by n 
and s, and for the azimuthal direction, the points at the nodes are noted E, W and the faces are 
identified by e and w. Finally following the axial direction, the nodes are noted F, B and the faces are 
noted f, b. 
 

 
Fig. 2. Representation of finished volume 
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The mesh chosen for this study is schematically represented in Figure 3 It is composed of 32 points 
along the radial direction, 102 points along the axial direction and 85 points along the azimuthal 
direction. Any mesh denser than the one we used (32*102*85) exceeds the storage capacities of the 
best computers available to us and computation times that exceed practical durations. However, we 
think that our grid can be improved by a refinement, especially along the azimuthal and axial 
direction, to better discern important qualitative and quantitative variations of certain phenomena. 

  

 
 

Fig. 3. The digital mesh used and its projection 
 
3. Results  
3.1 First Case For Re=100 
3.1.1 Axial flow  
 

This Figure 4 presents radial and angular variations of the axial velocity in the four axial positions 
which are : Z∗ = 25.5, 𝑍∗ = 50.5,  Z∗ = 75.5, Z∗ = 100. From the cylinder inlet     Z∗ = 0  until  Z∗ =
22.5 the flow develops uniformly in the axial direction and also there are variations along the other 
radial and azimuth directions. Boundary layers are formed on the inner wall of the outer cylinder and 
the outer wall of the inner cylinder, the thickness of this boundary layer increases axially. When we 
arrive at Z∗ = 50.5 until the outlet, the secondary flow disappears after we obtain the hydrodynamic 
entrance length and the direction of flow deviates totally hydrodynamically developed axially. In the 
interval Z∗ = 22.5 up to  Z∗ = 100 the two-dimensional flow and the axial velocity depend only on 
the two polar coordinates. The axial speed increases radially and reaches a maximum value at half 
the air gap between the inner cylinder wall and the outer cylinder, after exceeding half the air gap 
there is a decrease in speed through the outer cylinder wall. Following the azimuth direction, the 

speed increases in the counterclockwise direction and arrived at a maximum value at the point η=
𝜋

2
 

(this value is 1.89 at ε=0.775) after this point the speed decreases until η=π, and for the upper half-
cylinder and by symmetry we have the same variation in the lower half-cylinder with respect to the 
horizontal axes. 
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Z∗ = 25.5 

 
  𝑍∗ = 50.5 

 
Z∗ = 75.5       

 
Z∗ = 100       

Fig. 4. Numerical field of the axial velocity at different value of Z* for Re=100 

 
3.1.2 Thermal field  
 

Figure 5 presents the thermal field variation in the case of Re=100 for four axial points chosen as 
follows (Z* = 25.5, z* = 50.5, Z*= 75.5, Z* = 100). The results illustrate that the thermal field increases 
axially from the cylinder inlet to the channel outlet because there is an addition of heat along the 
inner cylinder. The temperature is relatively high in the inner cylinder wall because there is parietal 
heating at the level of the latter, and with respect to the elliptical axes the thermal field is 
symmetrical. In the angular direction the temperature decreases from the elliptical horizontal axis to 
the vertical axis, and in the radial direction the temperature decreases from the inner cylinder wall 
to the outer cylinder wall. 
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Z∗ = 25.5 

 
𝑍∗ = 50.5 

 
Z∗ = 75.5 

 
Z∗ = 100 

Fig. 5. Numerical field of the temperature at different values of Z* for Re=100 

 
3.1.3 Nusselt number 
 

Figure 6 presents the variation of axial Nusselt number for the case of Re=100. We can divide the 
curve into three parts, for the first part from Z*=0 to Z*=10 the value of the Nusselt number decreases 
rapidly from an initial value of about 26.02 to 7.15899. In the second part of Z*=10.5 until Z*=70.5, 
the value of the Nusselt number continues its decrease slowly and obtained a value of 5.20394 in the 
pointZ*=70.5. The rest is the third part, where the Nusselt number remains stable until exiting the 
channel with an approximate minimum value of 5.05825. 
 

 
Fig. 6. Variation of axial Nusselt number as a 
function of Z* for Re=100 
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3.2 Second Case For Re=200 
3.2.1 Axial flow 
 

Figure 7 presents radial and angular variations of the axial velocity in the four axial positions 
(Z*=25.5,Z*=50.5,Z*=75.5,Z*=100). It is clear that we have a horizontal and vertical symmetry of the 
variation of the axial flow. For the interval Z*=0 until to Z*=44.5 the velocity starts its variation 
according to the three elliptical directions (axial, radial, azimuthal) starting from the channel entry. 
For axial direction the maximum velocity equal to 1.89 at the point (ε=0.775, η=π/2, Z=44.5), after 
this point the axial velocity variations are negligible until the cylinder outlet. Concerning radial 
direction, the velocity increases and obtains a maximum value in the half of the air gap, after which 
it begins its decrease towards the inner wall of the outer cylinder. For the azimuthal direction, the 
velocity increases from point η=0 and reaches a maximum value in η=π/2, then there is a decrease 
until η=π. 

 

 
                           Z∗ = 25.5 

 
                           Z∗ = 50.5 

 
                           Z∗ = 75.5 

 
                          Z∗ = 100 

Fig. 7. Numerical field of the axial velocity at different value of Z* for Re=200 

 
3.2.2 Thermal field 
 

Figure 8 presents thermal field variations for the four axial points chosen as follows (Z* = 25.5, Z* 
= 45.5, Z*= 75.5, Z* = 100). The results show that the thermal field develops axially along the conduit, 
and the temperature increases radially from the inner cylinder (which is hot) towards the outer 
cylinder (adiabatic). The azimuthal variations are almost qualitatively identical to the case of Re=100. 
Concerning the axial variations, the temperature increases from the conduit inlet to the outlet, and 
it reaches a maximum value Tmax=0.291 at the surface of the internal cylinder (Z=100). 
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  Z∗ = 25.5 

 
Z∗ = 50.5 

 
 Z∗ = 75.5 

 
Z∗ = 100 

Fig. 8. Numerical field of the temperature at different values of Z* for Re=200 

 
3.2.3 Nusselt number 
 

Figure 9 presents the variations of the axial Nusselt number as a function of Z* for the case of 
Re=200. From the inlet to Z*=30.5 there is a large transfer between the inner cylinder wall and the 
fluid, and the value of Nu=6.45572 (Z*=30.5). After Z*=30.5 until the outlet of the conduit, the Nusselt 
number decreases slightly until the outlet of the conduit where its value at the outlet (Z*=100) 
Nu=5.37007. 
 

 
Fig. 9. Variation of axial Nusselt number 
as a function of Z* for Re=100 

 
3.3 Third Case for Re=300 
3.3.1 Axial flow 
 

Figure 10 presents radial and angular variations of the axial velocity in the four axial positions 
(Z*=25.5,Z*=50.5, Z*=75.5,Z*=100). The results illustrate that there is horizontal and vertical 
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symmetry in the axial flow variation. For the interval Z*=0 up to Z*=50.5 the velocity begins its 
variation along the three elliptical directions (axial, radial, azimuthal) from the conduit inlet. For the 
axial direction the maximum velocity is about 1.89 at (ε=0.775, η=π/2, Z=50.5), after this point the 
axial velocity variations are negligible until the cylinder exit. Concerning the radial direction, the 
speed increases and reaches a maximum value in the half of the air gap, then it begins to decrease 
towards the inner wall of the outer cylinder. For the azimuth direction the velocity increases from 
point η=0 up to a maximum value for η=π/2, after which it is decreased up to η=π. 

 

 
Z∗ = 25.5 

 
Z∗ = 50.5 

 
Z∗ = 75.5 

 
Z∗ = 100 

Fig. 10. Numerical field of the axial velocity at different value of Z* for Re=300 

 
3.3.2 Thermal Field 
 

Figure 11 presents thermal field variations in the case of Re=300 for four axial points chosen as 
follows (Z*= 25.5, Z* = 50.5, Z*= 75.5, Z* = 100). According to the results, the thermal field develops 
axially along the conduit. Also, the temperature increases radially from the inner cylinder (hot) to the 
outer cylinder (adiabatic). The azimuthal variations are almost qualitatively identical to the case of 
Re=100. Regarding axial variations, the temperature increases from the conduit inlet to the outlet, 
and it reaches a maximum value Tmax=0.2412 at the cylinder internal surface (Z=100). 
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 Z∗ = 25.5 

 
 Z∗ = 50.5 

 
Z∗ = 75.5 

 
Z∗ = 100 

Fig. 11. Numerical field of the temperature at different values of Z* for Re=300 

 
3.3.3 Nusselt number 
 

The Figure 12 represents the variations of the axial Nusselt numbers Nu (Z*) for the following 
three Reynolds cases: Re=100, Re=200, Re=300. The diagrams can be divided into three parts. The 
first part of Z*=0 until Z*=10 the three diagrams decrease identically and quickly. After Z*=10 until 
Z*=40 there is a deceleration of the decrease, and for the last part of Z*=40 until the conduit exit the 
three graphs stabilize at certain value for each graph as follows: (Re=100, Nu=5.08933), (Re=200, 
Nu=5.36683), (Re=300, Nu=6.04825). 
 

 
Fig. 12. Axial Nusselt numbers Nu (Z*) for 
different Reynolds number values 
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The values of different variables for the three calculation cases are grouped in the following Table 
3. 

 
Table 3 
Values of different variables for the three calculation cases 
 𝑊𝑚𝑎𝑥 𝑇𝑚𝑎𝑥 𝑁𝑢𝑚 𝑇𝑚𝑠 

Re=100 1.8935 0.3352 6.0153 0.1987 
Re=200 1.8935 0.2911 6.8776 0.0993 
Re=300 1.8935 0.2412 7.6256 0.0662 

 
4. Conclusion 
 

Numerical study of forced convection between two elliptical cylinders with variable 
thermophysical properties and comparison between three cases of forced convection has been 
presented. From the results achieved in the present research work, the following conclusions are 
arrived 

 
i. The axial velocity variations are qualitatively and quantitatively identical for the three 

cases. 
ii. The temperature variations are qualitatively identical but quantitatively the temperature 

decreases with the increase in Reynolds number. 
iii. The increase in Reynolds number causes an increase in Nusselt number, and consequently 

an improvement in the heat transfer.  
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