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The purpose of this study is to examine the magneto-hydrodynamic (MHD) and slip 
velocity effect on secant curved annular circular plates lubricated with couple stress fluid 
and to derive the modified Reynolds’s equation for non-Newtonian fluid under various 
operating conditions to obtain the optimum bearing parameters. Based upon the MHD 
theory and Stokes theory for couple stress fluid, the governing equations relevant to the 
problem under consideration are derived. This paper analyses the effect of slip velocity 
on secant curved annular circular plates with an electrically conducting fluid in the 
presence of a transverse magnetic field. It is found that there is an increase in squeeze 
film pressure, load carrying capacity and squeeze film time in secant curved annular 
circular plates due to the presence of magnetic effects with couple stress fluid and slip 
velocity. 
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1. Introduction 
 

Nowadays, several engineering and industrial applications rely on flow analysis based on 
magneto-hydrodynamics (MHD). Over their conventional counterparts, MHD bearings that use 
conducting fluids have superior electrical and thermal conductivity. Polymer technology, 
accelerators, electrostatic precipitation, the petroleum industry, fluid droplets, MHD pumps, crude 
oil purification, and power generators are just a few of the many areas that have found use for MHD 
flow. After looking at the MHD journal bearing, Kuzma et al., [1] found that using a magnetic field 
increased the bearing load-carrying capability. Maki et al., [2] flow between parallel plates was 
investigated. Many researchers have been examined in presence of a magnetic field. Bujurke and 
Kudenatti [3], Lin [4], Kudenatti et al., [5], Singh and Sharma [6], and Zhao et al., [7], alterations in 
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the properties of bearings lubricated with electrically conduction fluid. They observed as magnetic 
field increased capacity to bearing weight. 

All of these studies are conducted with the lubricant treated as a Newtonian fluid in accordance 
with the classical hydrodynamic theory of lubrication. Applying this prediction to engineering 
challenges renders it invalid. The use of minute additives to boost fluid viscosity greatly facilitated 
the development of advanced machines. Additives usually consist of long-chained polymers, granular 
material, or suspensions. As the most basic standard theory of fluids, Stokes [8] micro continuum 
hypothesis examines polar collision and provides a detailed explanation of the non-Newtonian fluids' 
peculiar behavior. The idea behind couple stress fluids is that the distribution of momentum and 
force is the same as the interaction of one body component with another across a surface. Many 
authors studied effect of couple stress [9,10]. Compared with conventional bearings, those that use 
MHD and conducting fluids provide plenty of advantages. 

Samylingam et al., [11] discussed the enhancing lubrication efficiency and wear resistance in 
mechanical systems through the nano fluids. Ideris et al., [12] made the analysis of coating and 
lubrication on friction and wear for metal to metal application. Ismail et al., [13] experimental 
investigation on Newtonian behavior and viscosity of TiO2/PVE Nano lubricants for applications in 
refrigeration. Huo et al., [14] and Ghabussi et al., [15] studied bending analysis of FG-GPLRC 
axisymmetric circular /annular sector plates by considering elastic foundation and horizontal friction 
force using 3D poroelasticity, and seismic performance of cold formed and hot rolled steel wall 
system equipped with curved steel dampers. Zhang et al., [16] studied on Low velocity impact 
resonance of FG-GPLRC viscoelastic doubly curved panel. Al-Furjan et al., [17] studied on non-
polynomial frame work for stress and strain response of the FG-GPLRC disk using 3 dimensional 
refined higher order theory. Safapour et al., [18] done the analysis on frequency characteristics of 
FG-GPLRC viscoelastic thick annular with the aid of GDQM Thin walled. 

It is necessary to study about the combined impact of MHD couple stress lubrication because it 
has lot of applications in bearing systems. Many researchers have made an investigation on MHD 
couple stress lubrication theory [19-22]. Studies combined effect of MHD couple stress and viscosity 
variation by Suresha et al., [23] and MHD couple stress effects on infinitely wide slider and infinitely 
tube endoscope bearings. Devakar et al., [24], Nabhani and El Khlifi [25], and Sahraoui and Kaviany 
[26] discussed effect of slip velocity on porous plane media. Ahmad and Singh [27] resulted on 
porous-pivoted slider bearings with slip velocity. Yang et al., [28], Shah and Bhat [29], Guo et al., [30], 
and Ahmad and Singh [31] investigated lubrication with slip velocity effect. Recently, Jayaprakash et 
al., [32] made the analysis on influence of MHD and couple stress on curved circular and porous-
rough flat plate, from this study author demonstrate that, MHD and couple stress boost the pressure, 
load support and squeezing time compared to Newtonian and non-magnetic cases. The effect of 
permeability of the porous layer is to decrease the load carrying capacity as it gives an easy path for 
the lubricant to pass through. Cyriac et al., [33] elaborated the impacts of MHD couple stress on 
rough secant slider bearings, from this study we noted that the bearing features increase with the 
longitudinal roughness parameter, and the reverse phenomenon is observed with the transverse 
roughness parameter. When transverse roughness pattern is assumed on a secant slider bearing, 
characteristics like pressure, load, stiffness of the film, and damping coefficient increases 
significantly. Vinutha et al., [34] studied on long cylinder and infinite Rough Plate with slip velocity. 
We gone through these studies and got the information about the use of MHD couple stress 
lubricants will improve the bearing capacity. 

From the literature review, no study has been carried out on this topic. So, in this article we made 
theoretical study of MHD slip velocity and couple stress lubricants effects on secant curved annular 
circular plate. 
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2. Methodology and Mathematical Solution 
 

The geometry of secant curved annular circular plate is shown in Figure 1(a) and Figure 1(b). In 
Figure 1(a), 𝑏 is the internal radius and 𝑎 is the external radius. In two circular plates the lower plate 

id fixed and upper plate moves towards the lower plate with squeezing velocity mh
v

t

 
= − 

 
. Here, 

h  is thickness of the film and that can be produced by exponential function i.e. 
 

2exp( )mh h r= −              (1) 

 

where mh is minimum film thickness and r be the radial coordinate. The external magnetic field 
0B is 

applied to the bearing in the z−direction. It is supposed that the fluid film is thin, the body couples 
and the body forces are insignificant. Figure 1(b) illustrated the 3D visualization of the bearing 
system. 
 

 
 

(a) (b) 

Fig. 1. (a) Geometrical representation of the problem, (b) 3D visualization of the 
problem 

 
In view of these suppositions, the theory of hydrodynamic lubrication applied to the films, the 

equation of continuity and the MHD governing equations of motion in polar coordinate are. 
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The boundary conditions are 
 
(i) At the upper plate 𝑧 =  ℎ 
 

𝑢 =  0       
2

2
0

u

z


=


  mh

v
t


= −


          (5) 

 
(ii) At the lower plate z = 0 
 

0

1

z

u
u

s z =

 
=  

 
      

2

2
0

u

z


=


 0v =             (6) 

 

s
k


=                (7) 

 
where, s be the slip velocity.  
 
The velocity u is gained by solving (2) using (5), (6) and (7) we get 
 

2

1
3 4 2

2 0

1 mh p
u

M r


 

 

  
=  − − 
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where, 
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and 
 

2 2
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1
sin cos sinh sec

( )

Az Ah Bz Bh
A h ech B Co h

A B l l l l


 
= − 

−   . 
 

Substituting u  in (4) applying the boundary condition (5), (6) and (7) performing an integration 
over film thickness. The MHD slip velocity with couple stress which yields the Reynolds equation. 

( ) 0

1
, , ,

p
rf B h l s V

r r r


 
=

 
            (9) 
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where, 
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The orientation of the upper plate along the surface is defined by the relationship. 
 

2sec( )u mz h r= ;      0 r a   
 
The orientation of the lower plate along the surface is defined by the relationship 
 

( ) 2sec 1l mz h r= −
; 0 r a   

 

Where  and  are the curvature parameters of the corresponding plates and mh  is the central film 

thickness. The film thickness ( )h r  then, 

 

 2 2( ) sec( ) sec( ) 1mh r h r r = − +
; 0 r a   

 
Introducing dimensionless parameters. 
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Obtained the Modified Reynolds equation after substituting the above quantities in Eq. (9) 
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where, 
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In order to introduce the squeeze problem, the boundary conditions are, 
 

0P =        at      /r b a= =                       (11) 
 

0P =        at       1r =                        (12) 
 

The non-dimension squeeze film pressure is determined from the parameters for the boundary 
(11) and (12) and the integration of Eq. (10) as a function of r . 
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Integrating (13) with respect to r  between limit 0 to 1 we get a non-dimensional load carrying 

be obtained. 
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When the minimal film thickness is considered, the dimensionless response time can be 
calculated by integrating the equation given above. 
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1 1

2 1 1 2
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where,  2 2sec( ) sec( ) 1mh h Kr Cr= − +  

 
3. Results and Discussion 
 

In this article discussed the impact of MHD couple stresses and slip velocity on secant annular 
circular plate. For the result we applied analytical method to the governing Eq. (2), Eq. (3) and Eq. (4) 
with assumed boundary conditions (5), (6) and (7) and the resultant equations are reduced to non-
dimensional form ordinary differential equations further the definite integrals (13), (14) and (15) are 

solved numerically method to obtain the various values of Hartmann number ( )0M ,couple stress 

( )l and curvature parameters ( ),J K  and slip velocity ( )s  with fixed parameters. 

 
3.1 Dimensionless Pressure Distribution 
 

Portrayal of dimensionless pressure P as a function of r  for distinctive values of slip velocity s  
is mentioned in Figure 2 and came to know from this graph there is a grow of pressure between the 

plates due to impact slip velocity and also larger values of pressure is noticed in the at ( )s → . For 

ensuring a better performance, it is suggested that the slip parameter must be set at the larger level. 

Figure 3 and Figure 4 depicts the pressure P along r  for distinctive of slip velocity s  magnetic field

0M  and couple stress lubricant l under fixed 0.8, 0.8J K= = . Use of MHD is holds the movement of 

fluid between the film region this gives the result of higher pressure also the influence of non-
Newtonian lubricants is observed to gain higher pressure as compared in case absence of magnetic 
field ( )0 0M =  and couple stress fluid ( )0l = . The lubricant covering in bearings allows relative 

motion between the bearing’s surfaces, when the surfaces are sufficiently lubricated; they adhere, 
preventing relative motion. Both graphs show pressure decreasing along r . Also Figure 5 and Figure 

6 displays the non-dimensional pressure P  along with r  for distinct values of lower and upper 

curvature and keeping the parameters 0 3, 0.4M l= =  fixed then we observed that there is enhancing 

of pressure for curvature parameter 0.2,0.4,0.6J =  and 0.2,0.4,0.6K =  these results increasing of 

upper curvature decreases the pressure due to more fluid moment further increasing lower 
curvature increases the pressure due to less fluid moment. 3D impact of pressure versus slip velocity 
and magnetic field is shown in Figure 7 from this picture explain that the larger pressure distribution 

in the fluid film region appeared for higher values of 0M  and s . Because the slip velocity influences 

the shear stress at the boundary, which in turn affect the pressure distribution in the fluid. Higher 
slip velocities can affect the shear stress at the boundary, thereby influencing the pressure gradient 
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within the fluid. In the presence of magnetic field, the Lorentz force acts on the conducting fluid, this 
can alter the flow dynamic and pressure distribution. 
 

 

 

 
Fig. 2. Dimensionless film pressure P verses r  for 
varies in s with 

00.4, 0.8, 0.8, 3l J K M= = = =  

 Fig. 3. Dimensionless film pressure P  verses r  

for varies in 0M  with 0.4, 0.8, 0.8l J K= = =  

 

 

 

 

Fig. 4. Dimensionless P  verses r  for varies 

values of l  with 
0

3, 0.8, 0.8M J K= = =  

 Fig. 5. Dimensionless P  verses 𝐽 for various 

values of J  with 0 3M =  and 0.4l =  

 

 

 

 

Fig. 6. Dimensionless P  verses r  for various 

values of J  with
0

3, 0.8M K= =  and 0.4l =  

 Fig. 7. 3D graph of Combined impact 
of Hartmann number and slip 
velocity on pressure 
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3.2 Dimensionless Load Bearing Capacity 
 

Figure 8 describe the dimensionless W  as a function of J  for different values of s  load support 

is noticed higher due to increase of slip velocity. Comparing with ( )5,10,15s =  we noticed here 

higher valued of load support at ( )s → . As the slip velocity increases, the shear rates within the 

lubricating film also increase, which in turn generates more heat. Additionally, the film thickness 
between the bearing surfaces is affected, which means that the load support can be increased. Figure 

9 and Figure 10 depicts W  versus J  for different values of s , 0M  and l  resulting from these graphs 

provides more load support especially when ( )s → . Magnetic bearings reduce friction, 

maintenance and couple stress which is a materials internal resistance to deformation produced by 
couples or moments. Stresses and deformations in bearing components may affect load capacity. 

Figure 11 illustrates the effect on W  along J  for different value of ( )0.2,0.4,0.6K =  which results 

load capacity decreases. Further, along J  increase of load due to rise of fluid moment. Figure 12 

deficits that load capacity W  verses K  variations of slip velocity which shows that W  is more 

prominent in at ( )s →  fixed parameter
0 3, 0.4M l= = . This is due to decrease the fluid moment 

in larger values of slip velocity. 
 

 

 

 
Fig. 8. Dimensionless load capacity verses  

for various values of  with  

 Fig. 9. Dimensionless load  verses  for 

various values of  with  and

 

 

 

 

 
Fig. 10. Dimensionless load  verses  for 

various values of  with  and K = 0.8 

 Fig. 11. Dimensionless load verses  for 

various values of K with ,  

W J

s
0

0.4, 3, 0.8l M K= = =

W J

0M 0.4l =

0.4K =

W J

l
0 3M =

W J

0 3M = 0.4l =
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Fig. 12. Dimensionless load  verses  for 

various values of  with  

 

Similarly in Figure 13 and Figure 14 depict that the effect of 
0M and l  on load bearing capacity 

W  along K  observing the graphs, we can conclude that W  increases with increase in 
0M and l  from 

both the graph the load is more prominent in case larger values of slip velocity. Figure 15 explains 
the effect of lower curvature J  on the load capacity along with upper curvature K  and noticed here 

with the mounting values of J  there are considerable rise in W  at 0.6J = . Actually, the rise of lower 
curvature compresses the fluid movement because generate a more pressure causes a higher load 

support. Furthermore, the upsurge of K  decreases load also for better performance got at ( )s →

than ( )10s = with fixed parameters 0 3, 0.4.M l= =  

 

 

 

 
Fig. 13. Dimensionless load  verses  for 

different values of with  

 Fig. 14. Dimensionless load verses  for 

various values of  with  and  

 

W K

s
0

3, 0.4, 0.8M l J= = =

W K

0M 0.4, 0.8l J= =

W K

l
0 3M = 0.8J =
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Fig. 15. Dimensionless Load  verses  for 

various values of  with  

 
Figure 16 indicate that the 3D picture of variation of load versus slip velocity and Hartmann 

number which shows the boost of load support due to impact of both the parameters. Because the 
applied magnetic field can induce stresses within the fluid, affecting how, the fluid transmits forces 
across the curved plates. This can influence the structural integrity and load-bearing capabilities of 
the plates. Slip velocity modifies the thickness and structure of the boundary layer. This can influence 
the velocity profile and pressure distribution, thereby affecting the load distribution and capacity of 
the curved plates. 
 

 
Fig. 16. 3D graph of combined impact of 0M  and 

s  on Load carrying capacity W  

 
3.3 Dimensionless Squeeze Film Time 
 

Figure 17 illustrate the time T  versus mh  for different values s  keeping other parameters are 

fixed from this graph we came to the conclusion that the higher in squeezing time for larger values 

of s . The T  along 
mh  for various values s  and 0M under existence of 0.4l = and , 0.8J K =  are 

shown in Figure 18 and it is experienced that with upsurge of s  and 0M  there is gradually increase 

of squeeze film time. Here the solid lines indicate at ( )s →  it is clear to say the squeezing time 

larger at slip velocity ( )s → . Further, the magnetic properties improve the time required to 

squeeze a film much fluid is kept back because the flow of film material is strongly opposed by the 

W K

J
0 3, 0.4M l= =
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magnetic field squeezing becomes more time-consuming as a result. Figure 19 describes T  with 
mh

for various values s  and l with 
0 3M =  and , 0.8J K = . It is ensured that with increase of s  and l

there are considerable rise in time of response T . From both the graph it is clear to say squeezing 
time reduces with increase of minimum film height 

mh  in Figure 20 and Figure 21 discusses the effect 

of lower and upper curvature parameters effects on squeeze time T . We discovered that squeezing 
time is increased with lower curvature and minimised with upper curvature. Figure 22 describes the 

picture of T  versus for several values of s  and 0M  on time profile it is clear to say there is an 

enhancement of squeezing time due to impact of s  and 0M . Because, MHD effects reduce frictional 

resistance and slip velocity parameter modifies boundary conditions, both influence the squeeze film 
dynamics between secant curved annular circular plates by altering pressure distribution and film 
thickness over time. 
 

 

 

 

Fig. 17. Dimensionless squeezing time T  versus 

mh  for different s  with 

0, 0.8, 3, 0.4J K M l= = =  

 Fig. 18. Dimensionless squeezing time T  
versus 

mh  for different M  with 

0.8, 0.8, 0.4J K l= = =  

 

 

 

 

Fig. 19. Dimensionless squeezing time T versus 

mh for different l  with 
00.8, 0.8, 3J K M= = =  

 Fig. 20. Dimensionless squeezing time T versus 

mh for different K with 
00.8, 3, 0.4J M l= = =  
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Fig. 21. Dimensionless Time T  verses 

mh  for 

different values of J with 

00.8, 3, 0.4K M l= = =  

 Fig. 22. 3D Graph of Combined impact of 
Hartmann number and slip velocity on 
Squeeze film time 

 
4. Conclusions 
 

The squeeze film performance between secant curved annular plates lubricated with couple 
stress fluid under the existence MHD slip velocity have been analysed in this article. According to the 
mathematical solution and results of discussion, the conclusion can be made as follows. 

Accordance with the couple stress fluid from the Stokes theory a modified Reynolds equation is 
derived. Some special cases can be considered by choosing slip velocity parameter. The use of slip 
velocity and couple stress lubricants under the existence of Hartmann number assumes a higher in 
pressure distribution, load support and lengthens the squeezing time. The squeeze film attributes 

are more prominent at larger values of slip velocity ( )s →  than compared to smaller values of slip 

velocity ( )s → . Overall analysis it is suggested that the slip velocity parameter must be set at the 

larger level. These physical quantities increase bearing life and also given suitable values to improve 
the working of the bearing. 

Designing systems that utilize MHD slip velocity with couple stress fluids require a deep 
understanding of the interplay between magnetic fields, fluid flow, and material properties. 
Engineers must account for how these factors affect the performance, stability, and reliability of the 
lubrication system, which can pose significant challenges. 

Exploring MHD slip velocity in couple stress fluids expand our understanding of complex fluid 
dynamics and magneto hydrodynamics. This research can lead to new insights, theoretical 
developments, and practical innovations in fluid mechanics and related fields. 

MHD allows for the manipulation of fluid flow through the application of a magnetic field. By 
adjusting the strength and orientation of the magnetic field, engineers can control the velocity 
distribution and shear stress within the couple stress fluid. This control can optimize the flow profile 
for improved performance in lubrication applications. 
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