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flows will adhere to Darcy's law. The effects of magnetic and electric fields are taken into
account. The mathematical modeling of this physical problem involves a set of nonlinear
partial differential equations that are mass, energy and momentum, together with
corresponding boundary conditions, these PDEs are transformed into dimensionless ODE
by appropriate similarity transformations and solved by R-K method. The numerical
analysis is subsequently presented in a visual format to illustrate the influence of different
controlling parameters on velocity, temperature, and concentration. Moreover, the
analysis gives higher values of magnetic, viscous dissipation and joule heating parameters
leads the temperature and Nusselt number. Conversely an increasing in mixed convection
parameter result in a depreciation in the temperature. The skin-friction coefficient
exhibited an upward trend with an increase in the porosity parameter. The rate of heat
transfer demonstrated a rise under the Joule heating conditions. These findings are

Keywords: compared to other recorded results for a specific situation, then displayed graphically and
Casson nanofluid; Williamson analyzed in terms of engineering and industrial implications. Novelty this paper is by
nanofluid; MHD; porous medium; adding joule heating to nanofluid control over heat dissipation, thermal stability, or
velocity slip and joule heating enhanced efficiency in heat exchange applications.

1. Introduction

Nano fluids are considered as class of engineering fluids with base fluids are chosen as (water
kerosene and Ethylene Glycol) and dispersed nano particles with size (1-100nm). Here we can choose
the base fluids based on specific applications such as viscosity and temperature. Due to more
applications of Nano fluids such as cooling of electronics, heat transfer systems, biomedical devices
and thermal energy storage. Many researchers are made an attempt to explain the integrity of fluid
dynamics in a diversity of practical applications in order to better understand its rheology. So,
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scientists and engineers focus their research on Nano fluids. The nanofluids exhibit various
rheological feature witnessed more useful to the chemical engineering, biomedical sciences,
pharmaceutical applications [1]. Variable fluid properties of a steady mixed convection of non-
Newtonian Nano fluid contain microorganism in saturated non-Darcy porous medium investigated
by Nima et al., [2]. The ability of nanotechnology to connect molecular, atomic and micro structural
engineering was discussed by El-Khatib et al., [3,4] and Khalil et al., [5]. Examined the mixed
convective boundary layer flow of a non-Newtonian nanofluid in the vicinity of a vertical stretching
surface by Buongiorno [6]. Impact of Second order chemical reaction on hybrid nanofluid passes
through a vertical plate was studied by Kumar et al., [7]. Reported a study on nanofluid flow via
porous media and nanofluid flow with slip effect [8]. The study of the behavior of conducting fluids
in the presence of magnetic fields is known as magnetohydrodynamics (MHD). This includes plasmas,
liquid metals, and ionized gases. It describes and understands the complicated interactions between
the fluid motion and the magnetic field by combining principles from fluid mechanics,
electromagnetism, and plasma physics. Magnetohydrodynamics (MHD) has several applications in
physics, chemistry, and engineering. MHD tackles key physical processes at multiple length scales,
ranging from biological systems to astronomical phenomena such as solar flares. It also uses in heat-
reducing applications such as joining procedures and electric arc welding heat reducing, as well as
other technologically relevant applications such as fusion plasma magnetic confinement and
interaction with projected liquid metal blankets. Investigated the impact of Magnetic field on MHD
micro polar non-Newtonian by Patel et al., [9].

Saeed et al., [10] explores, in a porous-surfaced plate with generalized boundary conditions, an
analytical solution of incompressible and magnetic Casson fluid in Darcy's medium that is dependent
on temperature and concentration. The homotopic analysis method (HAM) and BVP4C (a Matlab
routine) for the numerical modeling and analysis of an unsteady Carreau fluid with a
magnetohydrodynamical influence over a stretching sheet explained by Qayyum et al., [11].

MHD research is motivated by many applications, including magnetic resonance imaging for
tumor diagnosis, the peristaltic activity of the ureter scanned by large magnetic resistive sensors,
space and astrophysical plasma description, and the use of magnets to propel liquid metals from
previous studies [11,12].

Numerical investigation of transient MHD current on a vertical plate accelerated exponentially
with Hall current and chemical processes is explained by Megaraju et al., [13]. Heat transfer in
thermal engineering refers to the exchange of thermal energy in fluid flow. Through numerical
models and experiments, the understanding of MHD thermosolutal convection with magnetism and
flow dynamics is improved.

In recent years, non- Newtonian fluids have contributed significantly in industrial innovation. The
fluids display diverse rheological properties, making them more valuable in biomedical sciences,
pharmaceuticals, chemical engineering and other fields than Newtonian fluids [14]. However, the
liguid's non-linear viscoelastic nature makes it difficult to stimulate and forecast industrial
operations. However, in nature some of the non-Newtonian materials are not elastic from previous
studies [15,16]. Casson fluid is one of the most commonly utilized viscoelastic non-Newtonian
materials. The fluid substance has zero viscosity at infinite nonlinear shear rate and its yield stress
does not initiate flow [17]. Based on the applicability of Casson fluids, the consequence of heat
distribution on the flow of conducting Casson material across an expanding surface was investigated
by Qing et al., [18]. The investigation verified that the application of Newtonian heating enhances
the dispersion of heat while simultaneously reducing the viscosity of non-Newtonian substances.
Khan et al., [19] studied Casson liquid colloidal reactions that involved both heterogeneous and
homogeneous chemical species. A study of numerical data was presented, leading to the conclusion
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that the Casson term influenced the flow motion by increasing the viscosity. However, mixing Casson
and Williamson fluid increases its industrial value. As the shear stress rate increases, the viscosity of
the Williamson fluid decreases, making it a shear-thinning liquid. In order to explore the chemical
species reaction of Williamson fluid in a boundary film system, the homotopy technique was utilized.
Flow velocity and heat dissipation were both shown to decrease when the Williamson term was
raised, as indicated by Khan et al., [20]. Khan and Hamid [21] investigated the Williamson fluid mass
diffusion flow heat transport over a wedge-geometry apparatus, with the numerical results
recommend that raising the Williamson thermofluid term minimizes species reaction diffusion. The
effects of heat transport and radiation on the Williamson reactive fluid were discussed individually
in previous studies [22,23]. Convectional heat transfer and heat conductivity strength of Casson and
Williamson fluids are increased when engineering colloidal nanoparticles are added to a base fluid,
leading to maximum productivity of nanotechnological and industrial products. According to the
numerical results, the stretching velocity term had a significant influence on fluid viscosity and
thermal conduction.

Explored the impact of Thompson and non-Carreau nanofluid flow over a stretchable inclined by
Shaw and team members of previous studies [24,25].

The combination of non-Newtonian Casson -Williamson models Studies demonstrate the
importance of physical characteristics, which results in fluids could be called as a Casson-Williamson
models explored by Humane et al., [26]. A study on the mass transfer and MHD boundary layer flow
of nanofluid through a nonlinear stretching plate with chemical reaction by Reddy et al., [27]. An
infinite vertical inclined porous plate is passed by a free convective Casson fluid flow with combined
radiation absorption and chemical reaction effect by Swarnalathamma et al., [28].

The use of boundary layer flow momentum and heat transfer across a stretching sheet has been
utilized in several chemical engineering procedures, including metallurgical and polymer extrusion
operations that require cooling a molten liquid before it is stretched into a cooling system. Yousef et
al., [29] examined the influence viscous dissipation on of a non-Newtonian CWN flow with a slippery
linear stretching surface through porous medium. Explained the Thermal radiation and joule effect
on Casson nanofluids which passes through the non-linear inclined sheet in the presence of chemical
reaction [30]. Nadeem and Hussain [31] examined characteristics of non-Newtonian Williamson fluid
passes through the exponential stretching sheet.

By examine the previous investigations didn't take into account the effects of slip velocity, Joule
effects, and mixed convection on Casson—Williamson nanofluid. The result of current flow in a
conductor producing thermal energy is called joule heating. This is demonstrated by an increase in
the conductor temperature. Following the energy conservation principle, the Joule heating
transforms "electrical energy" into "thermal energy. “The Joule heat effect become importance;
researchers made a progress on this topic. Our contribution represents a significant advancement in
nanofluid dynamics and heat exchange, expanding the current state of knowledge and potentially
benefiting a variety of applications. These applications include the design of heat exchangers that are
more efficient, cooling systems for electronic devices, and the improvement of thermal therapies in
biomedical applications.

In the present study, we analyze the Casson —Williamson nanofluid stretchable flow in the
presence Joint effect of velocity slip and Joule heating. The governing systems of partial equations
have been transformed to set of coupled ordinary differential equations with the help of suitable
similarity transformations. The reduced equations are solved numerically. The effects of different
flow pertinent parameters on velocity, temperature and concentration profiles are elucidated
through graphs and tables. The comparison is made with existing results for some limiting cases and
is found to be in good agreement.
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The novel aspect of this study is that it looks at how well chemical reactions happen when nano
particles move because of Joule heating, as well as the slip velocity for a Casson-Williamson non-
Newtonian nanofluid.

There is a gap in understanding how velocity slip and Joule heating interact synergistically or
antagonistically in Casson-Williamson nanofluids. Most existing studies focus on one effect in
isolation or assume negligible interactions. While there is research on non-Newtonian nanofluids, the
specific behavior of Casson-Williamson nanofluids under slip conditions and Joule heating remains
understudied. The Casson model introduces vyield stress, which can significantly influence flow
patterns and thermal characteristics.

2. Formulation of the Problem

The governing equations of the Casson-Williamson fluid are employed as a representation of a
non-Newtonian Nanofluid. The relation between shear stress 7;; and the constitutive equation which
refers the Williamson model is built and used by Nadeem and Hussain [31] and is mentioned as
follows.

Jdu r (ou)?
w=u(+56)) W

Here I'is the time constant and u is viscosity of the fluid. When I' = 0 the model represents
Newtonian model. Following relationship gives the Casson fluid model.

T = U <(1 + %) %) (2)

where (8 is a Casson parameter the present model is characterized by [26]

w=u((142)2+5(2)) @)

Under these constraints a uniform magnetic field of strength B is supposed along the Y-axis and
the induced magnetic field is negligible compared to applied field. Under the effects of Joule heating,
magnetic field and slip velocity on the fluid flow. Consider T and C the temperature and concentration
of a nanofluid, v, u be the components of nanofluid velocity. For the flow of steady, two-dimensional
laminar of Casson-Williamson model has the following governing differential equations and the
physical model has shown in Figure 1.

Assumptions:

The fluid is assumed to follow the Casson-Williamson model, which considers non-Newtonian
behavior with yield stress and shear-thinning characteristics. This involves assuming a relationship
between shear stress and shear rate that adheres to the Casson model's principles.

The fluid is considered electrically conducting and subject to an external magnetic field.
Assumptions may include a steady magnetic field and negligible induced magnetic field effects (low
magnetic Reynolds number).
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The stretching porous medium is often modeled as a permeable medium with constant stretching
velocity. Assumptions may include Darcy's law for fluid flow through the porous medium and

constant porosity.

A slip boundary condition is assumed at the stretching surface, where the fluid velocity is greater
than zero. The slip parameter accounts for the slip effects between the fluid and the solid surface.

Joule heating is considered due to the presence of an electric field in the fluid. Assumptions may
include steady-state electrical conductivity, uniform electric field distribution, and neglecting
magnetic field effects on electrical conductivity (if applicable).
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Fig. 1. Physical model of the problem
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Similarity Transformations

B a _ , _ _ T-Te _ C-Cxo
T]_y\/;’ u_a’xf (T])’ v = \/a’_)/f' B(n)_Tw_Too ’¢(n)_CW_C°O

= 0= S~ P (VA [Fandv =~ 52 = —f(r)vay )

ay  onoy
From Eq. (4) to Eq. (7)
L+ ) F" + W "+ Ff" = ()2 = Mf' ~ lepf' — 26 = 0 (10)
Z(1+R)0" + NbO'¢’ + Nt(6')? + f6' + Ec [(1 + %)f"2 +¥(f")3j +00++/fP=0 (11)
¢" + Scf¢’ — ScGp +-—0" =0 (12)
Boundary conditions:

f=0, f'=1+,1[(1+%)f"+%(f")2] ,0=1,¢ —>lasn— 0
fm)=0,¢m) — 0,6 —0asn — (13)

The governing parameters are

2a3 ch ypC (ax)? 160*TS
W =TIx LA = /11 =—2 =—Ff Fc=——— R=—""2
K Cp(Tw—Too) 3kk

_L DPr _ — =X
A——(T Te), kp =—, Nt = T (T Tw), Nb = 28 (C ), Q = apC SC—DB,
2 axZ
G =an d]_E(TW )

By using Eq. (9) the non-dimensional Cf, Nu, and Sh, are expressed as follows

Re;?lcf =—f'(0) =- [(1 + %) £"(0) +¥(f"(0))2]

-1

-1

Re? Shy, = —¢'(0)
3. Method of Solution
We used the most efficient numerical approach in accordance with the R-K method technique to

solve the ordinary differential equations (10) to (12) with their related initial and boundary
conditions. The numerical solutions are obtained using the symbolic software MATLAB.
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Letf=y, f'=y, f[f'=y;

0=y 0'=ys, d=ys ¢ =y;

=y1=Y2 y1(0) =0y =y

y2(0)=1+2 [(1 + %) y3(0) + % (3’3 (O))Z]

After taking into account the above specified parameters, we arrived at the following results.

2)2-y1¥3 +(M+kp)J’2 —Ay,

=Y = T D)

va=ys, ya(0)=1

n _ —Pr
0" = (1+R)

{Nbysy, + Nt(ys)? + y1ys + Ec|(1+ %) y? + 2 )| + Qva + +1y2?

Ve =¥7,¥6(0) =1

Nt -Pr

" I 1 w
¢" =y7 =5c(Gys = 1Y) t 3y om0 {besy7 + Nt(ys)* + y1ys + Ec [(1 + E) 3 + ;(y3)3] +
Qys + +])’22}

To integrate the preceding system of seven first-order simultaneous equations along with their
conditions, fourth order RK methodology can be employed. Finally, to meet the convergence
condition, the process is repeated until the findings are accurate to the expected level of 10”7
accuracy.

4. Result and Discussions

The study investigated the energy, momentum and concentration equations of Casson-
Williamson nanofluid flow, which is impacted by the velocity ratio parameter, chemical reaction
magnetic field, thermal radiation and Joule heating. We employed the 4% order R-K scheme along
the shooting strategy for nonlinear ordinary differential equations (10) to (12) together with the
boundary conditions (15). RK methods are known for their high accuracy, especially at moderate step
sizes. They can achieve higher-order accuracy (up to 4th, 5th, or even higher) depending on the
variant used (e.g., RK4).

Figure 2 velocity and temperature distributions show in Figure 2(a) that when the Casson
parameter £ declines from 1.0 to 0.0, there is an increase in the velocity of the fluid. In addition, the
image in Figure 2(b) illustrates the slight rise in temperature that occurs in reaction to an upsurge in
the Casson parameter. Therefore, it can be deduced that the process of rapid cooling necessitates
the utilization of no-Newtonian fluid and possesses a Casson parameter that is at its lowest possible
value.
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Fig. 2. Casson Parameter (8) v/s (a) f' and (b) 6

Figure 3 depicts the consequences of magnetic field M has on ', and ¢. The lager values of
M nanofluid @ and ¢ rise. However, smaller distributions of velocities are observed, due to the
presence of M, the nanofluid motion will be affected by a force that acts as propagation. It will be a
physical event. This force has the potential to slow down the nanofluid, decreasing its speed and,
eventually, its usefulness. Because of this, some of the heat released by the force that generated the
nanofluid is absorbed by it.
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Fig. 3. Magnetic parameter (M) v/s (a) f', ¢ and (b) 6

Figure 4 describes the effects of temperature, nanoparticle concentration, and nanofluid velocity
on the mixed convection parameter A. The diagram illustrates how the distribution of velocity and
thickness of boundary layer improves with the mixed convection parameter; however, the reverse
impact is seen when the temperature and concentration profiles decrease. The temperature
differential between the sheet and the surrounding air is indicated by the mixed convection
parameter in physics. Consequently, a high value for this characteristic indicates, as shown, a weak
thermal energy distribution.
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Fig. 4. Mixed convection Parameter v/s (a) f', 6 and (b) ¢

Figure 5 exhibits how the Joule heating parameter J affects the curves of temperature, velocity
and concentration. The Joule rule says that the amount of heat made by an electric current is directly
related to the temperature of the fluid. Higher values of the Joule heating parameter result in an
increase in the temperature of the liquid, indicating a direct correlation between the parameter and
the temperature rise. At the same time, the concentration and velocity of the fluid patterns
also escape. The interconnection of the porous medium’s empty spaces that allow fluid to pass
through it is a crucial phenomenon for engineers.
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0(n)
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2121522
0 7 —
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Fig. 5. Joule heating Parameter J v/s f', 0 and ¢

Figure 6 shows that as the porous parameter kp is higher, the velocity profile gets flatter. It was
observed that a thinner boundary layer happens for larger values of the viscosity. In addition, shows
that altering the porosity parameter also causes temperature fields to arise, increasing the thickness
of the thermal boundary layer. As per physics, a high porosity parameter value increases the friction
force between liquid layers, which reduces flow velocity and improves temperature distribution.
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The non-Newtonian nanofluid temperature, velocity and concentration are affected by the slip
velocity parameter A, which is shown in Figure 7. In most cases, when a velocity slip factor is present,
it causes a flow-resistive force to operate against the fluid's flow. This force reduces the boundary
layer's thickness, which in turn slows the flow of fluid along the sheet. The fluid temperature of the
thermal boundary layer is therefore increased. In terms of physical correlation, a high value of slip
velocity connected with a rough sheet. So, increased roughness makes fluids more resistant to
motion, which slows them down and makes them hotter and more concentrated.

6 7 8

Fig. 7. Slip velocity parameter A v/s f',6 and ¢

Figure 8 demonstrates the variation in temperature and nanoparticle concentration using a range
of Nb values for Brownian motion. It's interesting to note that while there is reverse trend is seen in
temperature, the distribution of concentration is significantly slowed down by the presence of a
Brownian parameter. There is a factor here that needs to be considered. A significant motion of
nanofluid molecules may occur as a physical consequence of an increase in the Brownian motion

parameter. As a result, the kinetic energy is increased, there is an increment in the quantity of heat
produced in the boundary layer.
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Figure 9 displays the impacts of varying the Eckert number on the temperature and concentration
of nanofluid. The Eckert number indicates the conversion of kinetic energy into thermal energy due
to friction within the nanofluid. This internal heat generation causes the fluid's temperature to rise
and an increase in the thickness of the thermal boundary layer and whereas concentration of Casson
—Williamson fluid decreases.
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Fig. 9. Eckert number v/s 6 and ¢

The characteristics of the chemical reaction parameter and how it affects the concentration
distribution are shown in Figure 10. Increasing the chemical reaction parameter causes the nanofluid
concentration to decrease. A decrease in nanofluid concentration brought on by an improved
chemical reaction parameter is the cause of this phenomenon, this is essential for optimizing their
performance in applications such as heat exchangers, cooling systems.

M =0.5, beta=0.51=0.2,W=0.5,k=0.5,A=0.1,Ec=0.1,Q=0.1,J=0.1, pr=2.0,Sc=0.7, Nt =
0.1, Nb=0.5,R=0.2,G=0.2
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Fig. 10. Chemical reaction v/s @

Figure 11 and Figure 12 show the velocity and temperature comparison among the different types
fluids. Figure 13 explains Nusselt number is decreasing with the increasing values of Jand W. Figure
14 it has been discovered that the Skin friction values decline as the value of the magnetic field
parameter and porosity values are upsurge. Figure 15 for the higher values of joule heating and
velocity parameter heat transfer rate is increasing.
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Table 1 shows the interesting fact revealed Skin friction, Heat transfer rate and Sherwood number
for various parameters. Table 2 indicates the comparison with the previous results.

Table 1

Numerical values of rate of heat and mass transfer, skin-friction coefficient for variation
of M, k,,R,Ec,Sc,W,],B,Nb, Le,\, Bi,Cf,Nu, and Sh,

M k, R Nb  Ec | Sc¢ B W —Cf —Nu, —Sh,
0.0 0.365055 0.375061  0.582407
0.5 0.402850 0.339951  0.569257
1.0 0432169 0.309574  0.559429
0.0 0.365055 0.375061  0.582407
0.5 0.402850 0.339951  0.569257
1.5 0.455904  0.282405  0.551871
1.0 0.400038  0.289605  0.575250
3.0 0.395306  0.205199  0.586455
5.0 0.392382 0.159268  0.592639
0.2 0403994  0.459021  0.487514
0.5 0.402850 0.339951  0.569257
0.7 0402084 0.271466  0.583612
0.0 0403376  0.392852  0.559996
0.2 0402325 0.287275 0.578475
0.3 0401802 0.234822  0.587650
0.01 0.402850 0.339951  0.569257
0.3 0401553  0.191102  0.562145
0.5 0.400638 0.086067  0.557404
4.0 0402968  0.255538  1.547537
6.0 0403158 0.246597 1.917385
8.0 0403301 0.241977  2.227839
0.5 0402850 0.339951  0.569257
1.5 0.598279  0.303481 0.551796
2.5 0.668529  0.295805  0.546480s
00  0.485769 0.283857 0.552852
04  0.420481 0.327586 0.565262
0.8  0.346772 0.380355 0.583854
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Table 2
Comparison of —f'(0) values when k,=A=A1=W =
Oandf — o

M Present Values (—Cy) Mahmoud
0.0 1.00000 1.00140
1.0 1.414214 1.41424
3.0 2.0000 2.00000
5.0 2.449490 2.44950

5. Conclusions

The combined effect of slip velocity and joule heating phenomena is a novel approach utilized to
represent the flow of a non-Newtonian CWN owing to a stretched sheet. Heat generation
(absorption), thermal radiation, magnetic fields, and chemical reactions between nanoparticles are
also considered. Moreover, a porous saturated material surrounds the physical model. The shooting
method is used to graphically represent the numerical study, which is covered in full. We will now
discuss the results in further detail

i.  The higher values of Joule heating J suppresses 6(n) which in turn causes the enhancement
of Nu,.

ii. The temperature profiles drop as mixed convection parameter rises, while it increases with
the higher values of magnetic, joule heating and Brownian motion parameters.

iii.  The joule heating raises the temperature and concentration of the Fluid, while Williamson
parameter is affects in the opposite direction.

iv.  The higher values of magnetic field enhance the temperature and concentration

V. It is intriguing to note that the effect porous medium k,, is so influencing and depreciates the
velocity field.

This study paves the way for future research on the influence on heat and mass transmission of
MHD nanofluid flow with the velocity slip, joule heating, and the Chemical reaction effects. The same
combined effects of the factors in this study can be analysed using another type of Nano fluids.

Applications
The process is essential in cooling and refrigeration (instant cold packs), food preparation (cooking),
biological processes (sweating), and industrial applications.
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